Google 


This  is  a digital  copy  of  a book  that  was  preserved  for  generations  on  library  shelves  before  it  was  carefully  scanned  by  Google  as  part  of  a project 
to  make  the  world ’s  books  discoverable  online. 

It  has  survived  long  enough  for  the  Copyright  to  expire  and  the  book  to  enter  the  public  domain.  A public  domain  book  is  one  that  was  never  subject 
to  Copyright  or  whose  legal  Copyright  tcrm  has  expired.  Whcthcr  a book  is  in  the  public  domain  may  vary  country  to  country.  Public  domain  books 
are  our  gateways  to  the  past,  representing  a wealth  of  history,  cultuie  and  knowledge  that’s  often  diflicult  to  discover. 

Marks,  notations  and  othcr  marginalia  present  in  the  original  volume  will  appcar  in  this  file  - a reminder  of  this  book’s  long  joumey  from  the 
publisher  to  a library  and  finally  to  you. 


Usage  guidelines 

Google  is  proud  to  partncr  with  libraries  to  digitize  public  domain  materials  and  make  thcm  widely  accessible.  Public  domain  books  belong  to  the 
public  and  we  are  merely  their  Custodians.  Nevertheless,  this  work  is  expensive,  so  in  Order  to  kccp  providing  this  resource,  we  have  takcn  Steps  to 
prevent  abuse  by  commercial  parties,  including  placing  technical  restrictions  on  automated  querying. 

We  also  ask  that  you: 

+ Make  non-c ommer cial  use  of  the  file s We  designed  Google  Book  Search  for  use  by  individuals,  and  we  request  that  you  use  these  files  for 
personal,  non-commercial  purposes. 

+ Refrain  from  automated  querying  Do  not  send  automated  queries  of  any  sort  to  Google’s  System:  If  you  are  conducting  research  on  machine 
translation,  optical  characterrecognition  or  other  areas  where  access  to  a large  amount  of  text  is  helpful,  please  contact  us.  We  encourage  the 
use  of  public  domain  materials  for  these  puiposcs  and  may  be  able  to  help. 

+ Maintain  attribution  The  Google  “watermark”  you  see  on  each  file  is  essential  for  informing  pcoplc  about  this  project  and  helping  thcm  find 
additional  materials  through  Google  Book  Search.  Please  do  not  remove  it. 

+ Keep  it  legal  Whatever  your  use,  remcmbcr  that  you  are  iesponsible  for  ensuring  that  what  you  are  doing  is  legal.  Do  not  assume  that  just 
because  we  believe  a book  is  in  the  public  domain  for  users  in  the  United  States,  that  the  work  is  also  in  the  public  domain  for  users  in  othcr 
countries.  Whether  a book  is  still  in  Copyright  varies  from  country  to  country,  and  we  can’t  offer  guidance  on  whether  any  specific  use  of 
any  specific  book  is  allowed.  Please  do  not  assume  that  a book’s  appcarancc  in  Google  Book  Search  means  it  can  be  used  in  any  manncr 
anywhere  in  the  world.  Copyright  infringement  liability  can  be  quite  severe. 


About  Google  Book  Search 

Google’s  mission  is  to  organize  the  world’s  information  and  to  make  it  universally  accessible  and  useful.  Google  Book  Search  helps  ieaders 
discover  the  world’s  books  while  helping  authors  and  publishers  reach  new  audiences.  You  can  search  through  the  full  text  of  this  book  on  the  web 
al| http : / /books  . qooqle  . com/1 


,w^ 


\ 


I 

I 

I 

I 

I 

I 


I 

I 


s 


B.  G.  TEÜBNERS  SAMMLUNG  VON  LEHRBÜCHERN 

AUF  DEM  GEBIETE  DER 

MATHEMATISCHEN  WISSENSCHAFTEN 

MIT  EINSCHLUSZ  IHRER  ANWENDUNGEN. 

BAND  XI. 


THE  DYNAMICS 

OF  PAßTICLES 

AND  OF  RIGID,  ELASTIC,  AND  FLUID  BODIES 

BEING  LECTURES  ON  MATHEMATICAL  PHYSICS 

9 

ft  * ♦ 

* . 0 • * 

BY 


ARTHUR  GORDON  WEBSTER,  a.  B.  (HARY.),  ph.  d.  (BEKOL.) 

PROFS8SOR  OP  PHYSICS , DIRECTOR  OF  THE  PHYSICAL  LABORATOR Y, 

CLARK  UNIYKR8ITYt  WORCE8TER,  MASSACHUSETTS. 


LEIPZIG:  B.  G.  TEUBNER. 

1904. 


PREFACE. 


lhe  science  of  Dynamics  may  be  variously  classified.  Tn  by  far  tbe 
greater  number  of  universities  in  both  Europe  and  America  it  is  dealt 
with  by  professed  mathematicians,  and  is  properly  considered  an  essential 
part  of  mathematical  discipline.  Nevertheless  it  is  bat  an  application  of 
mathematics  to  tbe  most  fundamental  laws  of  Nature,  and  ad  such  is  of 
the  highest  importance  to  the  pbysicist.  The  whole  of  modern  Physics 
experiences  tbe  attempt  to  “explain”  or  describe  phenomena  in  terms  of 
motion,  with  conspicuons  success  in  the  departments  of  Light,  Electricity, 
and  the  Kinetic  Theory  of  Gases.  It  is  therefore  evident  that  no  one 
can  expect  to  maferially  advance  our  knowledge  of  Physics  who  is  ignorant 
of  the  principles  of  Dynamics.  It  is  nevertheless  to  be  feared  that  this 
subject  is  often  slighted  by  the  physical  Student,  partly  on  account  of  its 
difficulty,  and  partly  because  of  the  fact  that  the  many  excellent  treatises 
on  Dynamics  exisljgg  in  English  address  themselves  chiefly  to  the  mathe- 
matician,  and  often  seem  to  lay  more  stress  on  examples  in  analysis  or 
trigonometry  than  on  the  elucidation  of  physical  laws.  The  aim  of  this 
book  is  to  give  in  compact  form  a treatment  of  so  mach  of  this  fundamental 
science  of  Dynamics  as  should  be  familiär  to  every  serious  Student  of 
physics  (and  in  my  opinion  no  less  should  suffice  for  the  Student  of 
mathematics).  The  classical  English  treatises  usually  fill  one  or  even  two 
large  volumes  with  one  of  the  subdivisions  of  the  subject,  such  as  Dynamics 
of  a Particle,  Rigid  Dynamics,  •Hydrodynamics  or  Elasticity.  The  Student 
confronted  with  the  five  volumes  of  Routh,  the  three  of  Love,  and  the 
large  work  of  Lamb  is  likely  to  be  appalled  at  Ihe  sifle  of  the  task  before 
him.  It  is  practically  impossible  for  the  physical  Student,  while  spending 
the  necessary  amount  of  time  in  the  laboratory,  to  read  through  all  these 
or  similar  works,  and  thus  his  knowledge  of  the  whole  subject  generally 
remains  fragmentary.  The  great  work  of  Lord  Kelvin  and  Tait,  while 
treating  the  whole  subject,  is  far  too  difficult  for  most  students,  though 
it  must  ever  remain  a mine  of  information  for  those  sufficiently  advanced. 

This  book  has  grown  out  of  the  lectures  which  I have  given  at 
Clark  Universitiy  during  the  last  fourteen  years  primarily  to  my  own 
students  of  Physics.  It  is  obvious  that  it  leads  to  no  particular  examinations, 
from  which  we  in  America  are  to  a large  extent  fortunately  free.  The 
text  is  not  interrupted  by  examples  for  the  Student  to  work,  which  are 
found  in  great  numbers  in  the  usual  treatises,  and  to  which  I could  hardly 
add.  The  attempt  has  been  made  to  treat  what  is  essential  to  the  under- 
standmg  of  physical  phenomena,  leaving  out  what  is  chiefly  of  mathematical 
interest.  Thus  the  subject  of  Kinematics  is  not  treated  as  a subject  by 
itself,  but  is  introduced  in  connection  with  each  subdivision  of  Dynamics 
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as  it  comes  up.  The  student  is  supposed  to  have  a fair  knowledge  of 
the  Calculus,  but  not  of  Differential  Equations  or  the  Higher  Analysis. 
Many  explanations  are  therefore  necessary,  some  of  which  are  given  in 
the  form  of  notes. 

Two  opposing  tendencies  have  at  various  times  made  themselves 
manifest  in  the  treatment  of  Dynamics,  both  of  which  have  been  very 
fruitful.  Lagrange,  in  the  advertisement  to  his  great  work,  the  “Mecanique 
Analytique”,  proudly  says,  “On  ne  trouvera  point  de  Figures  dans  cet 
Onvrage.  Les  mäthodes  que  j ’y  expose  ne  demandent  ni  constructions, 
ni  raisonnements  geometriques  ou  mecaniques,  mais  seulement  des  operations 
algebriques,  assujetties  a une  marche  reguliere  et  uniforme.  Oeux  qui 
aiment  r Analyse  yerront  avec  plaisir  la  Mecanique  en  deyenir  une  nouyelle 
branche,  et  me  sauront  gre  d’en  avoir  4tendu  ainsi  la  domaine.”  Lagrange’s 
boast  of  haying  made  Mechanics  a branch  of  Analysis  has  been  amply 
justified  by  the  results  obtained  by  means  of  his  general  method  for 
solving  mechanical  problems,  and  his  pleasure  would  have  been  greatly 
enhanced  could  he  haye  foreseen  the  results  of  extending  it  to  wider 
fields  in  the  hands  of  Maxwell,  of  Helmholtz,  and  of  J.  J.  Thomson. 
Neyertheless  in  attempting  to  do  without  figures  or  mental  images  we 
may  rob  ourselves  of  a precious  aid.  Thus  Maxwell,  speaking  of  the 
motion  of  the  top,  says  that  “Poinsot  has  brought  the  subject  under 
the  power  of  a more  searching  analysis  than  that  rf  the  calculus,  in 
which  ideas  take  the  place  of  Symbols,  and  inteuigible  propositions 
supersede  equations”.  There  is  certainly  no  doubt  of  the  adyantge,  parti - 
cularly  to  the  physicist,  of  haying  ideas  take  the  place  of  Symbols. 
The  introduction  by  Hamilton  of  the  notion  of  yector  quantities  was  a 
great  step  in  this  direction,  which  has  assumed  very  great  value  to  the 
physicist,  and  it  was  to  a particular  case  of  this  that  Maxwell  alluded, 
namely  to  the  idea  of  the  moment  of  momentum,  or  impulsive  couple, 
as  it  was  termed  by  Poinsot.  The  importance  of  this  physical  or  geometrical 
conception  may  be  seen  from  the  use  made  of  it,  under  the  name  of  the 
Impulse,  by  Klein  and  Sommerfeld  in  their  very  interesting  work  on  the 
Top.  On  the  other  hand  this  notion  of  impulse,  while  in  this  particular 
case  a yector,  is  but  one  case  of  the  general  notion  of  the  momentum 
in  Lagrange’s  generalized  Coordinates.  Will  it  not  then  be  an  additional 
adv  antage  if,  keeping  both  the  analytical  and  the  geometrical  modes  of 
expression,  we  attempt  to  introduce  into  Lagrange’s  analytical  method 
geometrical  analogies  and  terminology?  This  it  is  perfectly  possible  to 
do,  for  it  tums  out,  as  was  shown  by  Beltrami,  and  beautifully  worked 
out  in  detail  by  Hertz,  that  the  properties  of  Lagrange’s  equations  have 
to  do  with  a quadratic  form,  of  exactly  the  sort  that  represents  the  arc 
of  a curve  in  geometry.  Analytically  it  is  of  no  importance  whether  the 
number  of  variables  is  more  or  less  than  three  — how  natural  it  is 
accordingly  to  employ  the  terminology  of  geometry,  which  must  result 
in  giving  a more  definite  image  of  the  quantities  involved.  For  this 
reason  I hope  that  no  physicist  will  accuse  me  of  having  dragged  in  the 
subject  of  hyperspace  into  a physical  treatise.  I have  insisted  that  what 
is  involved  is  merely  a mode  of  speaking,  and  has  the  advant&ge  of 
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logical  consistency  with  the  results  of  geometry,  which  is  to  most  of  us 
a physical  subject.  At  all  events  this  matter  has  been  so  introduced  that 
it  may  be  eompletely  passed  over  by  those  to  whom  such  analogies  are 
repngnant.  The  adyantage  of  a good  terminology,  as  well  as  of  clear 
physical  conceptions,  must  be  plain  to  all,  and  every  physicist  will 
acknowledge  the  indebtedness  which  our  Science  owes  in  this  respect  to 
Kelvin  and  Tait. 

The  work  divides  itself  natural  ly  into  three  parts,  the  first  of  which 
considers  the  Laws  of  Motion  in  general  and  those  methods  which  are 
applicable  to  Systems  of  all  sorts.  Although  not  addressed  to  students 
who  are  beginning  Mecbanics,  it  seemed  necessary  to  begin  at  the  beginning, 
and  to  explain  the  exhibition  of  Newton's  Laws  of  Motion  in  mathematical 
form.  For  this  purpose  the  Principle  of  Hamilton  is  of  so  universal 
application  that  it  has  been  introduced  near  the  beginning,  and  considerable 
attention  devoted  to  it.  I consider  this  principle,  together  with  the 
equations  of  Lagrange,  a very  practical  subject,  of  the  highest  importance 
for  the  physical  Student.  The  same  may  be  said  of  the  subject  of  Energy, 
upon  which  it  has  even  been  attempted  to  found  the  laws  of  Physics. 
Although  such  attempts  seem  doomed  to  fail,  for  the  reason  that  the 
principle  of  Energy,  though  affording  an  integral,  is  insufficient  to  deduce 
the  differential  equations,  the  notion  of  Energy  must  remain  one  of  the 
most  important  in  Dynamics,  and  is  therefore  considered  in  every  problem. 
The  subject  of  öscillations,  of  very  great  physical  interest,  with  its 
accompanying  phenomena  of  Resonance,  is  next  taken  up.  After  this 
follows  a treatment  of  the  so-called  Cyclic  Systems,  from  which,  since 
the  labors  of  Helmholtz  and  Hertz,  it  seems  that  Physics  has  so  much  to 
expect.  In  fact  the  first  steps  have  been  taken  to  explain  the  nature 
of  Potential  Energy  by  means  of  Motion,  perhaps  the  chief  desideratum 
of  Physics.  In  this  Connection  we  way  again  point  to  the  epochmaking 
work  of  Lord  Kelvin,  both  in  Mechanics  and  in  the  Theory  of  Light. 

The  second  part  is  devoted  to  the  Motion  of  Rigid  Bodies,  particularly 
to  their  rotation,  a matter  of  the  greatest  importance  practically,  especially 
to  the  engineer,  but  one  which  is  often  avoided  by  the  physical  student. 
To  this  subject  Maxwell  again  called  the  attention  of  physicists,  and  created 
a charming  instrumental  demonstration  in  his  celebrated  Dynamical  Top. 
To  this  the  writer  has  venture d to  add  a small  detail,  which  permits  of 
a number  of  interesting  additional  verifications.  A number  of  practical 
illustrations,  of  interest  to  the  physicist  and  engineer,  are  also  included. 

The  third  part  divides  itself  from  the  other  two  from  the  fact  that 
in  it  the  differential  equations  are  partial,  while  in  the  others  they  are 
ordinaiy.  As  a preparation  for  this  subject  is  introduced  the  theory  of 
the  Potential  Function,  which  introduces  the  most  important  mathematical 
theorems,  and  prepares  for  the  subsequent  chapters.  Most  of  this  chapter 
has  already  appeared  in  the  author's  treatise  on  the  Theory  of  Electricity 
and  Magnetism,  but  several  matters  have  been  added,  especially  on 
applications  to  Geodesy.  Next  follows  the  subject  of  Stress  and  Strain, 
with  applications  to  the  simpler  problems  of  Elasticity,  including  the 
problem  of  de  St.  Venant  on  the  flexion  and  torsion  of  prisms.  Finally 
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in  Hydrodynamics  the  main  questions  of  wave  and  vortex  motion  are 
taken  up,  with  a brief  account  of  the  phenomena  of  the  tides  and  of 
viscous  fluids.  Thns  the  student  is  prepared  for  the  study  of  Sound,  Light, 
and  Electricity.  The  only  work  in  English  of  which  I know  having  the 
same  purpose  is  Professor  Tait’s  admirable  treatise  on  Dynamics.  While 
this  book  has  been  in  preparation,  there  has  appeared  the  first  volnme 
of  Professor  Gray's  Treatise  on  Physics,  the  scope  of  which  is  mach 
broader,  bnt  the  aim  of  which  is  not  greatly  different  from  that  of  this 
book.  I have  however  attempted  to  provide  a treatise  which  would 
in  not  over  a year’s  time  offer  to  the  Student  an  amonnt  of  knowledge 
of  Dynamics  sufhcient  to  prepare  him  for  the  study  of  Mathematical 
Physics  in  general. 

My  obligations  to  previous  authors  are  obvious,  and  where  possible 
explicit  mention  is  made.  A list  of  works  which  have  been  of  Service 
to  me  is  appended,  but  I wish  particularly  to  acknowledge  my  indebtedness 
to  Thomson  and  Tait,  to  Kirchhoff  and  to  Appell.  I am  ander  great 
obligations  to  Dr.  Margaret  E.  Maltby  for  valuable  assistance  in  the 
preparation  of  the  mannscript,  and  for  frequent  snggestions,  and  to 
Messrs.  J.  G.  Coffin  and  J.  C.  Hubbard,  Fellows  of  Clark  University,  for 
efficient  aid  in  the  preparation  of  the  drawings.  I take  this  opportunity 
of  expressing  my  thanks  to  my  colleague  Professor  William  E.  Story  for 
his  continual  willingness  during  fourteen  years  to  aid  me  by  putting  at 
my  disposition  his  unusual  knowledge  in  matters  connected  with  Algebra. 
My  thanks  are  due  to  the  publisher  for  the  fine  mechanical  execution  of 
the  work  in  the  style  for  which  the  house  of  Teubner  is  noted. 

As  the  proof  has  been  read  only  by  myself,  it  is  hoped  that  errors 
will  be  dealt  with  lightly.  In  conclusion  I venture  to  hope  that  my 
attempt  t<f  make  Dynamics  more  of  an  experimental  Science  by  subjecting 
some  of  its  conclusions  to  quantitative  experimental  verification  may 
deserve  notice. 

Worcester,  Mass.}  July  22,  1904. 


A.  G.  Webster. 
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CHAPTEÄ  I. 


KINEMATICS  OP  A POINT.  LAWS  OP  MOTION. 

1.  Dynamics.  Dynamics  or  Mechanics  is  the  science  of  motion. 
It  is  the  fundamental  subject  of  Physics,  since  it  is  the  aim  of 
scientists  to  rednce  the  characterization  of  all  physical  phenomena 
to  description  of  states  of  motion.  The  problem  of  dynamics, 
according  to  Kirchhoff1),  is  to  describe  all  motions  occurring 
in  natnre  in  an  unambiguous  and  the  simplest  manner.  ln  addition 
it  is  our  object  to  classify  them  and  to  arrange  them  on  the 
basis  of  the  simplest  possible  laws.  The  snccess  which  has 
attended  the  efforts  of  physicists,  mathematicians , and  astronomers 
in  achieving  this  object,  from  the  time  of  Galileo  and  Newton 
throngh  that  of  Lagrange  and  Laplace  to  that  of  Helmholtz  and 
Kelvin,  constitutes  one  of  the  greatest  triumphs  of  the  human 
intellect. 

2.  Kinematicfl.  That  which  moves  is  matter . The  properties 
of  matter  may  be  left  for  later  consideration.  We  may,  however, 
describe  motions  without  considering  the  nature  of  that  which  is 
moved,  — this  forme  a special  brauch  of  our  subject  known  as 
K inematics. 

Kinematics  is  merely  an  extension  of  geometry  and  may  be  caUed 
geometry  of  motion,  for  while  in  geometry  we  consider  the  properties 
of  space,  in  Kinematics  we  consider  also  the  idea  of  time,  giving 
us  another  variable.  Since  the  position  of  a point  in  space  is  known 
when  its  three  rectangular  Gartesian  Coordinates  with  respect  to  a 
definite  System  of  axes  are  given,  its  motion  is  completely  described 
if  its  Coordinates  are  given  for  all  instants  of  time,  or  are  known 
fonctions  of  the  time.  Analytically 

i)  * = /i(0>  y = ft(ß)>  * = /»(*)• 

The  fonctions  fv  fs  must  be  continuous,  since  in  no  actual  motion 
does  a point  considered  disappear  in  one  position  to  reappear  after 

1)  Kirchhoff,  Vorlesungön  über  mathematische  Physik.  Mechanik,  p.  l. 
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a very  small  interval  of  time  in  a new  position  at  a finite  distance  1 
from  the  old.  The  functions  are  also  supposed  to  have  definite 
derivatives  for  every  value  of  t. 

Since  the  motion  of  a point  involves  four  variables,  Kinematics 
was  called  by  Lagrange  Geometry  of  four  dimensions.  We  shall 
not  here  discuss  the  nature  of  time,  nor  the  mode  of  measuring  it, 
reserving  the  latter  until  we  have  considered  motions  that  actually 
occur  in  nature,  upon  which  all  methods  for  measuring  time  are  based. 

We  may  accept  the  fact  that  the  idea  of  time,  like  that  of 
space,  is  the  intuitive  possession  of  us  all.  Its  exact  definition  must 
depend  on  the  Science  of  dynamics. 


3.  Soalars  and  Vectors.  ln  mathematics  we  have  to  consider 
two  sorts  of  quantities,  those  which  do  not  involve  the  idea  of 
direction,  called  by  Hamilton  scalars  (because  they  may  be  specified 
by  numbers  marked  off  on  a scale),  and  those  which  do,  called  Steps 
or  vectors . The  distance  between  two  points  *1,  Vi>  h,  Vi, 

2)  « = Vfo  - *i)2  + (j/a  ~ ViY  + 0*  ~ hY 

is  a scalar,  whereas  the  geometrical  difference  in  position  of  the  two 
points  is  known  only  when  we  specify  not  merely  the  length,  but 
also  the  direction  of  the  line  joining  them.  This  is  usually  done  by 
giving  its  length  s and  the  cosines  of  the  angles  made  by  the  line 
with  the  three  rectangular  axes, 

COSA,  COS  [l9  C08V, 

which  in  virtue  of  the  relation 

3)  cos2>l  + cos  V + cos*v  = 1, 

leaves  three  independent  data.  We  may  otherwise  make  the  speci- 
fication  by  giving  the  three  projections  of  the  line  upon  the  co- 

Ordinate  axes,  s,  = s ooaX  = xi-x1, 

4)  Sy  = s cos/t  = & — &, 


s,  = s cosv  = es  — zv 

Sqnaring  and  adding  we  have  in  yirtue  of  relation  3) 

5)  Sx*  + Sy*  + s?  = s*. 

$ \ 
By  the  vector  AB  we  mean  the  line  in  the  direction  from  A. 

to  .B,  and  its  projections  have  the  sign  of  the  Coordinates  of  JB 

minus  those  of  A , the  vector  being  defined  as  that  which  carries  us  J 

from  4 to  J?.  We  may  write  symbolically 

pt-A  + AB=pt-B 
ÄB  =pt-  B — pt-A. 

AB  is  to  be  understood,  vector  AB . Similarly  when  we  wish  to 
specify  that  s is  to  be  regarded  as  a vector  (i.  e.  its  direction  is  to 
be  considered  as  well  as  length),  we  shall  write  H. 
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We  have  from  4)  and  5) 


» X 

cos  X = — 
8 


+ + 


COS  [l  = -J 


v*i  + + «j 


COS  V « — = , ■—  • 

8 V&x  + + «? 

Also  multiplying  the  equations  4)  respectively  by  cos  X,  cos  /*,  cos  v, 
and  adding, 

7)  sx  cos  X + sy  cos  [i  + s,  cos  v = s. 

Whatever  quantities  are  needed  to  completely  specify  a quantity 
are  called  its  Coordinates.  A point  has  three,  and  we  have  seen 
that  a vector  also  has  three,  which  may  be  taken  as  sXf  sy7  ss.  In 
this  sense  all  yectors  are  to  be  considered  as  equal  whose  lengths  are 
equal  and  directions  parallel  irrespective  of  the  absolute  positions  of 
their  ends.  It  is,  however,  sometimes  necessary  to  distinguish  yectors 
equal  in  this  sense , but  whose  ends  do  not  respectiyely  coincide. 
To  determine  such  a vector  we  must  know  not  only  its  length  and 
direction,  but  also  the  position  of  one  end.  It  will  therefore  be 
specified  by  six  Coordinates,  which  may  be  the  three  Coordinates 
of  one  end,  y17  zl7  with  the  projections,  sx?  sy,  sM,  or  the  Co- 
ordinates of  both"  ends,  x1,y1,z1,  x%7y%}z%.  In  any  case  there  will 
be  six  Coordinates.  Such  a vector  may  be  called  a fixed  vector  to 
distinguish  it  from  the  ordinary  or  free  vector. 


4b.  Addition  of  Yeotors.  To  add  two  yectors  means  to  take 
successively  the  steps  denoted  by  them,  their  sum  being  a single  step 
equivalent  thereto.  For  example,  (Fig.  1) 

ÄB  + BC  = ÄC. 

The  vectors  AB  and  BC  are  called 

the  components  of  AC}  which  is  called 
their  resultant , or  geometrical  sum. 

We  may  state  the  rule:  Place  the 
initial  point  of  the  second  vector  at  the 
terminal  point  of  the  first,  the  resultant  or 
geometrical  sum  is  the  vector  from  the 
initial  point  of  the  first  component  to  the  ^ 
terminal  point  of  the  second.  This  con-  Pig.  i- 

struction  gives  us  the  so -called  triangle  of 

vectors.  By  continuing  the  process  any  number  of  vectors  may 
be  added,  giving  us  the  polygon  of  vectors. 
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The  nature  of  the  construction  shows  that  the  resultant  i s inde- 
pendent of  the  Order  of  taking  the  components. 

Since  a negative  quantity  is  defined  as  that  which  added  to  a 
given  positive  quantity  produces  zero,  the  negative  of  AB  must  be 
BA,  for  by  the  above  rule, 

A + AB  = By 

B + BÄ  = Ay 

therefore  A + AB  + BA  = A, 

AB  + BA  = 0,  * 

BÄ  = — AB. 

The  Coordinates  of  BA  are  also  the  negatives  of  AB.  The 
scalar  length  of  a vector  is  called  by  Hamilton  its  tensor , so  that 
the  tensor  of  the  negative  of  a vector  is  the  same  as  that  of  the 
vector  itself. 

It  is  evident  from  the  definition  of  a vector  that  the  projection 
of  the  sum  of  two  vectors  on  any  direction  is  the  algebraic  sum  of 
the  projections  of  the  components.  Projecting  oiythe  three  directions 
of  the  coordinate-axes,  and  distinguishing  the  projections  of  the 
components  by  Suffixes,  we  have  for  the  projections  of  the  resultant, 

5*  ==  $1*  “t"  Sflzf 

sy  = Siy  + Say, 

St  = S\t  + 5a#, 

5*  = (ßix  + 5a*)2+  ( Siy  + 5a  y)2  + + 5a#)2, 

and  for  the  sum  of  any  number  of  vectors, 

8)  52  = (i  sxy  + (i  Sy)*  + (i  s,y. 

We  may  easily  find  an  expression  for  the  projection  of  any 
vector  5 upon  any  direction,  which  is  given  by  its  direction  cosines, 
cos  X,  cos  fi,  cos  v.  We  have  for  the  angle  fr  between  two  lines 
whose  direction  cosines  are  cos  X,  cos  fi,  cos  v,  cos  X\  cos  fi\  cos  v, 

cos  fr  = cos  X cos  X ' + cos  fl  cos  fl*  + cos  v cos  v\ 
but  by  6),  we  have  for  ~s, 

»f  f Sy  f Sg 

cos  X = — 7 COS  II  = - y COS  V = — > 

S ^ 8 8 

so  that 

9)  5 C08  fr  = Sx  COS  X + 5y  COS  fl  + Ss  COS  V, 

which  is  the  expression  for  the  projection.  Taking  for  the  direction 
of  projection  the  direction  of  the  vector  itself,  this  becomes  equation  7). 
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If  cos  i,  cos  jiy  cos  v are  the  direction  cosines  of  & second  vector  s2 

. 8tx  8*y  8i* 

COS  l — —9  COS tl  = — 7 COS  V = — 7 

8t  8%  8t 

nmltiplying  by  sg  we  have  the  expression  symmetrica!  with  respect 
to  both  vectors 

10)  S|  Sj  C08  fr  =ss  $iz$2x"b  "f 

This  expression,  which  may  be  defined  either  as  the  product  of  the 
teosors  of  the  vectors  and  the  cosine  of  their  inclnded  angle,  or  as 
the  tensor  of  either  mnltiplied  by  the  value  of  the  projection  on  its 
direction  of  the  other,  is  so  important  that  it  has  received  a special 
narne,  and  will  be  called  the  geometric  product  of  the  two  vectors. 
1t  is  not  a vector,  bat  is  essenti&lly  a scalar  quantity,  and  its  negative 
was  called  by  Hamilton  the  scalar  prodnct  of  the  vectors. 

The  condition  of  perpendicularity  of  two  vectors  is  that  their 
geometric  prodnct  vanishes. 

11)  + SlySjly  + 0. 

5.  Moments.  Consider  a fixed  vector  AB}  Fig.  2.  — The  product 
of  the  length  AB  and  the  perpendicular  distance  of  0 from  AB  is 
called  the  moment  of 

AB  about  0.  1t  is 
arithmetically  equal 
to  twice  the  area  of 
the  triangle  OAB. 

The  sign  of  the 
moment  will  change 
with  the  direction  of 

AB.  If  we  draw 
a line  through  0 
whose  length  is 
equal  to  the  magni- 
tude  of  the  moment 
and  whose  direction 
is  perpendicular  to 
the  plane  OA  B , this  F,g*  2 

hne  is  called  the  aocis 

of  the  moment,  and  in  a certain  way  represents  the  latter.  We  shall 
draw  it  in  such  a direction  that  a person  standing  on  0 with  his  back 
against  the  axis  would  see  motion  from  A to  B as  from  right 
to  left. 
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The  Coordinates  of  the  axis  may  be  found  from  those  of 
the  vector  AB  and  of  0 . If  we  choose  0 for  origin,  OA3 

for  the  plane  of  X Y} 
(Fig.  3)  and  let  the  Co- 
ordinates of  A be  x , y,  the 

projections  of  AB,  sz,  sy, 


we  have  for  the  area  of 
the  triangie  GAB 

■|{(a:+sx)  (y+8y)-xy-$xsa) 

^(^|i  y Sz)~ 

Accordingly  we  have  for 
m,  the  moment  about  0 
of  a vector  whose  pro- 
jections are  sx,  s9  and 
whose  initial  point  has 
the  Coordinates  x,  y, 

m = xsy  — ysx. 

To  find  the  moment  of  the  resultant  of  two  vectors  drawn  from 
the  same  initial  point,  whose  plane  contains  0,  their  projections  being 
Sz , Sy , Sg , sz  , Sy  , sz , we  have 

m = x (sy'+  Sy")  — y (sj+  sx") 

= xsj — ysj  + xsy"—  ysx"=  m'+  m ", 


thus  the  moment  of  the  resultant  is  equal  to  the  sum  of  the  mo- 
ments.  If  the  plane  of  OAB  is  not  one  of  the  coordinate- planes, 
we  may  project  the  triangie  OAB  upon  the  three  coordinate -planes, 
and  obtain  three  moments  mx,  my,  mz.  K the  direction  cosines  of  the 
axis  of  m are  cos«,  cos/3,  cosy,  we  have  by  the  rule  for  the  projection 
of  areas, 

mx  = m cos  a,  my  = m cos  ß , mz  = m cos  y, 
m2=  mz*+  wy2+  ms\ 


Therefore  the  moment  m has  three  Coordinates,  mx,  my,  mz,  and  may 
itself  be  considered  a vector  m.  Since  the  Coordinates  of  the  pro- 
jections of  A and  AB  on  the  YZ  plane  are  y,  sy , sz , we  have  by 

the  preceding  formula 


12)  mx  = ySg  — zsy,  my  = zsx  — xsz,  m,  — xsy  — ysx. 

In  the  language  of  Hamilton  m is  the  vector  product  of  the  vector 
OÄ  into  the  vector  AB.  We  have  evidently 
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xmx  + ymy  + zmz  = 0 
$xmx  + symy  + szmz  = 0, 

that  is,  the  vector  product  of  the  two  vectors  is  perpendicular  to 
their  plane.  From  the  definition  of  moment,  or  by  reference  to  Fig.3, 
its  magnitude  or  tensor  is  eqnal  to  the  product  of  their  tensors  times 
the  sine  of  the  angle  included  between  them.  (It  is  to  be  noted  that 
the  projections  of  the  first  factor  in  the  vector  product  follow  each 
other  in  cyclic  Order  in  equations  12),  those  of  the  second  factor  in 
reverse  Order.)  It  is  at  once  evident  that  the  moment  of  the  resul- 
tant  of  two  vectors  with  the  same  initial  point  is  the  resultant  of 
their  individual  moments.  Thus  moments  are  to  be  considered  in  all 
respects  like  vectors.  It  is  evident  that  the  moment  of  a vector, 
sX}  sy,  sz,  with  initial  point  x,  y , 8,  about  a point  £,  rj,  £,  has  the 
• projections: 

mx  = (y-  y)  s,  - (*  — £)  s„ 

13)  mv  = (g  — t)  sx  — (x—  |)  s , 

m,  = (x  — |)  st  — (y  — t])  sx. 


6.  Velooity.  As  a second  means  of  description  of  the  motion  of 
a point  we  may  give  the  geometrical  locus  of  the  positions  that  it 
occupies  at  different  instants.  This  is  called  the  path  of  the  point, 
and  if  it  is  straight,  the  motion  is  said  to  be  rectilinear.  This  alone 
does  not  suffice  to  descrihe  the  motion,  for  the  same  path  may  be 
described  with  different  speeds.  We  must  therefore  give  something 
which  shall  determine  what  positions  are  reached  at  various  instants. 
If  we  call  s the  distance  the  point  has  traversed  in  its  path,  counting 
from  a fixed  point,  and  give  the  value  of  s for  every  value  of  t 
s — this  together  with  the  equations  of  the  path,  which  may  be 

14)  i'lO,  y,  s)  = 0,  F2  (x,  y,  z)  = 0, 

completely  specifies  the  motion,  making  as  before  three  equations. 
The  velocity  of  the  point  is  defined  as  the  limit  of  the  ratio  of  the 
length  of  the  path  As  described  in  an  interval  of  time  to  the 

time  A£  when  both  decrease  without  limit,  that  is, 


v = lim  ~ = 


ds 

dt 


Yelocities  of  the  same  numerical  magnitude  may  however  have 
different  directions,  accordingly  to  completely  specify  a velocity  we 
must  give  not  only  its  magnitude,  but  also  its  direction.  It  is  there- 
fore a vector  quantity.  Its  direction  is  that  of  the  tangent  to  the 
. path  at  the  point  in  question,  and  its  direction  cosines  are 


dx  dy  dz 

ds 9 d8}  ds 
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A velocity,  like  any  other  vector,  may  be  resolved  into  com- 
ponents, 


dx  ds  dx  dx 


ds  dt  ds 


dt 


16) 


*y  — Ay. 

v»~v  dä~  dt  ds~  dt 


dz  ds  dz  dz 

Vz  V ds  dt  ds  dt 


or  the  projection  of  the  velocity  on  any  direction  is  the  velocity  of 
the  projection  of  the  point  on  that  direction.1)  We  have  therefore 


17) 


2 fds\* 

V ~ \dt)  ~ \dt ) + \dt  j + V 


dt) 


A third  method  of  description  of  a motion  would  be  to  give  as 
before  the  equations  of  the  path  and  to  give  the  velocity  as  a 
function  of  the  time, 

v==di= 


An  Integration  of  this  differential  eqnation  would  give  ns 

s = const  + J il>(t)dt  = (p(t ), 

and  we  should  have  the  same  form  as  before. 

Fourthly  we  might  have 

is) 

together  with  the  initial  conditions 

x — x0J  y — y09  z = z0,  when  t = t0. 

An  Integration  of  these  three  simultaneous  equations  would  give  us 
a description  equivalent  to  1). 

In  equations  1),  if  t is  any  parameter,  not  necessarily  the  time7 
we  have  what  is  called  the  parametric  representation  of  a curve. 
By  the  elimination  of  t,  we  may  obtain  two  Coordinates  as  functions 
of  the  third.  If,  on  the  contrary,  we  have  only  the  path  given, 
whereas  the  geometry  of  the  motion  is  known,  kinematically  the 
description  is  incomplete,  as  the  specification  of  the  time  is  lacking. 
To  remedy  this  defect  of  the  geometrical  representation,  Hamilton 
introduced  the  Hodograph,  which  is  a curve,  the  locus  of  a point 
related  to  the  moving  point  on  the  path  by  having  its  position 


1)  It  is  to  be  noticed  that  in  stating  that  velocity  is  a vector  we  assume 
the  mode  of  composition  of  velocities  as  a matter  of  definition. 
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vector  with  respect  to  a point  taken  as  origin  equal  to  the  vector 
velocity  of  the  moving  point.  Thus  the  radius  vector  of  any  point 
on  the  hodograph  is  parallel  to  the  tangent  at  the  corresponding 
point  of  the  path.  If  X,  Y}  Z are  the  Coordinates  of  a point  on 
the  hodograph,  we  have  for  the  relation  between  the  two  curves, 

19)  x-g,  r-g,  z-%. 


so  that  having  established  the  correspondence  of  point  to  point,  we 
obtain  the  time  from 


ds 

X*  + Y*+Z*' 


We  shall  call  any  vector  which  is  related  to  another  vector  as  the 
vector  X,  Y,  Z is  to  the  vector  x,  y,  z,  the  vdocüy  of  the  vector, 
and  by  a natural  extension,  shall  call  the  locus  of  the  end  of  the 
second  vector  drawn  from  a fixed  origin  the  hodograph  of  the  first 
vector.  Thus  we  call  Hamilton’s  hodograph  the  hodograph  of  the 
Position  vector  of  the  first  point. 


7.  Polar  Coordinates.  If  a point  moves  in  a plane  it  may  be 
convenient  to  specify  its  position  by  means  of  polar  Coordinates. 
Let  r be  the  distance  of  the  point 
from  the  origin  0,  cp  the  angle  that 
the  radius  vector  makes  with  a 
fixed  line  through  the  origin.  If 
now  the  point  moves  from  A to 
j B (Fig.  4)  in  the  time  A t,  describ- 
ing  the  space  As,  so  that  r tums 
through  the  angle  Aqp,  at  the  same 
time  increasing  by  Ar,  we  may  re- 
solve  the  velocity  into  two  com- 

ponents,  one  proportional  to  AC}  where  AC  is  perpendicular  to  OB, 
the  other  proportional  to  CB.  We  have  then  the  following  vector 
equation 


v — 


ot,  passing  to  the  limit, 

21) 


(AC  , CB\ 


Jt= o 


At ) 


— dw  . dr 

v = r dt  +Tt 


The  two  components  of  v may  be  called  the  radial  velocity, 
«V  = and  the  transverse  velocity,  v9—r~^'  The  rate  of  increase 

of  the  angle  cp  is  called  the  angular  velocity  ^ ■ The  vector  equation 
21)  gives  rise  to  the  scalar  equation 
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timt  ia, 

22) 


which  might  have  been  obtained  from  the  expreaaion  for  the  lengtha 
of  the  arc  in  polar  coordinatea. 


8.  Sector  Velocity.  Let  the  polar  coordinatea  of  a point 
at  the  time  t be  r,  <p,  and  let  the  area  of  the  aector  encloaed  between 
the  path,  the  fixed  line  of  reference, 
’ > and  the  radiu8  vector  be  denoted  by  S. 
If  £ denote  the  angle  made  by  the 
tangent  to  the  path,  in  the  direction 
of  motion  with  the  direction  of  the 
radiua  vector  from  the  origin,  we 
have  (Fig.  5) 

dr  = ds  cos  e, 
rdtp  = ds  ain  £, 

and  if  in  the  time  dt  the  area  of  the 
aector  increasea  by  dS,  we  have 

Flg- 8-  dS  = ^ reiß  sin  £ = ^ r*d<p. 

The  rate  of  increaae  of  the  area  of  the  aector 


23) 


dt  ~~ 


‘r>d 


may  be  called  the  aector  velocity,  and  making  use  of  the  value 
* r sin  s , we  see  that  it  ia  equal  to  one-half  the  product  of  the 
magnitude  of  the  velocity  and  the  perpendicular  distance,  d=r  sin  s 
from  the  origin  to  the  line  of  direction  of  the  velocity,  that  ia,  to 
one-half  the  moment  of  the  velocity.  Therefore  the  aector  velocity 
may  be  repreaented  by  a vector  perpendicular  to  the  plane  OAIi, 
the  components  of  which  will  be 


24) 


and  we  also  have 


($'=(£)+ 


26) 
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9.  Acceleration.  If  the  velocity  of  a point  is  variable  with  the 
time  we  define  the  acceleration  of  the  point  as  the  limit  of  the  ratio 
of  the  increment  of  velocity  Av  to  the  increment  of  time  At,  as 
both  approach  zero.  We  may  consider  either  the  nnmerical  change 


y Av dv d*8 

~~~  di~~  dt*’ 

or  the  geometrical  change. 

If  we  draw  a vector  AB 
(Fig.6)  to  represent  the  velo- 
city at  the  time  t and  the 

vector  AG  to  represent  the 
velocity  at  the  time  t+  At, 
and  draw  the  arc  of  a circle 
BDy  DG  will  represent  the 
nnmerical  change  of  velo- 
city, Av,  not  considering  its 

direction,  while  BG  re- 

presents  its  geometrical,  or  vector  change,  Al’,  for 


ÄB  + BC  = ÄC 


BC  = AC-AB  = Av. 


Accordingly 


lim 

Jt— o 


v BC 

TT  = lim  -jr-r 

jt= o ^ 


is  the  vector  acceleration  a. 


Since  the  projections  of  the  geometrical  difference  of  two  vectors 
are  the  differences  of  the  projections,  the  components  of  ä in  any 
direction  will  be  proportional  to  the  changes  of  the  corresponding 
components  of  the  velocities,  that  is 


_ dvx  _ dfx 
a*~  dt  ~ dt *’ 

d»f_d>y 
ai>=  di  dt1’ 

dv,  _ d*z 

a,~  dt  ~ dt *’ 


In  the  langnage  of  § 6,  the  acceleration  is  the  velocity  of  the 
velocity -vector. 

The  vector  acceleration  ä being  the  resnltant  of  the  components 
ax>  Oy , a„  has  the  numerical  valne  or  tensor 
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d*s 


This  is  not  in  general  equai  to  which  is  the  acceleration  of 
the  scalar  velocity.  The  direction  of  a is  given  by  its  direction 


cosrnes 


27)  cos  (ax)  = a,  cos  ( ay ) = a9  cos  ( ae ) = 


d*z 
dt * 


a. 


10.  Acceleration  Oomponents.  We  may  now  find  the  com- 
ponent  of  the  acceleration  in  the  direction  of  the  tangent  to  the  path. 
The  direction  cosines  of  the  tangent  being,  by  § 6, 


V, 


V V V 

we  have  for  the  tangential  component  by  9) 


28) 


V V V 

a‘  = a*i  + a»i  + a‘-„ 

V 9 V V 


1 | dx  d*x  dy  d*y  dz  d*z  J 

v l dt  dt 8 ' dt  dt*  ' dt  dt*  f ’ 
ßnt  differentiating  equation  17) 

dv ds  d*8 dx  d*x  dy  d*y  dz  d*z 

®ht  dt  dt*  dt  dt*  ' dt  dt*  ' dt  dt* 

and  dividing  by  v and  comparing  with  28)  we  find 

d*s 

a*—  dt *’ 

that  is  the  acceleration  of  the  scalar  velocity  is  the  projection  of  the 

vector  acceleration  on  the  tangent.  This  is  called  the  tangential 

acceleration , or  acceleration 
in  the  path. 

We  may  obtain  a con- 
venient  expression  for  the 
remaining  component  of  the 
acceleration.  If  Pand()(Fig.7) 
be  two  “consecutive”  points 
of  the  path,  the  plane  con- 
taining  the  tangents  at  P 
and  Q is  called  the  osculating 
plane,  or  plane  of  principal 
curvature.  Normals  drawn 
in  this  plane  are  called 
principal  normals,  and  the 
point  0 where  they  intersect, 
the  center  of  curvatnre.  The 
radins  OP  = p is  called  the 
radius  of  curvature.  If  the 
angle  between  the  consecutive  tangents  is  Ar  and  the  distance  between 
the  points  P,  Q is  A s,  the  curvature  is  defined  as 
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lim 

^1=0 


A* dt 

A 9 ds 


x. 


Since  the  angle  between  the  tangents  is  equal  to  that  between  the 
normals 

ds  = pdr 

dz  1 

— ■ » — S3S  — 1 1 • 

qdx  q 


If  as  before  we  draw  lines  .42?,  AC  (Fig.  6)  repreaenting  the 

Jß  Q 

velocities  at  P and  Q,  the  acceleration,  lim  is  in  the  plane  of 

AB  and  AC,  that  is  the  yector  acceleration  is  in  the  osculating 
plane.  As  we  have  already  fonnd  the  eomponent  parallel  to  the 
tangent,  there  remains  only  the  eomponent  parallel  to  the  principal 
normal.  Since  PC  is  proportional  to  the  acceleration,  PC  is  pro- 
portional to  the  tangential  acceleration  at,  BD  to  the  normal 
acceleration  av,  and  since  the  angle  at  A is  dt  and  the  side  AB  is  v, 

BD  = vdt 


Also  since 

30) 


av 


vdt 


ds  = Qdx 


v ds v2 

V Q dt  Q 


This  normal  acceleration  is  always  directed  toward  the  center  of 
curvature,  and  is  otherwise  called  the  centripetcd  acceleration. 
Inserting  the  above  values  in  the  equation 

a*  = a?  + al, 

we  may  obtain  an  analytical  expression  for  the  radius  of  curvature, 


Li  et  ns  change  the  independent  variable  £rom  t to  s.  We  have 

dx da j ds 

dt  ds  dt9 

and  differentiating  again  by  t, 

d2x dx  d2s  d2x/ds\ 2 

dt 2 ~~  di  dt2  + d^ydt)9 

d2y dy  d2s  d2y  /<Zs\2 

dt2  ~~  ds  Ot2  + ~ds2  \di)  9 


and  similarly 
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Squaring  and  adding,  31)  becomes 

(&)*  ((©’+  $)'+  ffi\ + 8 g&y  ( 


d*s/ds\ * \dx  d*x 
ds  ds * 


dy  d*y  , de  d* e 
"*  dsds * ' ds  ds* 


i + (#y  ((£)■+  (sy  + (S)*i 


( d*s\*  , 1 /d*V 

— Utv  + ’ 

Now  we  have  (g)*+  (gj)*+  (£)*“  1- 
Differentiating  this  by  s gives 

d \(dx\ * /dy\*  /d*y\ o I dx  d*x  dy  d*y  . dzd*z\ ~ 

ds  \\ds)  + \ds)  + Vdi/  1 Idsd?  + ds  ds  + ds  ds*  I ““  U* 

Therefore  equation  32)  reduces  to 

/ d*s  \*  , / ds\4  f/dÄ*V  . /<**y\»  . /d**\*l  / d*s\*  , 1 /dsV 

\d*V  + \d*/  lU*8/  + Vd«V  +\ds*  ) I + 9*  U t)’ 


or 


33) 


2 


If 


ds 


q*  \ü8*  j \asm  / \ds*/ 

dt=v=l,  ds  = dt  and  the  right  hand  member  of  33) 

becomes  the  square  of  the  acceleration.  We  thus  have  a kinematical 
definition  of  curvature,  viz.,  the  acceleration  of  a point  traversing 
the  curve  with  unit  yelocity.  This  agrees  with  the  original  expression 


t/  • • • 

30),  av  = —9  for  if  v = 1,  at  = 0,  the  acceleration  is  entirely  normal 

and  av  = — = x. 

Q 

We  may  in  like  manner  resolve  the  acceleration  into  components 
along  the  radius  vector  and  at  right  angles  to  it.  Let  us  consider 
the  case  of  motion  in  a plane,  that  of  XY.  We  will  call  the  radial 

component  of  the  acceleration,  or  the  radial  acceleration , ar , and  we 

d*r 

shall  find  that  it  is  not  equal  to  which  is  the  scalar  acceleration 

of  the  radial  velocity.  We  will  denote  the  component  perpendicular 
to  the  radius  or  the  transverse  acceleration  by  which  is  not  equal 

to  the  angular  acceleration  nor  to  the  acceleration  of  the  trans- 

d» 

verse  velocity, 


<p 


Differentiating  the  formulae  for  the  change  of  Coordinates 

# = rcosgp,  y = rsinqp, 


gives 


. dqp 

r*m<P~ät 


dx  dr 
jt=dtco  ** 

dy  dr  . . dtp 

^ = ^Sm9  + rco89^ 
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Differentiating  again 

d*x  d*r  ~ . dcpdr  d*q>  /d®\* 

dt’  = dir  coa<^  ~ 2 am(P  dF  dJ  ~ r sm<p  d(,-  - rcosqp  ( dl ) 

d*y  d*r  . , 0 dtp  dr  d*m  /dm\2 

d^=diram(P  + 2coaV 


\ ✓ 

Ir  , d*<p  fd<p\l 

u + rco9<>p  uw  -ram<p\di) 


dt  dt 

The  direction  cosines  of  the  radius  vector  are: 

cos  (rx)  = cosqp,  cos(ry)  = sin  <p, 

so  that  we  obtain  by  resolution, 

U)  <*r=  cos (rx)  + ^ cos (ry)  - 

being  less  than  the  scalar  acceleration  of  the  radial  yelocity  by  the 

product  of  the  radius  vector  and  the  square  of  the  angular  velocity. 
dr 

(If  = 0,.  the  motion  is  circular,  and  ar  is  the  normal  acceleration.) 

The  direction  cosines  of  a line  perpendicular  to  r and  in  the 
direction  of  increasing  <p  are,  — - sin  <p,  cos  <p,  so  that  for  the  trans- 
verse  acceleration  we  obtain, 

d*x  . , d*y  d*w  , ndq)  dr 

a<? dt'  8m  V + 008  <P  " r dl*  + 2 di  di> 

which  may  be  written 
Of  courBe  we  have 

/»S  — — _L_  ft 

V(p  • 


a*  = a?  + a? 


11.  Moment  of  Aooeleration.  The  expression  in  the  paren- 

d S 

thesis  of  35)  is  by  23)  equal  to  twice  the  sector  velocity  Let 
d*  S 

us  call  -rfT  the  sector  acceleration.  Thus  in  plane  motion 

2 d’S 


36) 


a9  — r dt’’ 
o d’S 

ra<P  = 2-di r 


Suppose  (Fig.  8)  AB  represents 
the  acceleration  a , then  AG  per- 
pendicular to  r represents  aVf 
therefore  rav  is  twice  the  area 
of  the  triangle  OAB . But  that 
is  the  moment  of  the  acceleration 
about  the  point  0.  Accordingly 
twice  the  sector  acceleration  is 
eqaal  to  the  moment  of  the  accel- 
eration about  the  origin,  or 


d*S 
dt 1 


d*y 


= xay  — yax  = x ^ - y 


d*x 

dt* 


WKB8TEB,  Dynamics. 
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If  the  motion  is  not  in  one  plane,  we  have,  differentiating  the  sector 
velocity  components  24) 

d*Sx  d*z  d*y 

2~dtr  = ifdii~edii’ 

^d*Sv  d*x  d'e 

2“dF  = edti~  Xdti> 
d*S , d*y  d*x 

2 1 t*  = X W ~ 

The  resultant  of  these  is  the  moment  of  the  acceleration.  The  fact 
that  the  moment  of  the  acceleration  is  the  exact  time  derivative  of 
the  moment  of  velocity  leads  to  an  important  general  principle  of 
mechanics,  the  so  - called  Law  of  Areas. 


12.  Kepler’s  Laws.  We  may  now  obtain  Newton’s  conclusions 
from  Kepler’s  three  laws  of  planetary  motion,  which  were  purely 
kinematical  and  based  on  a great  amount  of  observational  material 
collected  by  Tycho  Brahe.  The  first  law  states  that  the  areas  swept 
over  by  the  radius  vector  drawn  from  the  snn  to  a planet  in  equ&l 
times  are  equal.  (The  motion  is  in  one  plane.)  That  is 


dS 

dt 


const., 


d*S 

dt* 


therefore  from  37)  the  moment  of  the  acceleration  with  respect  to 
the  sun  is  zero.  Consequently  the  line  of  direction  of  the  accelera- 
tion passes  through  the  sun,  or  the  acceleration  is  central. 

The  second  law  states  that  the  planets  describe  ellipses  about 
the  sun  as  a focus.  The  ellipse  being  always  concave  toward  the 
focus,  the  acceleration  is  directed  toward  the  sun.  In  order  to 
deduce  the  quantitative  meaning  of  the  second  law,  we  will  use  the 
polar  equation  of  a conic  section  referred  to  the  focus, 

f _ p = a(l -g1),1) 

1 € COS  qp 


1)  If  d is  the  distance  from  focus  to  directrix,  e the  eccentricity , by  the 
definition  of  a conic  section, 

r ed*=p 


When  cos  9 = 1, 


cos  qp  = — 1 , 


— ß y ~ _ — = 

d — r cos  qp  1 1 -f  e cos  qp 


„ P 

f,  = i 

1 1 -f  e 


r*  1-  e 


rl+r*^=^^*as32Ä, 
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and  will  find  the  value  of  the  central  acceleration. 

d*r  fdtp\* 

°r  — dt*  ~ T (d<)  ’ 

bnt  from  Kepler’s  first  law, 


= = const.  = h,  say , 


dtp h 

Ti  ~ T* ' 
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We  have  34) 


Now  changing  the  variable  from  t to  <p, 

dr  dr  dtp h dr ^ d / 1 \ 

dt  dtp  dt  r*  dtp  dtp\r) 

Differenti&ting  by  t, 

d*r , d * / 1 \ dtp h*  d*  /1\ 

di*  dtp9  \r  ) dt  r9  dtp*\r  ) 


From  the  equation  of  the  path  we  obtain 


l 

r 


1 , e 

= 7 + -p™*<P> 


d_ 

dtp 

d * 

dtp 


1 

r 


Inserting  this  value  above  gives 


and  finally, 


d*r__  Ä*  . 
dt 9 “ >r*  + r8  7 


ar 


d*r 

dt* 


h* 

pr * 


Thus  the  fact  that  the  path  is  a conic  section  shows  that  the  central 
acceleration  varies  inversely  as  the  square  of  the  length  of  the  radius 
vector.  The  negative  sign  shows  that  the  acceleration  is  toward 
the  sim. 

The  third  law  states  that  for  different  planets  the  squares  of 
the  times  of  describing  the  orbits  are  proportional  to  the  cubes  of 
the  major  axes. 

Since 


2 


diS 

dt 


p 


if  T is  the  time  of  a complete  period  hT  is  twice  the  area  of  the 
orbit. 


hT=  2 7t  ab  = 2*ra2]/ 1 — e2. 


2* 
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From  which 


h*  = S-4  (1  - el), 


T* 


Ä* 


Ä* 


pr 1 


a (1  — e1)  rJ 


4w*a8 

~2T*r* 


a* 


Now  since  is  by  the  third  law  constant  for  all  the  planets,  the 

factor  by  which  the  inverse  square  of  the  radius  vector  is  multiplied 
in  Order  to  obtain  the  central  acceleration  is  the  same  for  all  the 
planets  and  depends  only  on  the  sun.  We  have  thus  obtained  a 
complete  kinematical  statement  of  the  law  of  gravitation  for  the 
planets. 

Newton  tested  the  law  of  the  inverse  square  by  applying  it  to 
the  motion  of  the  moon  about  the  earth,  and  comparing  its  accelera- 
tion with  that  of  a body  at  the  surface  of  the  earth  as  directly 
observed.  Supposing  the  moon’s  orbit  to  be  circular,  of  radius  a, 
with  period  T,  since  the  tangential  acceleration  is  zero,  its  velocity 

is  constant,  and  equal  to  Its  acceleration,  which  is  entirely 

normal,  will  accordingly  be  by  30) 

v * 4sr *a 

ä T*-’ 

If  the  acceleration  varies  inversely  as  the  square  of  the  distance,  the 
acceleration  experienced  by  a body  at  the  earth’s  surface  ag  will  be 
given  by 

a* 

= B1 


a. 


a 


where  R is  the  earth’s  radius.  Therefore 


er 

d$  — am  - j- 


4#  *a* 
R*T* 


Now  we  have  T = 27  d.  7 h.  43  m.  = 39, 343  m.,  2tcR  = 4 • 107  meters, 
a = GOR,  from  which 

2 7t  • 60®  * 4 • 10 7 meters  n „ A meters 

a,  = — r= — = 9.74 


(39,343  ■ 60  sec.)* 


sec. 


Now  terrestrial  observations  give  for  the  mean  acceleration  of  bodies 

zneters  . 

at  the  earth’s  surface  9.82  which  by  a more  exact  calculation 


sec.‘ 


is  in  agreement  with  the  predicted  result. 

13.  Physical  Axioms.  Laws  of  Motion.  It  is  necessary  in 
order  to  pass  from  the  kinematical  specification  of  motion  to  the 
dynamical  one  to  make  use  of  knowledge  drawn  from  a considerati 
of  terrestrial  phenomena.  This  knowledge  is  summed  up  by  Newton 
in  his  three  Axiomata  sive  Leges  Motus.  An  axiom  is  defined  by 
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Thomson  and  Tait1)  as  a proposition,  the  truth  of  which  must  be 
admitted  as  soon  as  the  terms  in  which  it  is  expressed  are  clearly 
understood.  These  physical  axioms  rest  not  on  intuitive  perception, 
but  on  convictions  drawn  from  observation  and  experiment. 

The  manner  of  snmming  up  the  resolts  of  onr  experience  is  to 
a great  extent  unimportant,  provided  that  it  is  sufficiently  all- 
embracing.  We  are  not  concemed  with  the  metaphysical  question 
of  the  causes  of  motions , but  merely  with  the  physical  question  of 
stating  what  is  actually  found  to  take  place  in  nature.  The  statement 
may  be  made  by  means  of  a single  analytical  formula,  as  was  done 
in  different  ways  by  Lagrange,  Hamilton  and  Hertz,  or  we  may 
consider  the  various  assumptions  upon  which  such  formulae  are 
founded,  making  detailed  statements,  employing  conceptions  with 
which  we  are  familiär. 

This  is  what  was  done  by  Newton,  and  although  his  laws  have 
received  considerable  criticism,  they  have,  when  properly  understood, 
been  generally  admitted  to  be  better  than  anything  that  has  been 
proposed  in  their  place. 


Lex  I.  Corpus  omne  perseverare  in  statu  suo  quieseendi  vd 
movendi  uniformiter  in  directum,  nisi  quatenus  a viribus  impressis 
cogitur  statum  suam  mutare . 

Every  body  persists  in  its  state  of  rest  or  of  uniform  motion 
in  a straight  line,  except  in  so  far  as  it  may  be  compelled  by  force 
to  change  that  state. 

The  property  of  persistence  thus  defined  is  called  Inertia . 

This  gives  a criterion  for  finding  whether  a force  is  acting  on 
a body  or  not,  or  in  other  words  a negative  definition  of  force. 
Force  is  acting  on  a body  when  its  motion  is  not  uniform.  By 
uniform  we  mean  such  motion  that  the  vector  velocity  is  constani 
If  the  body  be  a material  point , that  is  a body  so  small  that  the 
distances  between  its  different  parts  may  be  neglected,  the  motion  is 
uniform  if 


dx ^ dy 


dt 


38) 


dt 
that  is 

d*x d*y diz ~ 

“ ~~  3?  — u* 


dz 


dt * dt * 


Accordingly  we  see  that  the  force  and  acceleration  vanish  together. 
Integrating  the  equations  38), 

x = c1t  + dly  y = %t  + d^,  0=*czt  + ds, 

39)  x — d1  y — d,  s — 

C1  C2  CS 


1)  Thomson  and  Tait,  Natural  Philosophy,  § 243. 
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the  path  is  a straight  line,  and  since 


• - V (£)’+  ©'+  CS)- + v + 1. 

it  is  traversed  with  constant  velocity.  We  may  on  the  other  hand 
interpret  the  statement  as  giving  us  a means  of  meaeuring  time. 
Intervals  of  time  are  proportional  to  the  corresponding  distances  traversed 
by  a material  point  not  acted  on  by  forces. 

Obviously  this  statement  gives  us  an  absolute  definition  neither 
of  time  nor  of  force,  but  only  a relation  between  them.  It  is 
difficult  or  impossible  for  us  to  realize  experimental  conditions  in 
which  a body  shall  he  withdrawn  from  the  influence  of  all  force. 
However  we  may  approximate  toward  this  condition,  which  must  at 
any  rate  giye  us  the  ideal  measurement  of  time.  However  we  find 
in  nature  angular  motions  which,  by  an  application  of  the  first  law, 
giye  us  a practical  means  for  the  measurement  of  time. 

The  second  law  giyes  us  in  a moye  positive  manner  than  the 
first  a measure  of  a force. 

Lex  II.  Mutalionem  motus  proportionalem  esse  vi  motrici  im- 
presso#, et  fieri  secundum  * lineam  rectam  qm  vis  üla  imprimitur. 

Change  of  motion  is  proportional  to  force  applied,  and  takes 
place  in  the  direction  of  the  straight  line  in  which  the  force  acts. 

By  change  of  motion  is  meant  acceleration.  If  all  our  experiments 
were  made  with  a single  body,  there  would  be  no  advantage  in  the 
introduction  of  the  term  force  over  that  of  acceleration,  the  mul- 
tiplication  of  names  being  useless  when  no  new  ideas  are  thereby 
introduced.  The  convenience  of  the  term  force  arises  from  the 
consideration  of  the  third  law.  In  the  case  of  more  than  one  body 
the  factor  of  proportionality  mentioned  above  requires  separate  defini- 
tion for  the  different  bodies. 

Lex  III.  Adioni  contrariam  semper  et  aequalem  esse  readionem: 
sive  corporum  duonm  adiones  in  se  mutuo  semper  esse  aequales  et  in 
partes  contrario#  dirigi. 

To  every  action  there  is  always  an  equal  and  contrary  reaction: 
or,  the  mutual  actions  of  any  two  bodies  are  always  equal  and 
oppositely  directed. 

If  we  have  a certain  action  between  two  bodies  1 and  2,  and  if 
the  actio  were  proportional  only  to  the  accelerations,  we  should  have 

d*Xi d*xf  d*yt  d*yt  d*zx 

lfi*~~~dt*’  Ü5"“  ~dW9  ~dtr'~~^‘dir} 

which  is  not  found  to  be  the  case.  We  must  accordingly  introduce 
a factor  of  proportionality,  or  (for  symmetry)  two  factors,  so  that 
we  write 
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d*x. 


d*x9 


d*y.  d*yt 

d**.  d*2, 

dt*  ~ ~ m*  dt*  ' 


Experiment  shows  that  the  factors  mt  and  are  constant  for  a 
given  body  that  nndergoes  no  changes  other  than  those  of  position. 
These  factors  are  called  the  masses  of  the  bodies.  The  nature  of  the 
actions  between  the  two  bodies  may  be  of  any  sort,  and  may  be 
transmitted  by  the  help  of  any  ntunber  of  intervening  bodies.  For 
instance,  the  actions  of  two  heavenly  bodies  on  each  other,  trans- 
mitted we  know  not  how,  or  the  actions  of  two  bodies  kept  at  a 
fixed  distance  by  means  of  a rod  or  string  or  connected  by  an 
elastic  spring,  or  attracting  or  repelling  each  other  by  magnetic  or 
electric  agencies,  are  all  illustrations  of  the  third  law.  It  is  obvious 
that  if  we  conld  observe  the  motions  so  as  to  obtain  the  Coordinates 
of  both  bodies  as  fonctions  of  the  time,  equations  40)  would  enable 
us  to  determine  the  ratio  of  the  masses.  For  example,  consider 
the  toy  consisting  of  two  horse-chestnuts  or  bullets  connected  by  a 
string,  and  suppose  this  to  be  whirled  about  and  projected  into  the 
air  so  that  the  two  bodies  describe  complicated  paths,  the  whole 
apparatns  describing  in  general  a parabolic  path.  If  we  take  a series 
of  photographs  of  it  in  rapid  succession,  by  means  of  a kinetoscope 
or  similar  device,  we  may  by  measurement  obtain  the  Coordinates  of 
the  two  bodies  as  functions  of  the  time.  This  illustrates  perfectly 
the  dynamical  measurement  of  mass  and  the  means  of  obtaining  the 
relative  masses  of  the  heavenly  bodies.  We  have  no  means  of 
defining  the  absolute  mass  of  a body.  As  a further  example  of  the 
third  law,  let  us  suppose  the  action  is  transmitted  from  one  body  to 
the  other  by  means  of  a flexible  string  passing  over  frictionless 
pulleys,  as  in  the  case  of  Atwood’s  machine.  The  assumption  here 
made  is  that  the  tension  of  the  string  is  unchanged  by  passing  over 
the  pulleys. 

A more  practical  means  of  realizing  the  dynamical  comparison 
of  masses  would  be  by  experimentally  establishing  the  equality  of 
both  sides  of  equations  40)  with  the  same  quantity.  For  example 
let  the  body  be  made  to  describe  a horizontal  circular  path,  say  by 
means  of  a whirling  machine.  It  will  be  found  that  it  must  be 
retained  in  this  path  by  extemal  means  such  as  the  tension  of  a 
string.  Let  this  be  passed  over  a pulley  at  the  center  of  the  path  and 
exactly  balance  its  pull  against  that  of  a weight  suspended  from  it.  The 

resultant  of  the  components  ^0)  e(lual  ~~r7 


24 


I.  KINEMATICS  OP  A POINT.  LAWS  OF  MOTION. 


where  r is  the  radius  of  the  circular  path.  The  resultant  is  directed 
toward  the  eenter,  and  measures  the  effect  of  the  tension  of  the  string 
on  the  motion.  If  we  repeat  the  experiment  with  another  body  for 
which  the  corresponding  quantities  are  denoted  by  accents,  making 
use  of  the  same  counterbalancing  weight,  the  tensions  of  the  string 
in  the  two  cases  are  obviously  equal  and  consequently  we  have, 

mv1 

r r' 

Meaßuring  the  velocities  and  radii  therefore  enables  us  to  compare 
the  masses. 

The  vector  defined  by  the  product  of  the  scalar  quantity  mass 
by  the  vector  quantity  acceleration,  whose  components  are 

j i \ ■y  d*x  y d*y  rw  d*z 

is  called  the  force  acting  upon  the  body,  and  is  the  vis  impressa  of 
the  second  law.  The  second  and  third  laws  taken  together  aceord- 
ingly  give  us  a complete  definition  and  mode  of  measurement  of  force. 
The  introduction  of  the  new  term  is  justified  by  the  third  law.  For 
we  find  that  force  is  capable  of  representing  the  dual  nature  of  the 
interaction  between  two  bodies,  while  the  acceleration  is  not,  there 
being  two  different  accelerations  for  the  two  different  bodies. 

The  two  sided  nature  of  the  action  between  two  bodies  is  often 
expressed  by  calling  it  a stress. 

The  equations  41)  are  called  the  differential  equations  of  motion 
of  the  body.  This  statement  needs  some  explanation.  The  introduc- 
tion of  the  term  force  has  given  us  no  explanation  of  the  cause 
of  motion,  for  whereas  the  second  law  teils  us  that  the  change  of 
motion  is  proportional  to  the  force  applied,  and  we  are  accus tomed 
to  say  that  the  force  is  the  cause  of  the  change,  no  additional 
knowledge  of  the  motion  is  given  us  by  this  statement.  When  we 
say  that  a body  moves  because  we  push  it,  all  we  mean  is  that  the 
motion  and  the  push  exist  simultaneously.  Were  we  accustomed  to 
a different  point  of  view,  we  might  be  as  much  struck  with  the  fact 
that  the  body  pushes  back  when  it  moves  as  that  we  push  it.  This 
is  what  the  third  law  calls  to  our  attention. 

It  is  undoubtedly  true  that  our  fundamental  notions  of  dynamics 
are  derived  through  what  may  be  called  the  muscular  sense,  which 
is  affected  when  we  make  ourselves  one  of  the  bodies  of  a System. 
We  then  perceive  the  reactions,  and  we  have  leamed  to  correlate  our 
perceptions  to  the  motions  of  the  other  bodies  of  the  System. 
Nevertheless,  had  we  not  possessed  this  extremely  important  sense, 
we  might  have  elaborated  the  same  System  of  dynamics  that  we  now 
have  merely  by  the  sense  of  sight,  as  illustrated  by  the  example  of 
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the  two  particles,  fixing  our  attention  on  the  facts  embodied  in 
eqnations  40).  Had  we  been  merely  astronomers  this  is  what  we 
should  have  been  obliged  to  do.  We  may  perhaps  doubt  whetber 
we  should  have  in  this  way  arrived  at  the  conceptions  of  force 
which  we  possess  with  the  aid  of  both  senses.  At  any  rate  no  one 
can  doubt  that  an  individual  newly  arrived  in  this  world  leams  its 
properties  as  much  through  the  muscular  sense  as  through  the  more 
generally  appreciated  sense  of  sight. 

Let  us  now  reverse  the  mode  of  looking  at  equations  41). 

Suppose  that  we  find  that  under  given  conditions  a certain  agency 

will  produce  a certain  force,  as  shown  by  the  motion  of  some  body, 
and  suppose  that  as  the  circumstances  are  changed  we  can  always 

measure  the  force.  If  then  it  is  possible  to  submit  a second  body 

to  the  action  of  the  same  agent  under  similarly  varying  circumstances, 
we  shall  be  able  to  find  the  motion  of  the  second  body.  The 
equations  41)  under  these  circumstances  fumish  merely  another 
means  of  describing  motions.  We  might  go  on  obtaining  still  further 
descriptions  by  means  of  higher  derivatives  of  the  Coordinates,  but 
experience  shows  us  that  nothing  is  gained  thereby,  for,  in  the 
great  majority  of  cases  with  which  we  have  to  deal,  it  is  found  that 
the  components,  X , T}  Z,  are  expressible  as  functions  of  only  the 
Coordinates  of  the  bodies  involved,  or  at  most  of  the  Coordinates 
and  their  first  time  derivatives. 

There  is  a further  advantage  in  the  introduction  of  the  notion 
of  force,  in  that  if  a body  be  submitted  to  the  action  of  two  agencies 
at  different  times,  so  as  to  move  under  the  influence  of  definite 
forces,  and  then  be  submitted  to  the  action  of  both  simultaneously, 
the  force  now  found  to  be  acting  will  be  the  resultant  of  the  two 
original  forces.  This  statement,  that  forces  are  compounded  as 
vectors,  being  the  equi valent  of  the  so-called  statement  of  the 
parallelogram  of  forces,  is  implicitly  contained  in  Newton’s  second 
law  of  motion. 

Under  certain  circumstances,  an  agent  which  would  under  other 
conditions  cause  motion,  may  cause  no  motion.  We  then  say  that 
its  effect  is  counteracted  by  that  of  some  other  agent,  or  otherwise, 
that  the  two  forces  are  in  equilibrium.  According  to  the  third  law, 
the  two  forces  are  equal  and  opposite,  either  being  the  reaction 
with  respect  to  the  other.  Such  reactions  are  called  static  reactions, 
as  opposed  to  the  Jcinetic  reactions  exerted  by  bodies  undergoing 
acceleration. 

As  has  been  stated  above,  most  of  the  forces  which  occur  in 
nature  depend  only  on  the  positions  of  the  bodies  upon  which  they 
act,  or  at  most  upon  their  positions  and  velocities,  but  not  upon 
the  higher  derivatives  of  the  Coordinates.  Forces  of  the  forraer  sort 
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are  called  positional  forces , those  of  the  latter  motional  forces.  As 
an  example  of  the  latter,  we  know  that  a body  moying  through  the 
air  experiences  a negative  acceleration  which  is  greater  the  greater 
the  velocity  of  the  body,  and  we  say  that  the  motion  is  retarded  by 
a force,  which  we  call  the  resistance  of  the  air. 

Supposing  now  X,  Y,  Z to  he  given  functions  of  the  Coordinates 
and  velocities,  the  integration  of  the  differential  equations  41)  con- 
stitutes  the  problem  of  the  mechanics  of  a single  particle.  It  is  in 
this  sense  that  the  problems  of  mechanics  in  general  are  to  be 
considered.  (See  Note  I.) 

Retnrning  to  the  “change  of  motion1 2’  mentioned  in  the  second 
law,  it  is  cnstomary  to  characterize  the  prodnct  of  the  mass  by  the 
vector  velocity  as  the  m&mentum  of  the  body,  a vector  whose 
components  are 

42) 

This  is  the  motus  whose  rate  of  change  measnres  the  force,  so  that 
equations  41)  may  be  written 


14.  Units.  The  specification  of  any  quantity,  scalar  or  vector, 
involves  two  factors,  first  a numerical  quantity  or  numeric,  and 
secondly  a concrete  quantity  in  terms  of  which  all  quantities  of  that 
kind  are  numerically  expressed,  called  a unit.  The  simplest  unit  is 
that  of  the  geometrical  quantity,  length.  We  shall  adopt  as  the 
unit  of  length  the  centimeter , defined  as  the  one  - hundredth  part  of 
the  distance  at  temperature  zero  degrees  Gentigrade,  and  pressure 
760  millimeters  of  mercury,  between  two  parallel  lines  engraved  on 
a certain  bar  of  platinum  - iridium  alloy,  deposited  in  a vault  in  the 
laboratory  of  the  “Comite  International  des  Poids  et  Mesures ”,  at 
Sevres,  near  Paris.  This  bar  is  known  as  the  “Metre  Prototype ”, 
and  serves  as  the  basis  of  length  measurements  for  the  civilized  world *) 
(except  the  British  Empire  and  Russia*). 

It  was  proposed  by  Maxwell  to  use  a natural  unit  of  length, 
namely  the  length  of  a wave  of  light  corresponding  to  some  well 
defined  line  in  the  spectrum  of  some  element,  at  a definite  temperature 
and  pressure,  as  it  is  highly  probable  that  such  a wave -length  is 
extremely  constant.  Measurements  were  carried  out  at  Sevres  by 
Michelson,  with  this  end  in  view,  which  established  the  ratio  between 


1)  See  Guillaume,  La  Convention  du  Mfctre. 

2)  The  United  States  yard  is  defined  as  8600/8937  meters. 
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the  above  meter  and  the  wave-length  in  air  of  a red  cadminm  ray 
as  1,568, 168.5.1) 

The  nnit  of  mass  will  be  assumed  to  be  the  gram , defined  as 
the  one  - thousandth  part  of  a piece  of  platinum  - iridium , deposited  at 
the  place  aboye  mentioned  and  known  as  the  “Kilogramme  Prototype ”. 

As  the  nnit  of  time  we  shall  take  the  mean  solar  second,  obtained 
from  astronomical  observations  on  the  Dotation  of  the  earth.  The 
nnit  of  time  cannot  be  preserved  and  compared  as  in  the  case  of 
the  nnits  of  length  and  mass,  bat  is  fortnnately  preserved  for  ns  by 
natnre,  in  the  nearly  constant  rotation  of  the  earth.  As  the  earth 
is  gradnally  rotating  more  slowly,  however,  this  nnit  is  not 
absolntely  constant,  and  it  has  been  proposed  to  take  for  the  unit 
of  time  the  period  of  Vibration  of  a molecule  of  the  substance  giving 
off  light  of  the  Standard  wave-length.  To  obtain  such  a nnit  would 
involve  a measnrement  of  the  velocity  of  light,  which  cannot  at 
present  be  made  with  the  accuracy  with  which  the  mean  solar  .second 
is  known. 

15.  Derived  Units  and  Dimensions.  It  can  be  shown  that 
the  measnrements  of  all  physical  quantities  with  which  we  are 
acquainted  may  be  made  in  terms  of  three  independent  units.  These 
are  known  as  fundamental  units,  and  are  most  conveniently  taten  as 
those  of  length,  mass,  and  time.  Other  units,  which  depend  on 
these,  are  known  as  derived  nnits.  If  the  same  quantity  is  expressed 
in  terms  of  two  different  nnits  of  the  same  kind,  the  numerics  are 
inversely  proportional  to  the  size  of  the  units.  Thns  six  feet  is 
otherwise  expressed  as  two  yards,  the  numerics  6 and  2 being  in  the 
ratio  3,  that  of  a yard  to  a foot.  If  we  change  the  magnitude  of 
one  of  the  fundamental  nnits  in  any  ratio  r,  the  numeric  of  a quantity 
expressed  in  derived  nnits  will  vary  proporti onately  to  a certain 
power  of  r,  r~ ”,  the  derived  nnit  is  then  said  to  be  of  dimensions2)  n 
in  the  fundamental  nnit  in  question.  For  instance,  if  we  change  the 
fundamental  nnit  of  length  from  the  foot  to  the  yard,  r = 3,  an 
area  of  27  sq.  ft.  becomes  3 sq.  yds.,  the  nnmeric  has  changed  in  the 
ratio  3 : 27  = 1 : 3*  = r“*,  and  the  unit  of  area  is  of  dimensions  2 
in  the  nnit  of  length.  We  may  express  this  by  writing 

[Area]  = [Ir1]. 

The  derived  nnit  increases  in  the  same  ratio  that  the  nnmeric  of  the 
quantity  decreases.  In  our  System  the  unit  of  area  is  the  square 

1)  Travaux  et  M&noires  du  Bureau  International  des  Poids  et  Mesnres. 
Tome  11,  p.  86. 

2)  The  idea  of  dimensions  of  nnits  originated  with  Fourier:  Theorie  ana- 
lytique  de  la  Chaleur,  Section  IX. 
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eentimeter,  written  1 cm2.  In  like  manner  the  unit  of  volume  is  of 
the  dimensions  [Zs]  and  the  unit  is  1 cm3.  The  dimensions  of 

velocity  are  or  as  write  for  convenience, 

Velocity  = Length/Time. 


Two  quantities  of  different  sorts  do  not  have  a ratio  in  the 
ordinary  arithmetical  sense  , hut  such  equations  as  the  above  are  of 
great  use  in  physics,  and  give  rise  to  an  extended  meaning  of  the 
terms  ratio  and  product. 

The  above  equation  is  to  be  interpreted  as  follows.  If  any 
velocity  be  specified  in  terms  of  units  of  length  and  time  the 
numerical  factor  is  greater  in  proportion  directly  as  the  unit  of 
length  is  smaller,  and  as  the  unit  of  time  is  greater.  For  instance 
we  may  write  the  equation  expressing  the  fact  that  a velocity  of 
30  feet  per  second  is  the  same  as  a velocity  of  10  yards  per  second 
or  1800  feet  per  minute. 

30  — = 10  — = 1800  -*-• 

sec.  sec.  min. 

We  may  operate  on  such  equations  precisely  as  if  the  units  were 
ordinary  arithmetical  quantities,  for  the  ratio  of  two  quantities  of 
the  same  kind  is  always  a number.  For  instance 

30  yd.  sec. 

10  ft.  sec. 

The  ratio  ^ is  the  number  3,  while  — = 1.  Also 
ft.  7 sec. 


1800  yd.  min. 

10  ft.  sec. 


= 3-60. 


Such  an  expression  as  - - is  read  feet  per  second. 

sec. 

The  unit  of  velocity  is  one  centimeter-per-second,  written, 


cm.  , 

— = cm.  sec.~\ 
sec. 


Since  acceleration  is  defined  as  a ratio  of  increment  of  velocity  to 
increment  of  time,  we  have 

rA  i i [Yelocity]  [Length]  [L  *| 

[Acceleration]  — [Time]  — [Time*]  — L T*  J ’ 

or  the  numeric  of  a certain  acceleration  varies  inversely  as  the 
magnitude  of  the  unit  of  length,  and  directly  as  the  square  of  the 
unit  of  time.  For  instance,  an  acceleration  in  which  a velocity  of 
10  feet  per  second  is  gained  in  2 seconds  is  equal  to  one  in  which 
a velocity  of  9000  feet  per  minute  is  gained  in  a minute, 


io  ft.  _ io  Jt. 
(2  sec.)*  4 sec.* 


9000 


ft. 


min. 
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The  nult  of  acceleration  is  one  centimeter- per  - second  per  second, 

= cm.  sec (It  is  to  be  noted  that  in  a derivative 


written 


cm. 

sec.1 

d*8 

dt* 


such  as  the  numerator  being  a differential  of  no  matter  what 

Order  is  of  the  same  dimensions  as  s,  while  the  denominator  being 
the  square  of  a differential  is  of  dimensions  [T8]). 

Since  momentum  = mass  • velocity,  we  have 

[Momentum]  _ - [^]  ■ 

Since  force  = mass  • acceleration, 


[Force]  - ^£»0  - [?£]• 


The  unit  of  force  is  one  gram  - centimeter  - per  - second  per  second. 
It  is  called  a dyne. 

Moment  of  a force  being  force  • length  is  of  dimensions 

[ML*] 

L z* 

The  dimensions  of  an  angular  magnitude,  being  those  of  the 
ratio  of  two  quantities  of  the  same  kind,  arc  and  radius,  are  zero. 

Angular  velocity  being  defined  as  is  of  dimensions 

All  physical  equations  must  be  homogeneous  in  the  various 
nnits,  that  is,  the  dimensions  of  every  term  must  be  the  same.  This 
gives  us  a valuable  check  on  the  correctness  of  our  equations. 

For  an  excellent  account  of  the  theory  of  dimensions  the  reader 
may  consult  Everett,  The  C.  G.  S.  System  of  Units. 


16.  Universal  Gravitation.  We  may  now  convert  the 
kinematical  statement  of  § 12  regarding  the  planetary  motion  into 
the  dynamical  one,  that  the  sun  attracts  the  different  planets  with 
forces  proportional  directly  to  the  product  of  their  masses  and  in- 
versely  to  the  square  of  their  distances  from  itself.  From  this  we 
may  pass  to  Newton’ s great  generalization:  Every  partide  of  matter 
in  the  universe  attracts  every  other  partide,  with  a force  whose  diredion 
is  that  of  the  line  joininy  the  two , and  whose  magnitude  is  directly  as 
the  product  of  their  masses,  and  inversely  cts  the  square  of  their  distance 
from  eaeh  other1), 


m »n. 


2 


> 


the  factor  of  proportionality  y being  the  same  for  all  bodies.  This 
is  the  law  of  Universal  Gravitation. 


1)  Thomson  and  Tait,  Treatise  on  Natural  Philosophy,  Part  II,  p.  9. 
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The  numerical  value  of  y,  the  Newtonian  constant  of  gravitation, 
depends  upon  the  System  of  nnits  used.  Its  dimensiöns  are  those  of 

[Force]  • [Length8]  r i8  "1 

[Maas*]  IMT^J 

It  is  possible,  and  in  astronomy  is  convenient  to  choose  the 
nnits  in  such  a manner  as  to  make  y equal  to  nnity.  If  this  were 
done,  we  shonld  get  a reiation  between  the  dimensiöns  of  mass, 
length  and  time,  for  by  supposing  that  y has  no  dimensiöns,  we 
should  have 


Thus  we  should  need  only  two  fundamental  units  instead  of  three. 
This  is  an  example  of  the  somewhat  arbitrary  nature  of  the  dimen- 
sions  of  physical  quantities.  What  is  not  arbitrary  however  is  the 
statement  that  eyery  physical  equation  must  be  dimensionally 
homogeneous.  For  the  purposes  of  physics  it  is  customary  to  retain 
the  three  fundamental  nnits,  giving  y the  dimensiöns  specified  above. 
Determinations  undertaken  to  ascertain  the  numerical  yalue  of  y by 
terrestrial  obseryations  have  been  made  in  great  numbers  from  the 
time  of  Cayendish  to  the  present.  One  of  the  most  accurate,  that 
of  Boys1),  gives  in  the  units  which  we  have  adopted, 


y — 6.576  • 10~8 


cm.8 


gm.  sec.8 


9 


that  is,  two  spherical  masses  each  of  mass  one  gram  with  centers 
one  centimeter  apart  attract  each  other  with  the  force  of  y dynes.2) 

If  two  particles  have  Coordinates  x17  y1}  zlf  x2,  y2,  and  distance 
apart  rlg,  the  direction  cosines  of  the  line  drawn  from  1 to  2 are 


y%  y i 


i< 


ii 


and,  since  the  force  exerted  by  2 on  1 has  the  direction  of  this 
line,  the  equations  of  motion  for  1 are 


a*xl 

«i  »»i 

*»1 

dt * 

= ?r  1-' 
rll 

— L> 

ü'yi 

tn1 

dt 8 

= y -r  * • 

rn 

--  —7 

AM 

dtzl 

dt 8 

~ y r * 

rll 

1)  Boys,  Phil.  Trans.  1895,  I. 

2)  It  will  be  shown  later  that  homogeneous  spheres  attract  each  other  as 
if  their  masses  were  all  concentrated  at  their  centers. 
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and  for  2 are 


d*xt 
d*yt 
d't. 


IW.  W-  X.  — x9 

y — L- 


11 


11 


..  «i »»» »i  - y» 

* r i i* 

rn  rn 

W1  *i  _ *2 


11 


12 


The  Integration  of  these  six  equations  is  easily  carried  out  (see 
§ 102),  and  giyes  us  for  the  case  of  the  sun  and  a planet  a slight 
modification  of  Kepler’s  laws,  for  the  sun  does  not  remain  absolutely 
at  rest.  If  there  are  three  bodies  their  equations  of  motion  are 
similarly, 


l$  = r("h 

d*zt  ( 

~ dt' r ~ V ( 

d*Xi 

dt* 


Xt  — Xx 

- 3 

11 

y*-Vi 

r 8 
rn 


+ m 


x^-x 


3 


18 


+ m 


y*-y  i 


3 r 3 
r18 


‘) 

> 


m 


2 


— Z.  Zm  — Z 

+ m 8 


m, 


rn 

xs-x, 


8 r 3 
r18 


m, 


'13 


= y( 

dt ' ' V 

= ?( 

d*a?-  / #1  Xm 

hV1 


•) 


21 


d*z9 

~dt* 


m 


Za  . 

8 1 4-  m 


3 a»  8 
'13 


1 »•»  ’ / 


dt* 


dly>  = v(m  y.-y» 

dt*  rsl* 

d*«, 
dt * 


+ »», 


+ »»! 


- M 


31 


ft 


82 


-r(».i=£  + 

' öl 


m 


2 r 8 
'82 


) 


The  problem  of  integrating  these  equations  is  known  as  “the 
problem  of  three  bodies”  and  has  not  been  completely  solved.  The 
problem  of  the  solar  System  is  still  more  complicated,  but  by  means 
of  approximations , the  perturbations  of  the  different  planets  upon 
each  other,  causing  slight  variations  from  Kepler’s  laws,  haye  been 
calculated.  It  is  in  this  manner  that  the  obseryations  of  astronomers 
from  the  time  of  Newton  until  the  present  have  fumished  the  most 
brilliant  verification  of  Newton’s  great  discovery. 


17.  Absolute  Systems.  The  aboye  System  of  units,  which 
has  for  its  fundamental  units  the  centimeter,  gram,  and  second,  is 
called  the  G.  Gk  S.  System,  and  was  recommended  by  a Committee  of 
the  British  Association  for  the  Advancement  of  Science  in  1861.  It 
is  sometimes  incorrectly.  spoken  of  as  the  absolute  System  of  units. 
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An  absolute  System  is  any  System,  irrespective  of  the  magnitudes  of 
tbe  units,  by  which  physical  quantities  can  be  speeified  in  terms  of 
the  least  number  of  fundamental  units,  which  shall  be  independent 
of  time  or  place,  and  reproducible  by  copying  from  Standards.  A 
System  based  on  the  foot,  pound,  and  minute  is  just  as  much  an 
absolute  System  as  the  C.  G.  S.  System.  The  idea  of  an  absolute 
System  is  due  to  Gauss.1) 

The  ordinary  method  of  measuring  force,  used  by  non- scientific 
persons  and  engineers,  though  very  convenient,  does  not  belong 
to  the  absolute  System  of  measurements.  The  unit  of  force  is 
taten  as  the  weight  of,  or  downward  force  exerted  by  the  earth 
upon,  the  mass  of  a Standard  piece  of  metal,  such  as  the 
Standard  pound  or  kilogram.  To  measure  the  force  in  absolute  units, 
we  must  know  what  acceleration  the  earth’s  pull  would  cause  this 
mass  to  receive,  if  allowed  to  fall.  As  stated  above,  the  attraction 
according  to  the  Newtonian  law  exercised  by  the  earth  is  the  same 
as  it  would  be  if  the  whole  mass  were  concentrated  in  a very  small 
region  at  its  center.  Consequently  the  more  remote  a body  is  from 
the  center  the  less  will  be  the  earth’s  pull  upon  it,  or  its  weight. 
If  however  we  consider  a region  so  small  that  its  dimensions  may 
be  neglected  in  comparison  with  those  of  the  earth,  the  force  exerted2) 
upon  a given  body  at  any  point  of  the  region  may  be  considered  as 
constant,  and  exerted  in  a constant  direction,  called  the  vertical  of 
the  place.  Dividing  the  weight,  which  is  proportional  to  the  mass 
of  the  body,  by  the  mass,  we  find  that  the  acceleration  experienced 
by  all  bodies  at  a given  place  is  the  same.  This  was  proved  exper- 
imentally  by  Galileo,  to  the  great  astonishment  and  scandal  of  the 
philosophers  of  the  time.  (On  account  of  the  disturbing  action  of 
the  air,  this  statement  is  exactly  true  only  for  bodies  falling  in 
vacuo .)  The  value  of  this  acceleration  is  denoted  by  g,  and  its 
Yalue  at  the  sea-leyel  in  latitude  45°  is 

o = 980.606-^- 

y sec.1 

Accordingly  the  force  exerted  by  the  earth  on  a mass  of  m gr&ms 
is  mg  dynes,  or  the 

weight  of  a kilogram  in  latitude  45°  = 980,606  dynes . 

Now  the  Yalue  of  the  acceleration  g is  not  constant,  but  varies 
as  we  go  from  place  to  place  on  the  earth’s  surface,  ascend  mountains 
or  descend  into  mines.  Accordingly,  the  weight  of  a kilogram  is 

1)  Gauss,  Intensität  vis  magneticae  terrestris  ad  menswram  absolutam  revo - 
cata.  Göttingen,  1832.  Ges.  Werke,  V.  p.  80. 

2)  For  tbe  effect  of  tbe  eartb’s  rotation,  see  § 104. 
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not  an  invariable,  er  absolute  Standard  of  force.  At  the  oenfcer  of 
the  earth,  a kilogram  wonld  weigh  nothing.  Its  mass  i s,  however, 
inyariabie. 

The  ordinary  method  of  comparing  masses  by  means  of  the 
balance  is  in  reality  a comparison  of  two  forces,  the  weights  of  the 
bodies.  As  these  are  proportional  to  the  masses,  the  method  becomes 
one  for  the  comparison  of  masses,  being  a statical  one,  as  distingnished 
from  the  kinetic  method  of  § 13.  If,  howerer,  we  shonld  make  nse 
of  a balance  with  arma  so  long  that  the  two  masses  compared  were 
situated  in  regions  for  which  the  valnes  of  g were  different,  equality 
of  weights  wonld  not  connote  equality  of  masses.  An  instrument 
which  shows  the  variable  weight  of  a body  as  it  changes  locality  is 
foimd  in  the  spring-balance,  another  in  the  pendulum. 

The  value  of  g at  points  on  the  earth  in  latitnde  l and  h centi- 
meters  above  the  sea-level,  is  given  by  the  formula,  originally  given 
by  Clairaut1), 

g = 980.62  - 2.6  cos  2X  - 0.000003  ä. 

For  further  information  with  regard  to  units,  the  reader  may  consult 
Eyerett’s  The  C.  G.  S.  System  of  Units . 


CHAPTEE  IL 

IMPORTANT  PARTICULAR  MOTIONS 
OP  A MATERIAL  POINT. 

18.  Constant  Aooelerattons.  Let  us  examine  the  motion  of 
a particle  experiencing  a constant  vertical  downward  acceleration  g. 
If  the  axis  of  Z be  takon  vertically  upward,  we  have  for  the  equations 
of  motion, 

0<Px  ~ d*y  ~ d*e 

dt*  “ 0-  äF  = 0’  di r * 

Integratmg  with  respect  to  t we  have 


-f-,  U = %—9*+r. 


where  V.,  r„  r.  are  constaaxts  Tepresenting  the  component  velocities 
at  the  time  t — 0. 

Intagrating  again, 

3)  x — x0  = V,t,  y — y9  = Vrt,  z — z0  = —19  gt * + V,t, 


1)  Everefct,  The  C.  G.  S.  System  of  Units,  Chap.  VI. 
ase  adopted  by  Helmert. 

WXBSTKB,  Dynamics. 


The  aboye  constants 
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where  x0,  yQ,  £0  are  the  Coordinates  of  the  point  at  the  time  t = 0. 
Eliminating  t between  the  first  two  of  eqoations  3),  we  obtain 


_ y-Vo 


which  shows  that  the  motion  is  in  a vertical  plane.  (The  twisted 
curves  sometimes  described  by  a base-ball,  golf  or  tenniß -ball  or 

rifled  shot  are  the  resnlts  of  actions  due  to  the  air  and  the  rotation 

of  the  ball  and  not  here  contemplated.)  If  we  choose  this  vertical 
plane  for  the  plane  of  XZ}  we  shall  have  y — 0,  Vy  «=±  0,  and  the 
equation  of  the  path  is  found  by  eliminating  t between  the  first  and 
third  of  equations  3)  giving 

5)  & y 0®  ay  2 9 ys  9 

X X 


the  eqnation  of  a parabola  with  axis  vertical.  If  VM  is  positive,  the 

projectile  will  rise  until  ^ = 0,  or  ^ = 0,  that  is  x — xQ  = 

The  height  reached  at  this  point  is 


V V 

X t 


It  will  be  observed  that  this  is  independent  of  the  horizontal  component 
of  the  velocity,  VX}  and  is  therefore  the  height  that  would  be  reached 
by  a projectile  thrown  vertically  upward,  or  in  other  words 

7)  V,=Y2gh 

is  the  velocity  that  would  be  attained 
by  a body  faUing  from  rest  vertically 
through  the  height  h. 

If  a be  the  angle  of  elevation 
of  the  path  at  the  start,  V the 
velocity  of  projection,  we  have, 

Vx  = Fcos  «, 

V9  = Fsina, 

and  the  ränge  or  horizontal  distance 
traversed  by  the  projectile  until  it 
has  fallen  to  the  original  level  is 
twice  the  value  of  (x  — xQ)  calculated  for  the  highest  point,  or 

F*  sin  2 a 
9 

As  we  vary  the  elevation  the  ränge  is  accordingly  greatest 
when  a = 45°. 
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18, 19] 

These  formulae  are  of  little  practical  value  in  gunnery,  because 
beside  the  attraction  of  the  earth  a projectile  is  acted  on  by  retard- 
ing  forces  due  to  its  motion  relative  to  the  air,  and  depending  on 
the  velocity  of  the  projectile. 


19.  Hannonio  Hotions.  Next  in  simplicity  to  motions  under 
constant  forces  are  those  in  which  the  force  is  directed  toward  a 
fixed  point,  and  depends  upon  the  distance  of  the  particle  from  it. 
The  simplest  way  in  which  it  can  depend  upon  the  distance  is  by 
being  proportional  to  it.  If  the  particle  moves  in  a straight  line 
with  an  acceleration  toward  the  origin  proportional  to  its  distance  x 
from  it,  we  have 


d*x 

Hi* 


= — n‘x 


2x,  where  w is  a constant. 


The  integral  of  this  differential  equation  is 


x — Acosntf  + Bsmnt, 


where  A and  B are  arbitrary  constants.  If  we  put  A = a cos  a, 
B = a sin  a,  this  may  be  written 


x = acos  (nt—a), 


which  as  before  contains  two  arbitrary  constants,  a and  a. 

Obviously  by  giving  a a yalue  differing  by  y we  may  use  the 

sine  instead  of  cosine.  If  we  increase  nt  by  2it  the  yalue  of  the 
sine  and  cosine  is  unchanged,  consequently  the  motion  is  periodic, 
or  the  point  is  found  in  a given  position  at  times  separated  by  an 
interyal  T,  called  the  period , given  by  nT  = 2ä,  so  that  we  may  write 


x = a cos 


The  maximum  excursion  of  the  point  on  either  side  of  the 
origin  is  called  the  ampliiude  a,  and  it  is  to  be  noticed  that  it  does 
not  occur  in  the  differential  equation  8).  Since  x takes  on  positive 
and  negative  values  in  symmetrica!  succession,  the  motion  is  an 
oscillation  with  period  T,  and  frequeney , that  is  the  number  of 
oscillations  in  unit  time, 

1 n 

T ~~  2*’ 


An  oscillation  expressed  as  above,  10),  by  a single  sine  or  cosine  fonction 
of  a linear  function  of  the  time  is  called  a simple  harmonic  motion, 
the  name  arising  from  the  occurrence  of  such  motions  in  musical 
sounds.  The  frequeney  of  harmonic  motions  in  nature  is  due  to  the 
fact  that  in  any  System  which  is  disturbed  from  a position  of  rest 
forces  are  called  into  play  which  depend  in  general  on  the  magnitude 

8* 
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of  the  displaoement.  Suppose  auch  a displacement  depends  upon  a 
single  variable  rc;  then  as  the  force  F developed  will  usually  be  a 
uniform,  continnous  function  of  x,  we  may  develop  by  Taylors 
Theorem, 


If  now  x be  small  enough , the  term  in  the  first  power  of  x is  more 
important  than  those  that  follow,  which  may  therefore  be  neglected. 
If  we  measnre  x from  the  confignration  of  equilibrium,  when  x = 0, 
F=0,  so  that  we  have 

F-*(£)rcx- 

If  the  coefficient  of  x is  negative,  the  force  tends  to  restore  the 
System  to  the  confignration  of  equilibrium,  and  being  proportional 
to  the  displacement,  the  System  will  execute  harmonic  ribrations 
about  this  confignration.  Thus  smaU  ribrations  are  harmonic,  which 
explains  the  extreme  frequency  of  such  motions  in  nature.  A common 
method  of  realking  such  ribrations  is  by  the  use  of  a tuning-fork. 

If  a point  moves  so  as  to  describe  the  resultant  of  two  simple 
harmonic  motions  of  the  ßame  frequency  in  lines  intersecting  at  right 
angles,  its  equations  of  motion  are 

12)  ^+«*y=*o. 


The  resultant  aooeleration  is  directed  toward  the  origin  and  is 
directly  proportional  to  the  radius  vector.  The  path  is  obtained  by 
the  elimination  of  t between  the  integrale 


x = a sin  (nt  — a)  = a (sin  nt  cos  a — cos  nt  sin  a) 
y=sbsm(nt  — ß)  = b (sin  nt  eosß  — cos  nt  sin  ß), 


where  a,  b,  a,  ß are  eonstants  of  Integration, 
oos  nt, 


sin  nt 


x . - y . 

— ein  6 — f-  sin  a 
a b 

sin  ( ß — a) 


Solying  for  sinnt  and 


7 


cos  nt  = 


V 

— COß/J  — COi« 

a r b 

sin  (ß  — a) 


Squaring  and  adding  we  have  the  equation  of  the  path 


C0.(« 

o*  ab  x 


- ß ) 


Bin*  (a  — ß) 


which  represents  an  ellipse.  The  motion  is  called  MijjHc  harmonic 
motion.  If  a = ß,  that  is  if  both  components  vanish  together,  the 
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denominator  above  vanishes,  therefore  the  numerator  must  also,  and 
the  path  is 

mI  «il  f»  AI 

0, 


y*  o£.y. 

a»  + b*  * a b 


which  represents  a pair  of  coincident  straight  lines 


so  that  the  path  of  the  point  is  rectilinear  and  the  motion  is  simple 
harmonic.  Similarly  if  a — ß = x}  the  motion  is  rectilinear. 

The  angle  (a  — ß)  is  called  the  phase  difference  of  the  two 
yihrations.  If  this  is  a right  angle  one  component  reaches  its 
maximum  when  the  other  vanishes,  we  then  haye 


x 

a 


and  the  coordinate  axes  are  the  principal  axes  of  the  ellipse.  The 
amplitudes,  a and  b,  of  the  component  yihrations  are  in  this  case 
the  semi-axes  of  the  ellipse.  % 

It  is  obyions  from  13)  that  whateyer  the  yalue  of  « — ß the 
maximnm  Talues  attained  by  * and  y are  a and  b respectiyely,  so 
that  the  ellipse  is  always  inscribed 
in  a rectangle  of  sides  2a  and  2b 
(Fig.  10).  If  we  allow  the  phase 
difference,  a — ß,  to  change  its  yalue, 
the  point  of  tangency  will  run  along 
the  sides  of  the  rectangle,  the  axes 
of  the  ellipse  will  tum,  and  it  will 
Hatten  out,  in  two  positions  degener- 
ating  into  the  straight  lines  forming  the  diagonals  of  the  rectangle, 
as  above  stated. 

If  when  the  phase  difference  is  a right  angle  the  two  amplitudes 
are  equal,  the  ellipse  becomes  a circle  and  the  acceleration  being 
toward  the  center  and  constant  in  magnitude  the  motion  must  be 
uniform  circular  motion.  A harmonic  motion  is  often  defined  as  the 
projection  of  uniform  circular  motion  on  a line  in  its  plane.  From 
the  yalue  of  the  central  acceleration  in  a circle  we  may  by  projection 
obtain  the  properties  of  simple  harmonic  motion. 

The  composition  of  two  simple  harmonic  motions  in  intersecting 
perpendicular  lines  when  their  frequencies  are  different  gives  a dass 
of  curves  of  great  interest  in  acoustics  known  by  the  name  of 
Lissajous* 

If  the  ratio  of  the  frequencies  is  a rational  number  the  least 
common  multiple  of  the  periods  of  the  component  yihrations  will  be 
a period  for  both  and  the  curves  are  reentrant  and  algebraic.  In 
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the  simplest  case,  where  one  frequency  iß  twice  the  other,  and  the 
phase  difference  is  s,  we  have 


# = asin(n$  — £), 
y = ftsin2n£. 


Expressing  sin2ft£  in  terms  of  cos  nt  and  eliminating  the  fonctions 
of  t we  obtain 


$ + ibabl2s  = T ± T V1  ~ 1? cos2fi- 


Rationalizing  this  we  shall  obtain  a curve  of  the  fourth  Order  having 

one  double  point,  shown 
in  Fig.  11,  for  s — * 0.  If 

e = 16)  becomes 

17)  ä*  + TT"i, 

a parabola  (Fig.  11).  Since 
we  may  always  express 
si ntnx  rationally  in  terms 
of  sin#,  cos#,  when  m is 
an  integer,  the  elimination 
may  always  be  performed 
and  the  curves  will  be 
Ti«-  li-  algebraic. 


20.  Central  Foroes.  Having  now  dealt  with  two  cases  in 
which  the  acceleration  passes  through  a fixed  point,  — that  of  the 
motion  of  the  planets  and  harmonic  motions,  it  will  be  convenient 
to  treat  the  general  case.  In  § 12  we  found  the  natore  and  magnitude 
of  the  acceleration  by  the  differentiation  of  the  equations  expressing 
the  motions.  We  will  now  consider  the  inverse  problem,  that  of 
obtaining  the  equations  describing  the  motion  by  integration  of  the 
differential  equations  of  motion  when  the  force  is  given. 

We  have  by  § 10,  34)  and  35)  for  the  radial  acceleration  in 
the  direction  away  from  the  center, 


and  for  the  transverse  acceleration, 


If  the  acceleration  is  central  a9  = 0 and  we  have  by  integration 


20) 

Kepler’s  law  of  areas. 


19,  20] 
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It  will  now  be  convenient  to  change  the  independent  variable 
from  t to  9>  and  at  the  same  time  to  introdnce  the  reciprocal  of  r, 


1 


U = 9 


r 


dr dr  dtp 

dt  d<p  dt 9 


j 

and  introducing  the  value  of  from  20)  gives 


dr h dr 

dt  r1  dtp 


Differentiating  again  and  proceeding  in  like  manner, 

r 

d*r  , d*u  dtp  , 8 . d*u 
— dt  h U dtf} 

so  that  finally, 

21)  _Or==Ä*Ms(0  + w). 

If  Or  is  given  as  a fdnction  of  the  distance,  this  is  the  differential 
eqnation  of  the  path.  As  an  example  let  us  consider  attractions 
varying  according  to  the  Newtonian  law.  We  have  then 


- ar  — -4  = yua, 


and  the  differential  eqnation  becomes 


22) 


d*u 

d<p 


i + W- 


h* 


or  as  we  may  write  it, 

d^r*  {u  ~ t*)  + u ~ I*  = 

Thus  u — -j-j  is  given  in  terms  of  qp  by  an  eqnation  like  eqnation  8), 
whose  integral  is 

4/  

Ä* 


U = d COS  (tp  — tt) 


or  pntting  — = e, 


23) 


M = y = p-(1  + ecos[9-«]). 


This  is  the  eqnation  of  a conic  section  with  which  we  started 
the  investigation  of  § 12.  In  Order  to  find  the  eccentricity  e let  ns 
consider  the  initial  circumstances,  or  the  magnitude  and  direction  of 
the  velocity  for  a given  position  of  the  body.  Let  the  body  be 
projected  from  a point  q>  = 0,  r = R with  a velocity  V7  making  an 
angle  s with  the  radins  vector.  Now  we  have 


tan  s = 


cot  £ = 


1 

r 


dr 1 du 

dtp  u dtp 
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Patting  T”0  in  equation  23)  gives 

-4- == -|r  (1  + e cos  a)  or 


26) 


h* 

By 


-1 


ecoBcc. 


Differentiating  eqnation  23) 

du 


d<p 

Introducing  this  into  24)  and  putting  qp  = 0, 

. Bye  . 

cot  s sin  a}  ot 

Ä*COt  8 


26) 


e sm  a ® — 


.Ry 


Squaring  and  adding  25)  and  26) 

h* 


27) 


c5vfi- W + L 


tan  a = 


A*  cot  8 


Also  dividing  26)  by  25) 

28)  Äy-Ä* 

f 

Now  h being  the  constant  moment  of  velocity  (§  8),  is  equal  to  the 
value  when  <p  = 0, 

29)  h — KR  sin  6. 

Inserting  this  in  27)  and  28)  gives 


30) 

81) 


tana  = 


V*B  Bin  8 cob  8 


y — V*B  sin*  8 

According  as  V%  is  less  than,  equal  to,  or  greater  than  e will 

be  less  than,  equal  to,  or  greater  than  1,  and  the  orbit  will  be 
respectively  an  ellipse,  parabola,  or  hyperbola. 

The  critical  velocity,  V,  has  a simple  physical  significance. 
Suppose  we  consider  a particle  falling  from  infinity  straight  toward 
the  center  of  attraction.  Its  eqnation  of  motion  is 


d'r 
dt 1 


dr 


Multiply  by  both  sides  become  exact  derivatives  and  we  may 
integrate,  obtaining 

dr\ * 


32) 


Hdl)  - T + ^ 


CONSTRAINED  MOTION. 
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If  it  starts  with  no  velocity  the  constant  is  zero,  conseqnently  V the 
velocity  at  a distance  U is  given  by 


Therefore  we  may  state  the  result  by  saying  that  the  path  will  be 
an  ellipse,  parabola,  or  hyperbola  according  as  the  body  is  projected 
in  any  direction  with  a velocity  less  than,  eqaal  to;  or  greater  than 
the  velocity  that  it  would  acqnire  in  falling  from  an  infinite  distance 
to  the  point  of  projection. 


21.  Oonstrained  Motion.  We  have  so  far  considered  the 
moving  particle  as  free  to  move  in  any  direction.  This  is  however 
by  no  means  usnally  the  case,  since  in  the  majority  of  cases  with 
which  we  have  to  deal  the  particle  forms  part  of  a body  which  is 
possibly  itself  a part  of  a machine,  and  is  guided  by  contact  with 
other  bodies  to  travel  in  certain  definite  paths,  although  the  velocities 
with  which  it  travels  may  be  left  nndetermined.  Such  limitations  to 
the  freedom  of  movement  of  a body  are  known  as  constramts,  and 
they  are  specified  by  certain  equations  having  a geometrical  significance. 
In  the  case  of  a single  particle,  the  simplest  constraint  is  that  in 
which  the  particle  is  constrained  to  move  npon  a certain  snrface. 
For  instance,  if  the  snrface  is  a material  one,  the  particle  may, 
dnring  the  whole  motion,  press  against  its  inner,  or  concave  side, 
the  material  preventing  the  particle  from  passing  across  the  geometrical 
snrface.  The  snrface  may  itself  be  in  motion,  in  this  case  the 
constraint  is  said  to  be  varying,  and  the  eqnation  of  the  surface  will 
contain  the  time.  Let  the  eqnation  expressing  the  constraint  be 

33)  qp  ( x , y , z,  t)  = 0. 

It  is  evident  that  a particle  cannot  move  snbject  to  constraintB 
withont  calling  into  play  certain  reactions  dne  to  the  constraints. 
In  other  words  the  acceleration  experienced  by  the  particle  linder 
the  inflnenee  of  given  forces  will  no  longer  be  the  same  as  if  the 
particle  were  free,  bnt  there  will  be  a certain  action  and  reaction 
between  the  snrface  and  particle  which  may  be  represented  by  an 
extra  force  whose  components  are  X17  Y17  Zlf  applied  to  the  particle. 
The  eqnations  of  motion  may  then  be  written 

34)  m^  = T+Ylt  m%£  = Z+Zt, 

where  X,  Y,  Z are  the  components  of  the  given  forces  and  X1}  Yly  Zx 
are  the  components  of  the  force  exercised  by  the  snrface  npon  the 
particle,  that  is  the  reaction  of  the  snrface.  These  are  to  be  found 
by  means  of  the  eqnation  of  condition,  <p  =*  0,  which  holds  for  all 
values  of  t.  Differentiating  by  t, 
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35) 


dtp dcpdx  dtpdy  dtp  dz  dtp 

dt  dxdt  dydt  ' dz  dt  dt 7 


36) 


, 0*<P 
+ dt * 


d*tp dtp  d*x  dtp  d*y  dtpd'z 

U ~~  ~dt*  Wx'di*  + Jy~d?  + Jzdt* 

. d%tp  /clafv*  d%tp  /dy\*  d*tp  fdzst 
' dx*  \dt ) ' dy * \d$  / ' dz * \dt) 

I o dxdy  . q d*tp  dy  dz  . ^ d*tp  dx  dz 

' dxdy  dt  dt  dydzdt  dt  ' * dxdz  dt  dt 

, o d*tp  dx  o d*tp  dy  0 3»y  dz 
' di  ”*  dydt  dt  ' dz  dt  dt* 


If  we  put  the  unknown  forces,  Xlf  Yly  Zlf  equal  to  an  unknown 
function  X multiplied  by  certain  known  fonctions,  by  inserting  the  values 

of  from  34)  in  36)  we  obtain  an  equation,  linear  in  X, 

permitting  us  to  find  its  value  in  terms  of  x , y,  zy  t , 


If  the  surface  is  smooth,  it  is  evident  that  it  cannot  affect  a 
motion  of  the  particle  which  would  naturally  take  place  on  the 
surface.  Consequently  the  reaction  has  no  component  tangential  to 
the  surface,  but  is  in  the  direction  of  the  normal.  This  is  otherwise 
a defmition  of  a smooth  or  frictionless  surface.  The  componentB  of 
the  reaction  Zt  are  accordingly  proportional  to  the  direction 

cosines  of  the  normal  to  the  surface  <p  = 0,  so  that  we  may  write 


When  X has  been  determined  as  above  we  have  for  the  magnitude 
of  the  reaction, 

38>  «-»yW+W+W- 

As  an  example  let  us  consider  the  motion  of  a particle  acted 
upon  by  gravity  and  constrained  to  move  on  the  surface  of  a fixed  | 
sphere  of  radius  l.  If  the  constraint  is  caused  by  attaching  the 
particle  to  a fixed  point  by  means  of  an  inextensible  string  whose 
mass  is  negligible,  we  have  the  so-called  ideal  pendulum.  The 
equation  of  constraint  is 

39)  g>:-_  * (s*  + y*+ **— Z*)  = 0, 

and  does  not  contain  t,  so  that  = 0.  If  the  i?-axis  be  taken 

c* 

vertically  downward  the  equations  of  motion  are 
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40) 


d*x 

~dt* 

d*y 
dt 1 

d*z 
dt * 


Xdx~  Xx> 

xTy=x^ 

*§f  + g — le  + g. 


Now  inserting  these  in*  36)  we  have  to  determine  Z, 

l(*  + 9,  + *)+9'  + (|f)’ + gf)  + (H)  = 0 

and  since  x*  + y*  + z*  = la, 

Using  this  yalue  of  X in  the  differential  eqnations  40)  we  have  to 
integrate 

d*x gxz  x [(dx'spy  /dy\*  , fdä\*\ 

\\di)  + V3i/  + \di)  y 

42)  # — V " f {©'+  Ö9’+  (©*}• 


d‘« 

dt* 


— ^-.f{©,+60,+  (S,}+»- 


Now  differentiating  the  eqoation  of  constraint  39)  by  t giyes 
43) 


dx  dy  de  Q 

^ T Jf  Ji  T » Ji  "• 


dt 


dt 


dt 


Mnlidplying  the  eqnations  42)  respectively  by  adding 

and  making  ose  of  43)  we  may  integrate  at  once  and  obtain 

«>  ©’+ 69’+ (ft- *&•+«• 

where  h is  an  arbitrary  constant  of  integration.  This  integral  giyes 
ns  the  square  of  the  yelocity  and  shows  that  it  depends  only  npon 
the  initial  yelocity  and  the  height  through  which  the  partide  has 
fidlen,  for  if  it  has  a yelocity  t;0  when  z = z0,  we  haye 

V = 2 ( ge0  + ä), 

to  determine  A. 

AfftVing  nse  of  44)  in  41)  we  haye 


45) 

and  from  38) 

46) 


, _ 30*-|-2Ä 

K~'  Z* 


- R 


Sgz  + 2h 

— ■ * t 

Z 
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Multiplying  the  second  of  equations  42)  by  x and  subtracting  from 
it  the  first  multiplied  by  y we  obtain 


x 


d'y 
dt * 


d*x  A 


Fig.  12. 


which  expresses  the  fact 
that  the  horizontal  compon- 
ent  of  the  acceleration  has 
no  moment  abont  the  origin, 
asin§12.  Wemay  therefore 
integrate,  obtaining, 


47) 


dy  dx 

xl-ydi=c 


where  c is  another  constant 
of  integration  representing 
the  moment  of  the  horizontal 
component  of  the  velocity 
about  the  origin  and  cor- 
responding  to  the  h of  § 20. 

It  will  be  convenient  to 
introduce  polar  Coordinates 
such  that  (Fig.  12) 


48) 

Differentiating  we  have 


x = l sin  fr  cos  tp, 
y = Zsinfr  sinqp, 

0 l COS  0*. 


dx  = l (cos  -fr  cos  qpdfr  — sin  fr  sin  tp  dtp ), 
dy  = Z (cos  fr  sin  qpeZfr  + sin  fr  cos  tp  dtp), 
dz  = — Zsinfrdfr, 

dx * + dy * + dz%  = l * (eZfr*  + sin*  fr  dtp*), 
xdy  — yda  = Z*sin*frdqp. 

Thas  oor  first  integral*  44)  and  47)  become 


{ ®,+  sini  d (4f)’} = 2 (**  C08  ♦ + 

dtp 


49) 

50) 

V«  V 

Am 

Substituting  the  value  of  derived  from  50)  in  49)  we  have 


Z*  sin*  fr 


61) 


(£)- »(f-*  + £)  "FW* 


PLANE  PENDULUM. 
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from  whieh 
52) 


dt  = ± 


yzPBmtfriglcoBfr  + fy  — c* 
or  reinserting  z and  integrating, 


53) 


i 


2 

-I 


Idz 


Jb  V2  (Z*  — e*)  {gz  -f  h)  — c1 


Since  the  integral  contains  the  sqnare  root  of  a polynomial  of  the 
third  degree  in  z,  the  time  is  given  as  an  elliptic  integral  in  z}  or  z 
is  an  eUiptic  function  of  the  time. 

Inserting  the  valne  of  dt  from  52)  in  50)  we  hnve 

dw  = ± ed* ' 

flin  # y2 1%  ain1 0*  {g  l cos  # + h)  — c* 

or  in  terms  of  z 


54) 


^ " ±s^ 


cldz 


s *)  (l*  — $*)  (p*  -f  h)  — c* 


23.  Plane  Pendnlnm.  If  c =»  0,  by  50)  <p  =*  cowstf.  and  we 
hare  plane  motion  of  a pendnlnm.  The  integral  49)  then  rednees  to 


55) 


«.»+*) 


DifFerentiatmg  this  gives 

£ dt*  dt 
d*& 


2*7  . A 

- r Bin  & or 


dt*  + -fsinfr  = 0, 

the  differential  eqnation  of  plane  pendular  motion,  which  might  have 
been  directly  * obtained  for  this  particular  case. 

If  now  dnring  the  motion  # always  remains  so  small  that  its 
sqnare  may  be  neglected  in  comparison  with  unity,  we  may  pnt 

sin#  = #, 

so  that 

, 9 o,  __  o 
— + T&_0. 

The  integral  of  this  is  (c£  § 19,  8) 

# = a sin  1 — <*)> 

representing  a harmonic  motion  with  period 

56)  ’ T = 2*]/^- 
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The  time  taken  for  a single  swing  is  one  half  this.  Here  we  have 
an  example  of  a small  Vibration,  which  is  harmonic,  as  stated  in  § 19. 

ln  Order  to  find  the  degree  of  approximation  of  this  solution 
we  must  examine  the  exact  equation.  Determining  the  constant  of 
integration  h by  putting  for  the  velocity  when  -8*  = »0, 


we  have 


Subtracting  this  from  66)  we  obtain 


¥ - 2 f (cos  » - cos  fr0), 


from  which  it  follows, 


57) 


t 


±fv^ 


Id» 


+ 2 gl  (cos  & — cos  »0) 


There  are  three  cases  according  as  v°  ~ ^gi°*  ^ ^ess  equal 

to,  or  greater  than  1.  We  shall  consider  the  first. 

Let  ns  write  in  57)  cos#  — cos#0  = 2 ^sin* y — sin*y^- 


68) 

PO* 

V 

■H 

II 

J yv0*+4:gl  am 

If  we  put 

»0 

V+*S'Zsin,?r 

59) 

A 

*gl 

we  have 

& 

/» 

60) 

*-±V\f , 

r ’J  y 

Id» 


itn  S 


= **<  1 


(I) 


Let  us  now  introduee  a new  variable  ip  such  that  Je  sin  = sin  ^ ; then 


kaoai>di>  = cos  y 

< = + l fl 

— V gj 


88] 


TIME  OP  OSCILLATION. 
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f ** . =■ 

j |/l  - Äl8in*'i|> 


The  integral  / m = is  an  dliptic  integral  in  Legendre’s  normal 

form  and  is  denoted  by  F(f,  Je).  In  this  notation 


61) 


t = ±Y±(.F[l,,k]-F[l,0,1c\), 


and  the  upper  or  lower  sign  is  to  be  taken  according  as  the  particle  is 
rising  or  falling  at  #0.  For  call  tm  the  time  of  reaching  the  lowest 
point.  When  # = 0,  = 0 and  since  jF(0,  Je)  = 0,  we  have 


62) 


Since  this  is  to  be  positive,  we  see  that  the  lower  sign  is  to  be  taken 
in  61)  if  the  particle  is  falling  at  frQ.  Subtracting  61)  from  62) 
we  have 


63) 


as  the  time  of  falling  from  any  inclination  to  the  lowest  point. 

The  particle  Swings  by  the  lowest  point  and  continnes  with  nega- 
tive -3*  until  ^ = 0,  that  is  until  Je2  — sin8  ~ = 0, 


sin  y = — Ä,  sin  ^ = — 1 , ^ = — 


n 

T 


If  the  time  on  reaching  the  highest  point  is  th  we  have  by  63) 


The  integral 


C-f,-'|/yF(-f,i)  or 


a 


Ffe > *)=  f d+ . 

/ J yi  — fc*  sin*  ip 


is  called  the  complete  elliptic  integral,  and  depending  only  on  the 
Parameter  Je  is  denoted  by  KQc).  Tables  of  valnes  of  F and  K are 
given  in  Legendre’s  Theorie  des  FoncHons  Ettiptiques . The  period  of 
a double  oscillation  is  4 (th  — tm), 


64) 


T=4)/±K(k). 
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We  may  develop  K in  a series,  for  since 


= 1 + 2 + Fi  * ainA * + FT*  k* 8in6 * + • 


we  have 


n 

T 


n 

T 


n 

T 


= f d$  + y W C sin  ft* /*  sin4  i>di>  + • • • • 


Now  since 


H 

T 


amtn i>dif 


If  a be  the  maximnm  yalue  of  for  which  i/>  =*  —>  Je  = b in 

a 2 

and  the  period  is  giyen  by 


*6)  r_2«|/Iji+(-‘-)Wi 


This  is  the  formula  which  is  nsed  to  correct  our  result  56)  for  finite 
oscillations.  If  a is  1°  the  correction  is  less  than  one  part  in  fifty 
thousand,  and  if  a = 5°  it  is  less  than  one  in  two  thousand. 


23.  Spherloal  Pendnlum.  Let  ns  now  retum  to  equations  53) 
and  54),  which  we  will  write 


where  0{z)  « 2 (l*  — z*)  (gz  4-  K)  — c2. 

As  the  integrale  are  real  <f(j er)  mast  be  positive  for  all  values 
of  z that  oeenr  in  the  motion. 

Snbstitnting  snccessively  for  z,  — oo,  — l,  z0,  +i  we  find 


68)  ®(-oo)  = + oo,  ®(-Z)  = -c2,  O(z0)  > 0,  ®(I) c*. 

Accordingly  *the  polynomial  &(z)  has  ihree  real  roots.  If  we  call 
these  a,  ß,  y in  the  Order  of  magnitude,  they  lie  so  that 

l>*>z0>ß>-l>y, 

Fig.  13  is  the  graph  of  $(z)  as  Ordinate,  with  z as  abscissa. 


28,  28] 
Since 


SPHERICAL  PENDULUM. 
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#0) 2 - 2hs*  + 2gl*z  + 2hl*  - c* 

2g(g-a)(g-ß)(e-y), 

we  have,  eqnating  the  coefficients  of  z, 

2gl*  = — 2g  (aß  + ßy  + ay), 

from'  which 

v_  l'+«ß 

7~  °+ß  ' 

Since  a and  ß both  lie  \ 
between  — l and  l the 
numerator  i s positive 

irrespective  of  the  sign  &(*) 
of  either,  and  since  y is 
negative,  the  denominator  ~~ 
must  be  positive,  or 
a + ß > 0.  Since  between 
ß and  y &(js)  is  negative, 

2 cannot  in  the  motion 
lie  in  this  region  (for  y<P(z)  must  be  real).  Now  since,  66) 


when  ®{z)  vanishes  8 is  a maximum  or  minimum,  hence  the  motion 
takes  place  between  two  horizontal  circles  at  depths  z = a and  z = ß 
below  the  origin.  Although  ß may  be  negative,  yet  since  ß + « > 0 
the  mean  position  of  the  particle  is  below  the  center  of  the  sphere. 


Since  by  50)  9 *P  dways  varies  in  the  same  sense 

and  when  2 equals  cc  or  ß the  path  has  a horizontal  tangent,  for 

a — ^9 

dt 


= 0,  while  is  not  equal  to  zero. 


If  20  is  a root,  that  is  if  the  particle  was  originally  on  one  of 
the  lim i hing  circles,  we  must  take  the  positive  sign  for  the  radical 

d 2 

in  the  integrals  if  z0  = ß (so  that  ^ may  be  positive  and  z increase), 
the  negative  sign  if  z0  — cc. 

The  time  of  passing  from  the  highest  to  the  lowest  point  is 


The  meridian  planes  passing  through  the  points  of  tangency 
with  the  parallels  cc  and  ß are  planes  of  symmetry  for  the  path. 

WSBSTXB,  Dynamics.  4 
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For  if  we  consider  two  points  P,  Pr  of  azimuths  <p}  (pr  lying  on  the 
same  parallel  and  on  opposite  sides  of  a yertex  A (Fig.  14), 


<Pa 


/cldz 


£*)}/<&(*) 
g 

and  since  the  radical  changes  sign  on  passing  through  a yertex, 

cldz 


= <Pa~<P 


z*)Y$(z) 

Therefore  the  points  P,  P'  are  symmetrica!  about  A and  the  times 

a 

/l  dz 

• In  like 

g 

manner  it  can  be  shown  that  the  path  is  symmetrical  about  an  upper 

vertex  B.  The  path  is 
accordingly  composed 
of  equal  parts  continu- 
ally  repeated.  1t  of 
course  is  not  generally 
true  that  the  path  will 
be  reentrant  after 
going  once  around  the 
sphere. 


Fig.  14. 


We  will  now  consider  the  horizontal  projection  of  the  path. 


Fig.  15  a. 


1°.  Suppose  both  limiting  parallele  are  below  the  equator,  the 
projection  x>f  the  circle  e = a is  within  that  of  e — ß}  and  the  path 


23] 


COMPARISON  OF  THEORY  AND  EXPERIMENT. 
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is  Bimilar  to  Fig. 
15,  the  angle  sub- 
tended  at  the 
oenter  by  two 
successive  points 
of  tangency  being 
greater  than  a 
right  angle,  as  we 
shall  see. 

Figs.  14,  15a, 
15b,  15e,  16a, 
are  reproductions 
of  photographs  of 
actual  swinge  of 
a pendulum.  A 
brass  ball  was 
8wnng  by  a string 
attached  to  a 
screw  - eye,  and 
carried  a small  in- 
candescent  lamp. 
On  the  floor 
below,  and  at  one 


Fig.  15  c. 


side  were  placed 
Cameras  with  open 
shntters,  in  a dark 
room.  When  the 
ball  was  swung, 
the  light  was 
tnmed  on  for  a 
sufficient  number 
of  Bwings,  and  the 
path  registered  on 
the  photographic 
plate.  On  the 
photograph  Fig. 
15c,  the  maximum 
and  minimnm 
radii  were  mea- 
snred,  from  which 
could  be  calcu- 
lated  the  roots  a, 
ß,  and  thence  y. 
Then  from  eqna- 


Fig.  15  d. 


4* 
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tion  67),  by  an  arithmetical  approximate  qnadratore,  q>  was  calculated 
for  a nnmber  of  values  of  z,  from  which  witb  the  polar  Coordinates 
— z*,  the  horizontal  projection  Fig.  15 d was  drawn.  It 
will  be  observed  that  it  almost  exactly  coincides  with  the  observed 
curve  Fig.  15  c.  From  the  projection  and  the  values  of  z the  per- 
spective Fig.  16b  was  constmcted,  which  in  like  manner  nearly 
coincides  with  the  observed  Fig.  16  a.  The  eye  is  bdow  the  shaded 
sqnare  in  the  figore.  Figures  15d,  16b  were  constructed  by  Mr.  Joseph 
G.  Coffin. 


Fig.  16  a. 

2°.  If  ß is  negative,  the  projection  of  the  circle  z = a is  still 
within  that  of  z — ß,  for  since  a + ß > 0,  the  lower  circle  is  farther 


from  the  center  than  the  upper.  The  projection  of  the  path  is  also 
tangent  to  the  eqnator. 

The  angle  AOB  in  Fig.  15  a has  the  value 


W 


-fw= 


cldz 


Z*)Y$(z) 


Inserting  the  value  y 


V + aß 
a + ß 


in 


<p(e)  = - 2 g(g-a)(g-  ß ) (z  - y), 


28] 

we  have 


ANGLE  BETWEEN  SUMMITS. 
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Now  patting  z = l, 

writing  A=Y(l — a)  (l  — ß), 

B=Y(i+*)(i+ß), 

we  have  


In  Order  to  find  Limits  between  which  this  integral  lies  for  all 
possible  valnes  of  a and  ß,  we  notice  that  the  coefficient  of  z in 
the  last  factor  is  positive,  and  that  the  valne  of  the  factor,  varying 
always  in  the  same  sense  as  z,  necessarily  lies  between  the  two 
Talues  it  wonld  have  when  z had  its  extreme  values,  l and  — l.  But 
these  are  2?  8 and  A*y  so  that 

B 8 > z (a  + ß)  + V + aß  > A * 

Substitating  in  the  radical  a valne  that  is  too  great  or  too  small 
will  mähe  the  integral  have  an  error  in  the  opposite  sense,  therefore 


i r lde 

J (i*-**)  y(a-z)(g-ß) 


= <¥<B 


lde 

**)  V(« -*)(*-  ß) 


The  polynomial  nnder  the  radical  being  now  of  only  the  second 
degree,  the  integral  can  be  easily  calculated,  as  follows. 


1 £ dz  1 f de 

2*/  (*+J)V(« -*)(*- ß)  (g-T)Y(u-z)  {?-§) 

1 ( * _L  * \ 

2 \y^+i y?+i  ya -i Yf-i) 
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Accordingly  we  have 


t(1  + f)<p<t(1  + D 


% 


therefore  *F>  —>  as  above  stated.1) 

If  in  the  integral  70)  we  snbstitate  for  the  factor 

+ fi)  + } 

the  greatest  and  least  valnes  that  it  takes  during  the  motion,  namely 
z = a and  z = ß,  we  shall  get  closer  limits  between  which  $ lies. 
If  we  then  make  a and  ß approach  l,  W will  approach  a right  angle, 
so  that  the  horizontal  projection  tends  to  be  a closed  curve. 

This  case  may  also  be  treated  directly.  Our  equations  40)  were 


d*x 
~di r 


= Xx, 


dt * — 


d*e 
dt * 


= le  + g. 
1 


Now  we  haye  z = — (x?  + y2)  = l ^1  — — * and  developing 

by  the  binomial  theorem, 


s = j{l- 


x*+y* 

22* 


+ 


If  now  x and  y are  small  with  respect  to  l and  we  neglect  small 

d*e 

quantities  of  the  second  Order,  z is  constant.  Then  ^ = 0,  and 

from  the  third  equation  above, 

* = _ JL. 

* 2 

Inserting  this  value  of  X in  the  first  two  gives 

d*x  g d*y  g 

dF---T*>  d? T y> 

the  integrals  of  which  are 

x = a sin  (|/y  t — 


where  a,  6,  a,  ß are  arbitrary  constants,  giving  elliptic  harmonic 
motion  of  the  same  period  as  that  of  the  small  plane  harmonic  motion. 

Another  important  case  is  that  in  which  the  two  roots  a and  ß 
are  equal.  We  then  have  z and  ft  constant,  and 

z = zQ  « a » ß. 

1)  This  treatment  is  taken  from  Appell,  Mtcanique  Rationelle.  The  proof 
that  > — is  due  to  Paiseux. 


CONICAL  PENDULUM. 
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The  condition  for  equal  roots  is  that  9(js)  and  (5' (2)  have  a common 
root.  Now 

#(3)  = — 2 </s®  — 2he * + 2gl*z  + 2hl*  — c*, 

&'(e)  = — ßgz*  — Ahe  + 2 gl*. 

If  then  (*„)  = 0,  we  have 

2ü  = ^M!, 


together  with 
from  which 


®Oo)  = 2 (0ÄO  + Ä)  (?*  — Ä0*)  — C*  = 0, 

c*  = 2 (ge,  + Ä)  (P  — e*)  = g ^2, 

*0 

c = ±l/f(is-0- 

We  accordingly  have  for  the  value  of 

d<f>-  e — + i/F.  ! 

d$  Z*  — JBT*  :E  K 30 

We  thus  obtain  for  the  time  of  revolution 


= 2xj/^- 


The  time  of  revolution  of  a conical  pendulum 
is  the  same  as  that  of  a complete  oscillation  of 
a plane  pendulum  of  length  z0  performing 
small  vibrations. 

Ar  fr  approaches  a right  angle,  z0  and 
therefore  T approaches  zero,  that  is  the  velocity 
increases  without  limit.  We  have  in  this  case 

Now  the  centripetal  acceleration  in  the  circular 
motion  is  (§  10), 


— gi&R  fr. 


yi*-z o 

An  acceleration  g directed  downward  together 
with  the  reaction  H directed  toward  the  center 
of  the  sphere  will  compound  into  an  acceleration  g tan  fr  in  a 
horizontal  direction  (Fig.  17).  Accordingly  if  the  particle  is  projected 
horizontally  with  the  velocity  v,  it  will  describe  a circle. 
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CHAPTEB  IE. 

GENERAL  PRINCIPLES.  WORK  AND  ENERGY. 

24.  Work.  If  a point  be  displaced  in  a straight  line,  ander 
the  action  of  a force  wbich  is  constant  in  magnitude  and  direction, 
the  product  of  the  length  of  the  displacement  and  the  component 
of  the  force  in  the  direction  of  the  displacement,  that  is,  the  geometric 
product  of  the  force  and  the  displacement  § 4,  10),  is  called  the  work 
done  by  the  force  in  producing  the  displacement.  If  the  components 
of  the  force  F are  X , Y,  Z}  and  those  of  the  displacement  5 are 
sx,  sy,  s„  the  work  W is 

1)  TF—  sF cos  {Fs)  = Xsx  + Ysy  + Zs,. 

It  is  at  once  evident  that  if  a force  is  resolved  into  components,  the 
sum  of  the  works  of  the  components  is  equal  to  the  work  of  the 
resnltant,  for  if 

X ==  + x2, 

+r2, 

z=  Zt  + Zi9 

= Xis,  + YiSy  + ZiSS) 

Wg  = XgSa-  + YgSy  + ZgS x, 

W *=  (Xt  + Xg)  sx  "t*  (Yx  + F2)  Sy  + {Zx  + Y2)  s,  = + W2 . 

Since  work  is  defined  as  force  xdistance,  we  have  for  its  dimensions, 

[Work]  = [L\  [*f-]  = 

The  C.  G.  S.  unit  of  work  is  the  work  done  when  a force  of 
one  dyne  produces  a displacement  of  one  centimeter  in  its  own 
direction.  This  unit  is  called  the  erg  = gm  • cm*  • sec 

If  the  displacement  be  not  in  a straight  line,  and  the  force  be 
not  constant,  the  work  done  in  an  infinitesimal  displacement  ds  is 

2)  iW-(X%+T%+zg)<l,, 

and  the  work  done  in  a displacement  along  any  path  AB  is  the 
line  integral 

3)  wJl,-j(x’,£  + Ya£  + z^)i,. 

A 

The  components  of  the  force  are  supposed  to  be  given  as  fimc- 
• » . dx  dv  da 

tions  of  s and  the  derivatives  are  known  as  fdnetions  of  5 

from  the  equations  of  the  path. 


k 
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Understanding  this,  we  may  write 

B 

4)  ^ ab  ® ^ Xdx  “i-  Ydy  -f*  Zdz. 

A 

25.  Statios.  Virtual  Work.  Suppose  that  we  have  a System 
of  n material  points.  If  they  are  entirely  free  to  move,  they  require 
3»  Coordinates  for  their  specification.  If  however  they  are  subjected 
to  geometrical  constraint,  as  explained  in  § 21  for  a single  particle, 
there  must  be  certain  relations  satisfied  by  their  Coordinates.  Let 
these  equations  of  condition  or  constraint  be 

9>1  (X17  Vif  *1>  y*7  *27  • - • *»,  Vn,  Zn)  = 0, 

<P2  (X17  Vl7  Z\7  %27  y*7  &27  • • • X*7  Vny  #n)  =*  0, 

5)  


9**  (® 1?  Vl7  *\7  &27  y$7  *27  * • • &*}  V*7  Zn)  =*  0. 

Snch  constraints  may  be  caused  in  a great  yariety  of  ways. 
Particles  may  be  cansed  to  lie  on  certain  fixed  or  moving  surfaces, 
may  be  connected  by  inextensible  strings  which  may  pass  over 
pulleys,  or  by  rigid  links  variously  jointed. 

For  instance,  if  two  particles  1 and  2 are  connected  by  a rigid 
rod  of  length  l,  either  particle  must  move  on  a sphere  of  radins  l of 
which  the  other  is  the  center,  and  we  have  the  equation  of  condition 

9>  ^ Oi  - »*)*  + Oi  - y,)*  + Oi  - *»  y - **  — o. 

(W e might  have  constraints  defined  by  inequalities,  e.  g.,  if  a 
particle  were  obliged  to  stay  on  or  within  a spherical  surface  of 
radins  l the  constraint  would  be  only  from  without,  and  we  should  have 

(x  - a)*  + (y  - b)*  + {z  - c)2  - P £ 0. 

We  shall  assume  that  the  constraint  is  toward  both  sides,  and 
is  defined  by  an  equation.) 

If  any  particle  at  xr,  yr}  zr  is  displaced  by  a small  amount  so 
that  it  has  the  Coordinates 


Xr  “f"  d#r,  yr  "f"  ft Zr  -}-  ft  %ry 

in  Order  that  the  constraints  may  hold  we  must  have  for  each 

y*"7  Zry  • • •)  ssa  Qj 

(P  (j^r  “I"  ft^ry  yr  "f“  ftyry  &r  "I”  ft&ry  • • •)  == 
and  if  9 be  a continuous  function,  developing  by  Taylor’s  Theorem, 

o 

fp  (Xf  J(r  “I“  Zr  “j"  ö Zr)  • • •)  “ (Xr^  Jfrj  %r)  • • •)  4"  41 


6) 


äyr^TT  + SZrJi  + 


<>yr 


+ 2 037  dx » + 
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Accordingly,  taking  acconnt  only  of  the  terms  of  the  first  order  in 
the  small  quantities  8xr,  8yr,  8zr,  and  using  equations  6)  we  have 


If  a number  of  particles  are  displaced,  we  mast  take  the  sum  of 
expressions  like  the  above  for  all  the  particles,  or 


as  the  conditions  which  must  be  satisfied  by  all  the  displacements 
8xr,  8yr , 8zr.  There  must  be  one  such  equation  for  each  function  <p. 
Such  displacements,  which  are  purely  arbitrary,  except  that  they 
satisfy  the  equations  of  condition,  are  called  virtual,  being  possible, 
as  opposed  to  the  displacements  that  actually  take  place  in  a motion 
of  the  System.  If  the  equations  of  constraint  contain  the  time,  t is 
supposed  to  be  kept  constant  during  the  virtual  displacement. 

The  number  of  independent  Coordinates  possessed  by  a System 
is  called  the  number  of  degrees  of  freedom  of  the  System,  which  may 
be  otherwise  defined  as  the  number  of  data  necessary  to  fully 
specify  its  position.  Between  the  3 n changes  8x,  8y,  8z,  occurring  in 
an  equation,  there  are  k linear  equations,  hence  only  3»  — k of  them 
may  be  taken  arbitrarily,  and  this  is  the  number  of  degrees  of 
freedom  of  the  System. 

It  has  long  been  customary  to  make  a subdivision  of  the  subject 
of  Dynamics  entitled  Statics  which  deals  with  only  those  problems 
in  which  forces  produce  equilibrium.  A System  is  in  equilibrium 
when  the  impressed  forces  upon  its  various  particles  together  with  the 
constraints  balance  each  other  in  such  a way  that  there  is  no  tendency 
toward  motion  of  any  part  of  the  System.  The  Principle  of  Virtual 
Work  is  the  most  general  analytical  statement  of  the  conditions  of 
equilibrium  of  a System.  It  was  used  in  a very  simple  form  by 
Galileo,  but  its  generality  and  its  utility  for  the  solution  of  problems 
in  statics  was  first  recognized  by  Jean  Bemoulli,  and  it  was  made 
by  Lagrange  the  foundation  of  statics.1) 

If  the  System  consists  of  a single  free  particle,  in  Order  for  it 
to  be  in  equilibrium  the  resultant  of  all  the  forces  .applied  to  it, 
whose  components  are  X = EXr,  F==  ZTr,  Z==  ZZr,  must  vanish, 

. 9)  x = r=z=o. 


1)  For  the  history  of  the  principle  see  Lagrange,  Mecanique  Andlytique , 
1°  Partie,  Section  I,  §§  16  and  17. 
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If  we  moltiply  these  eqnations  respectively  by  the  arbitrary  small 
qnantities  8x,  8y,  dz,  and  add,  we  get 

10)  X8x  + Y8y  + Z8z  = 0, 

whicb  states  that  the  work  done  in  an  infinitesimal  displacement  of 
a point  from  its  position  of  eqnilibrinm  vanishes.  The  equation  10) 
is  eqniyalent  to  the  eqnations  9),  for  since  the  qnantities  Sx,  8y , 8z 
are  arbitrary,  if  X,  T,  Z are  different  from  zero,  we  may  take 
8x,  Sy,  8z  respectively  of  the  same  sign  as  X , Y,  Z,  — each  prodnct 
will  then  be  positive,  and  the  sum  will  not  vanish.  If  the  sum  is 
to  vanish  for  all  possible  choices  of  8x,  8y,  8z,  X,Y,Z  must  vanish. 

If  the  particle  is  not  free,  bat  constrained  to  lie  on  a snrface 
<jp  = 0,  8x,  Sy,  8z  are  not  entirely  arbitrary,  but  mast  satisfy 

«»  + !***-«• 

Let  ns  moltiply  this  by  a qoantity  X and  add  it  to  10),  obtaining 

11)  (x + »19«» + (*>  + (*+  »If)»'-«- 

We  may  no  longer  conclnde  that  the  coefficients  of  8x,  Sy,  8z 
mast  vanish,  for  8x,  Sy,  dz  are  not  arbitrary,  being  connected  by 
the  eqnation  7).  Two  of  them  are  however  arbitrary,  say  Sy  and  8z> 
X has  not  yet  been  fixed  — suppose  it  determined  so  that 

z + »Jf-o. 

Then  we  have 

in  which  Sy  and  8z  are  perfectly  arbitrary,  it  therefore  follows  of 
necessity  that  the  coefficients  vanish. 

r+i!*-o,  z + i%-o. 

By  the  introdaction  of  the  maltiplier  X we  are  accordingly 
enabled  to  draw  the  same  conclnsion  as  if  8x,  8 y,  8z  were  arbitrary. 
If  X,  Y,  Z refer  to  the  resoltant  of  the  impressed  forces  only,  not 
inclnding  the  reaction,  eqnations  9)  do  not  hold,  bat  if  we  sappose 
10)  to  hold,  we  shaU  obtain  the  conditions  for  equilibrium.  Elimin- 
ating  X from  the  above  three  equations  we  get 

X Y Z 

dtp  dtp  dtp 

dx  ^y  dz 


Now  the  direction  cosines  of  the  normal  to  the  snrface  cp  — 0 
are  proportional  to  consequently,  the  components  X,  Y,  Z 

being  proportional  to  these  direction  cosines,  the  resoltant  is  in  the 
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direction  of  the  normal  to  the  snrface.  Bat  owing  to  the  constraint 
the  motion  can  be  only  tangential,  consequently  the  particle  cannot 
move,  and  the  applied  forces  together  with  the  reaction  produce 
equilibrium. 

The  Principle  of  Virtual  Work  is  as  follows.  If  any  System  of 
as  many  bodies  or  particles  as  we  please,  each  acted  upon  by  any 
forces  whatsoever,  is  in  equilibrium,  and  a small  arbitrary  virtual 
displacement  is  given  to  each  point  of  the  System,  the  work  done 
by  all  the  forces  will  vanish  (at  least  to  the  first  Order  of  small 
quantities).  For  instance  a particle  placed  on  a smooth  surface  ander 
the  action  of  gravity  experiences  a force  mg  vertically  downward. 
If  we  displace  it  a distance  ds  the  work  done  by  the  force  will  be 
mgdz,  if  the  z coordinate  is  taken  positively  downward.  We  may 
write  this 


dW  = mg^ds, 


and  if  this  vanishes  whatever  the  value  of  ds  for  all  directions  of 
displacement  on  the  surface  must  be  zero,  that  is  the  tangent 

CL  8 


plane  to  the  surface  is  horizontal.  But  the  particle  is  in  equilibrium 
at  such  a point. 

Conversely,  if  the  surface  is  not  horizontal,  dW  will  not  vanish 
for  all  possible  displacements,  neither  will  the  particle  be  in  equili- 
brium. (It  is  to  be  noticed  that  in  the  neighbourhood  of  a point 
where  the  tangent  plane  is  horizontal  dz  is  proportional  to  ds*,  so 
that  the  work,  although  vanishing  to  the  first  Order,  does  not  vanish 
to  the  second,  z is  in  this  case  a maximum  or  minimum.) 

Simple  illustrations  of  the  principle  of  virtual  work  are  fumished 
by  the  so  - called  mechanical  powers.  Gonsider  in  particular  the 
pulley.  The  mechanical  advantage  or  multiplying  power  as  regards 
force,  that  is  the  ratio  of  the  force  sustained  by  the  movable  block 
to  the  tension  on  the  cord,  is  equal  to  n,  the  number  of  cords 
coming  from  the  movable  block,  for  the  fundamental  assumption  is 
that  the  tension  of  the  cord  is  everywhere  the  same.  If  the  end  of 
the  cord  is  displaced  a small  distance  in  its  own  direction,  the  block 
is  displaced  1 /nth  of  that  distance,  consequently  the  work  of  the 
two  equilibrating  forces  is  equal  in  absolute  magnitude,  but  one 
being  positive  and  the  other  negative,  their  sum  is  zero. 

By  means  of  this  principle  Lagrange  gave  a simple  general 
proof  of  the  principle  of  virtual  work.  He  supposed  each  force 
applied  to  a point  of  the  system  to  be  replaced  by  a pull  of  a block 
of  pulleys,  the  number  of  pulleys  in  each  block  being  so  chosen 
that  the  proper  force  could  be  produced  by  the  tension  of  a single 
cord  passing  over  all  the  pulleys  and  fastened  to  a weight  at  one 
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end,  the  other  being  fixed.  If  now  the  forces  are  in  equilibrium, 
an  arbitrary  small  displacement  of  all  the  blocks  will  neither  raise 
nor  lower  the  weight  at  the  end  of  the  string.  Thns  by  the  applica- 
tion  of  the  property  of  the  pnlley  the  principle  was  proved.1) 

We  shall  not  here  undertake  to  give  a more  formal  proof  of 
the  principle,  which  may  be  given  by  an  analysis  of  the  yarious 
kinds  of  constraint,  such  a proof  is  found  in  Appell,  Traite  de 
Mecamque  BationeUe,  Tom.  I,  Ghap.  7. 

If  the  forces  XxyYxy  Zx  act  npon  the  particle  1,  X2,  Y2y  Z2  upon 
the  particle  2,  etc.,  the  condition  of  equilibrium  is 

12)  Xjd#1  + Yx8yx  + Zx8zx  + X28x2  + Y28y2  + Z28z2  +■  * * Zn8zn  = 0y 
or  as  we  may  write  it, 

13)  (X8x  + Y8y  + Z8z)  = 0. 


This  is  the  analytical  expression  of  the  Principle  of  Virtual  Work. 

If  the  particles  satisfy  the  equations  of  constraint  5)  the  dis- 
placements  must  satisfy  the  equations 


dq>i  8x1  + ^8yl  + ^8z1  + ^8x2  + ^8y2  + 


ÖXx 


dzx 


dxt 


dy% 


0 


d<Pk 

dx^ 


8 a \ + 


Uultiplying  the  equations  14)  respectiyely  by  2^,  lg, . . . Xky  and  adding 
to  12)  we  have 


Of  the  3 n quantities  8xxy . . . 8zn,  only  3 n — h are  arbitrary,  we 
may  howeyer  determine  the  Je  multipliers  X so  that  the  coefficients 


0 


1)  Ibid.  § 18. 
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* 


of  the  h other  d’s  vanish,  then  the  coefficients  of  the  3 n — k arbärary 
d*s  must  vanish,  so  that  we  get  the  3 n equations 


X|  + Ax 


dxx 

d<P! 

dx% 


H Xjt 


+ • • • A* 


d(Pk 

dxx 

d<Pi 

dxt 


7 I 1 S<Pl  I 1 d9t  I 1 Sg>i_  0 

z*  + jr  + *»  jr  +• ' ' XiJi:  ~ ü- 

n n fi 

Eliminating  from  these  the  Je  quantities  X,  we  haye  3 n — k equations 
expressing  the  conditions  of  equilibrium,  being  as  many  as  the  System 
has  degrees  of  freedom. 

The  equations  16)  were  given  by  Lagrange1),  to  whom  the 
principle  of  the  use  of  the  indeterminate  multipliers  X is  due.2)  One 
great  advantage  of  the  principle  of  virtual  work  is  that  it  enables 
ns  to  dispense  with  the  calculation  of  the  reactions,  for  in  a dis- 
placement  compatible  with  the  constraints  the  work  of  the  reactions 
vanishes. 

As  an  example  let  us  find  the  position  of  equilibrium  of  two 
heavy  particles  of  mass  m1  and  connected  by  a rigid  bar  without 
weight,  of  length  l,  and  placed  inside  of  a smooth  sphere  of  radius  r. 
The  equations  of  constraint  are 

xx  + Vi  + *i*  — **  = 0, 

V + y*2  + V -r2  = 0, 

Oi  - **)*  + Oi  - </,)’  + Oi  - *,)*  - 1*  — o. 

The  equation  of  virtual  work  is 

m1gSel  + mtgdst  = 0, 
where  öel  and  satisfy  the  equations 

xx  + y1dy1  + e1Sgl  = 0, 

XiSxi  + y9Syt  + eidei  = 0, 

Oi  - *»)  ~6x%)  + Oi-  y»)  («O,  - Syt)  + (g1  - *,)  (ßgx  - dgt)  — 0. 

These  are  four  linear  equations  between  the  six  quantities 

8xlf  äy19  8zl}  8xi7  dy2,  Sz2. 

We  may  therefore  take  any  two  of  them  arbitrarily.  Suppose  we 
assume  d = d y2  = 0 . We  then  have  four  linear  equations  in 
8xlf  8zlf  8X3,  8 and  in  Order  that  they  may  be  satisfied  for  values 


1)  Lagrange,  Mecanique  Analytique , tom.  I,  p.  79. 

2)  See  Note  n. 


25,  26] 


D’ALEMBEK/TS  PBINCIPLE. 


63 


of  the  d’s  otiier  than  0,  the  determinant  of  the  coefficients  must 
vanish 


or  reducing, 


0'  , 

ml  > 

0 , 

ntj 

*1  > 

*1  > 

0 , 

0 

0 , 

0 , 

= 0 


+ m%x^)  (x1z1  — #i0s)  = 0. 


The  solution  that  applies  is  given  by  the  yanishing  of  the  first 
factor,  that  is, 

. mxxx  + m^x^  =*  0. 


In  like  manner  if  we  had  assumed  dz1  = dx2  = 0,  we  shonld  have 
obtained 

MiVi  + "hVi  = 0. 

Thie  eqnation  with  the  preceding  gives  by  the  elimination  of  mlymi, 

£C, 

Hence  the  points  lie  in  a vertical  plane  containing  the  center  of  the 
sphere.  The  two  eqnations  express  the  fact  that  a point  dividing 
the  line  connecting  the  particles  in  the  inverse  ratio  of  their  masses 
is  vertically  below  the  center  of  the  sphere.  The  azimuth  of  the 
plane  containing  the  particles  is  indeterminate  on  account  of  the 
Bjmmetry  about  the  vertical. 


26.  XyAlembertfa  Prlnclple.  The  eqnations  of  motion  of  a 
partide  may  be  written 

cL^x 

Xr-tnr-rr=  0, 


17) 


dt1 

Yr-mrl£  = 0, 

__  d*g 

~~  mr~di*  = 


Multiplying  these  eqnations  respectively  by  the  arbitrary  quantities 
dxr,  9yrf  8zr,  adding,  and  taking  the  snm  for  all  valnes  of  the 
Suffix  r,  belonging  to  the  different  particles  of  a System, 

This  eqnation  may  be  called  the  fundamental  eqnation  of  dynamics, 
and  is  the  analytical  statement  of  what  is  known  as  d’Alemberfs 
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Prmciple . Lagrange  made  it  the  basis  of  the  entire  subject  of 
dynamics.1 2)  We  may  interpret  18)  in  terms  of  the  principle  of 
virtual  work  by  means  of  the  introduction  of  the  conception  of 
effective  forces  due  to  d’Alembert. 

If  a System  of  partides  is  not  free,  when  acted  on  by  certain 
impressed  forces  it  will  not  take  on  the  same  motion  as  if  there 
were  no  constraint,  the  reactions  causing  it  to  deviate  from  this 
natural  motion.  Having  found  the  actual  motion,  we  know  the 
System  of  forces  that  would  produce  it,  if  there  were  no  constraints. 
These  are  termed  the  effective  forces  and  if  we  represent  them  by 
Xr',  Tr,  Zr , they  are  given  by  the  equations 

d*x  d*v  d*g  * 

YJ=*mr-£,  z;  = mr  “ 


dt2  r r dt*  ~r  ~ "<T  dt* 

The  equation  18)  accordingly  states  that  the  reversed  effective  forces, 
— Xf,  — Yr,  — Zf  together  with  the  impressed  forces,  X,  Y,  Z,  will 
form  a System  in  equilibrium. 

We  may  regard  the  principle  from  another  point  of  view. 
When  a body  is  set  in  motion  with  an  acceleration,  it  reacts  on  the 
agent  which  produces  the  motion,  and  this  hinetic  reaction  has  the 
properties  of  any  force  whatsoever.  For  instance  if  the  accelerating 
agency  is  due  to  contact  with  a second  moving  body,  the  second 
body  is  retarded  by  a force,  and  this  force  is  the  reaction  of  the 
first.  This  kinetic  reaction  is  measured  by  the  components 


d*x  d*y. 


d*z 


and  is  thus  in  the  opposite  direction  to  the  acceleration  experienced 
by  the  body.  The  reaction  is  offcen  termed  the  Force  of  Inertia,  a 
very  expressive  term,  representing  in  tangible  form  the  fundamental 
property  of  inertia,  possessed  by  all  matter,  this  property  being  that 
matter  reacts  against,  or  in  ordinary  language  resists,  being  put  in 
motion.  (By  the  use  of  the  term  resists  we  in  no  wise  mean 
prevention  of  motion  — the  use  of  the  term  has  been  objected  to, 
and  Maxwell*)  has  jokingly  remarked  that  we  might  as  well  say  that 
a cup  of  tea  resists  being  sweetened,  because  it  does  not  become 
sweet  until  we  add  sugar.  The  meaning  here  is  precisely  similar  — 
we  mean  that  matter  does  not  move  until  it  is  moved  by  some  agent 
extemal  to  itself.  It  is  hardly  likely  that  confusion  can  be  caused 
by  the  use  of  such  common  phrases,  which  indeed  seem  to  attribute 
volition  to  matter  — we  shall  accordingly  make  no  attempt  to  avoid 
them.)  We  may  thus  define  matter  a&that  which  can  exert  forces  of 


1)  Lagrange,  Mecanique  Analytique , 1. 1,  p.  267.  The  equation  18)  although 
first  explicitly  given  by  Lagrange,  will  be  referred  as  “d’Alembert's  equation11, 
as  briefer  than  “Lagrange’s  equation  of  d’Alembert's  Principle”. 

2)  Maxwell,  Scientific  Papers,  Vol.  II,  p.  779. 
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inertia.  This  is  the  only  universal  definition  of  matter  now  possible. 
(It  is  to  be  noticed  that  this  definition  includes  tbe  luminiferous 
ether.) 

We  may  then  state  d’Alembert’s  Principle  in  these  words:  The 
impressed  forces,  together  with  the  forces  of  inertia,  form  a System 
in  equilibrium.  Thus  the  principle  is  not  new,  but  merely  expresses 
Newton’s  third  law  of  motion,  embodying  at  the  same  time  the  other 
two,  in  the  expression  of  the  forces.  The  great  Service  done  by 
d’Alembert  was  in  reducing  the  statement  of  a problem  in  motion 
to  that  of  a statical  problem. 

A practical  advantage  frequently  of  great  use  in  applications  is 
similar  to  that  possessed  by  the  principle  of  virtual  work,  namely, 
that  the  reactions  of  the  constraints  do  no  work,  and  may  therefore 
be  omitted  from  the  equation  18),  for  it  is  evident  that  the  reactions 
due  to  all  constraints  between  bodies  act  equally  in  opposite  directions 
on  both,  so  that  the  work  done  in  the  motion  of  their  common 
point  of  application  vanishes. 

As  a simple  example  of  the  meaning  of  force  of  inertia  consider 
two  locomotives  pulling  in  opposite  directions  at  the  ends  of  a train, 
the  pulls  being  transmitted  by  spring  dynamometers.  If  the  train 
remains  at  rest,  the  pull  recorded  on  both  dynamodieters  will  be  the 
same.  If  now  one  locomotive  be  given  more  steam,  so  that  the 
train  begins  to  move,  the  indications  of  the  dynamometers  will  be 
found  to  be  unequal,  the  greater  pull  being  * that  of  the  locomotive 
on  the  side  toward  which  the  train  is  moving,  the  difference  being 
found  to  be  exactly  equal  (disregarding  friction)  to  the  product  of 
the  mass  of  the  train  by  the  acceleration  which  it  gains.  Thus  the 
difference  of  pull  is  balanced  by  the  force  of  inertia,  or  kinetic 
reaction. 

Again,  consider  a person  standing  in  a street-car,  when  the  car 
starts.  An  acceleration  is  impressed  on  his  body  in  the  direction  of 
the  motion  of  the  car.  The  kinetic  reaction  is  thus  directed  horizont- 
ally  to  the  rear.  The  force  of  weight  of  the  person  being  vertically 
downwards,  the  remaining  force,  namely,  the  static  reaction  of  the 
fioor  of  the  car,  must  be  such  as  to  equilibrate  these  two,  and  is 
found  by  the  triangle  of  vectors  to  be  directed  upwards  and  inclined 
forwards.  Thus  the  person  must  lean  forward  in  Order  to  preserve 
equilibrium.  Similarly  when  the  car  stops,  the  acceleration  being 
directed  the  other  way,  he  must  lean  backward.  This  application  of 
d’Alembert’s  Principle  is  a matter  of  common  knowledge,  where 
electric  railroads  are  common. 

97.  Energy.  Conservative  Systems.  Impulse.  If  in  the 

equation  of  d’Alembert’s  principle,  18),  we  put  for  äx , Sy,  dz  the 

W EBSTER , Dynamics.  5 


66 


m.  GENERAL  PRINCIPLES.  WORK  AND  ENERGY. 


displacements  which  take  place  in  the  actual  motion  of  the  System 
in  the  time  dt, 

dx_  , dy^  dzm 

äxr  = j-  dt,  dyr  = dt,  8er  — dt, 

we  obtain 


19) 


1(d*xr  dxr 


r . d'Vr  dVr 


dt 


dt*  dt 


+ 


d*zr  dz\ 
~di*  dt) 


Now  since 


_ dxr  dyr  dz\ 

~^rHt~Yr  dt  — Zr Ht  } di  = °- 


d*xr  dxr  i dt  (dx\*\ 
Wr  dt * dt  ~ 2 / } 


the  sum  of  the  first  three  terms  is  the  derivative  of  the  sum 

&)*+(£)*}• 

and  the  equation  m&y  be  written,  omitting  the  factor  dt, 


20) 


£ (£)’ + (§)’}] 

The  expression 

SV®’)=;w, 

the  half- sum  of  the  products  of  the  mass  of  each  particle  by  the 
square  of  its  velocity,  is  called  the  Kinetic  Energy  of  the  System. 
It  is  one  of  the  most  important  dynamical  quantities.  If  we  denote 

it  by  T,  equation  20)  has  on  the  left  Since 

Xrdxr  + Yrdyr  -f-  Zrdzr 


is  the  work  done  upon  the  rth  particle,  the  terms  under  the  Summa- 
tion sign  on  the  right  denote  the  total  work  done  by  the  impressed 
forces  in  unit  time,  or  the  Adivity1)  of  the  forces.  The  equation  20) 
is  called  the  equation  of  activity,  and  states  that  the  rate  of  increase 
of  kinetic  energy  of  the  System  is  equal  to  the  activity  of  the  im- 
pressed forces. 


1)  The  word  “actio”  is  used  by  Newton,  in  & scholium  on  the  third  law, 
where  he  says,  “If  the  activity  of  an  agent  (force)  be  measured  by  its  amount 
and  its  velocity  conjointly;  . . . activity  and  counteractivity,  in  all  combinations 
of  machines,  will  be  equal  and  opposite.”  The  activity  will  sometimes  be  denoted 


dA 

dt 
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Integrating  equation  20)  with  respect  to  t between  the  limits  tQ 
and  tlf 

21) 


dx„ 

T 

dt 


+ Yr 


*yr 

dt 


dz\ 

+ ZrSt)dt- 


The  sqnare  brackets  with  the  affixes  t0,  ^ denote  that  the  value 
of  the  expression  in  brackets  for  t = t0  is  to  be  snbtracted  from  the 
value  for  t =?  tv 

The  integral  on  the  right  of  21),  which  may  be  written 


Xrdxr  -f*  Yrdyr  Zrdzr, 


denotes  the  work  done  by  the  forces  of  the  System  on  the  particle  mr 
dnring  the  motion  from  tQ  to  tlf  and  the  snm  of  such  integrals 
denotes  the  total  work  done  by  the  forces  acting  on  the  System 
dnring  the  motion.  The  equation  21)  thus  becomes 


22) 


Th  — Tt,  =^r f ( Xrdxr  + Yrdyr  + Zrdzr) 


This  is  called  the  equation  of  energy , and  states  that  the  gain  of 
kinetic  energy  is  equal  to  the  work  done  by  the  forces  dnring  the 
motion. 

The  equation  of  energy  assumes  an  important  form  in  the 
particular  case  that  the  forces  acting  on  the  particles  depend  only 
on  the  positions  of  the  particles,  and  that  the  components  may  be 
represented  by  the  partial  derivatives  of  a single  function  of  the 
Coordinates, 

U Vif  &19 

v dU  v dU  „ dü 

^ = Txr9  Yr=Wr’  Zr=K' 


In  this  case  the  expression 

Trdyr  + Zrdssr)  = dxr  + 7fcj~dyr  + 


Zr[Xrdxr  + Yr 


is  the  exact  differential  of  the  fnnction  U}  and  the  integral 

f Sr  (Xrdxr  + Yrdy r + Zrdzr)  = Uh  — TJU, 

that  is  the  work  done  in  the  motion,  does  not  depend  upon  the 
paths  described  by  the  various  particles,  but  only  on  the  initial  and 
final  configurations  of  the  System,  since 
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Uh  — üfalVltllf-)  «Ml 
üt„  = U (rc,°,  y*,  t*, 

where  the  affix  0 denotes  the  value  of  the  coordinate  at  the  time  20. 
The  equation  of  energy  then  is 


24)  Th  - Tto  = ^ - Uto. 

The  fonction  U is  called  the  force -function,  and  its  negative 
W = — U is  called  the  Potential  Energy  of  the  System.  Inserting 
W in  24)  we  have 

25)  Ttl  4-  Wtl  = Tto  + W<0. 

The  sum  of  the  kinetic  and  potential  energies  of  a System  possessing 
a force -function  depending  only  on  the  Coordinates  is  the  same  for 
all  instants  of  time.  This  is  the  Principle  of  ConservaMon  of  Energy. 

Systems  for  which  the  conditions  23)  are  satisfied  are  accord- 
ingly  called  conservative  Systems. 

The  potential  energy,  being  defined  by  its  derivatives,  contains 
an  arbitrary  constant.  The  functions  T and  W have  one  essential 


difference,  namely,  T contains  only  the  yelocities, 


dxr  dyr  dzf 


dt  dt  dt 


•> 


while  W does  not  contain  the  yelocities,  but  only  the  Coordinates. 
One  important  consequence  of  the  equation  of  Conservation  of  Energy 
is  that  if  at  any  time  in  the  course  of  a motion,  all  the  points  of 
the  System  pass  simultaneously  through  positions  that  they  have 
occnpied  at  a previous  instant,  the  kinetic  energy  will  be  the  same 
as  at  that  instant,  irrespective  of  the  directions  in  which  the  particles 
may  be  moving,  for  T + W is  constant  during  the  whole  motion, 
and  W depends  only  on  the  Coordinates,  consequently  when  all  the 
Coordinates  resume  their  former  values,  the  kinetic  energy  does  the 
same. 

In  ofher  words,  the  work  done  on  the  system  has  been  stored 
or  conserved , to  the  amount  Wf  and  may  be  got  out  again  by  bringing 
the  System  back  to  its  former  configuration. 

For  instance,  a particle  thrown  vertically  upward,  or  a pendulum 
swinging,  have  the  same  velocity  when  passing  a given  point  whether 
rising  or  falling. 

As  an  example,  consider  a particle  acted  upon  by  gravity.  We  have 

26)  X = 0,  0,  Z = — mg, 


so  that  U = — mgz  + const. 
The  equation  of  energy  is 


mg{s-e 0), 


or  the  velocity  depends  only  on  the  vertical  height  fallen.  Accord- 
ingly  a particle,  descending  from  a point  A to  another  B,  constrained 
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to  follow  any  curve,  reaches  B always  with  the  same  velocity, 
although  the  time  occupied  in  the  descent  may  be  very  different 
from  one  curve  to  another. 

The  eqnation  27)  might  have  been  applied  to  immediately  give 
us  the  integral  eqnation  44)  § 21.  (In  that  eqnation,  the  Z- axis  is 
drawn  positively  doumward.) 

The  principle  of  virtual  work,  § 25,  may  evidently  be  expressed 
by  saying  that  for  equilibrium  the  potential  energy  of  the  System  is 
a maximtim  or  minimum,  and  a little  consideration  shows  that  for 
stähle  equilibrium  it  iß  a minimum.1) 

For  instance  in  the  above  example  the  potential  energy 

W = mgz  + const, 


z being  measured  positively  upward.  If  the  particle  is  in  equili- 
brium on  a surface  concave  npwards,  z and  with  it  W is  a 
minimum,  the  equilibrium  being  stable.  If  the  concavity  is  down- 
wards,  the  equilibrium  is  unstable  and  W is  a maximum.*)  The 
question  of  stability  of  equilibrium  will  be  discussed  in  § 45. 

It  is  possible  to  have  a force -function  defined  by  eqhations  23), 
which  contains  the  time  as  well  as  the  Coordinates.  The  System  is 
not  then  conservative,  and  it  is  not  customary  to  speak  of  its 
potential  energy.  We  have  now 


dU  dU 
dT ~ W + 


dU  dxr 
dxr  dt 


+ 


dü  dyr  t dUdzr\ 
dyr  dt  dzr  dt  J 


so  that  our  eqnation  of  activity  20)  is  in  this  case 


dT^dü  _ dU 
dt  dt  dt 


ln  certain  cases  we  may  be  able  to  assign  the  term 

dW 

energy,  as  - ^ • 


dU 

dt 


to  a potential 


If  the  forces  depend  on  the  velocities  or  on  anything  beside 
the  Coordinates,  the  System  is  not  conservative.  Such  a case  is  that 
of  motion  with  friction,  where  the  friction,  being  a force  that  always 
tends  to  retard  the  motion,  not  only  changes  sign  with  the  velocities 
but  also  depends  upon  the  magnitudes  of  the  velocities  in  such 
resisting  media  as  the  air  and  liquids. 

The  dynamical  theory  of  heat  accounts  for  the  energy  that 
apparently  disappears  in  non -conservative  Systems. 


1)  Dirichlet , Über  die  Stabilität  des 
Bd.  32,  p.  86  (1846). 


2)  See  Kirchhoff,  Mechanik , p.  34. 


Gleichgewichts. 
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We  shall  see  later,  that  whereas  positional  forces  are  usually 
conservative,  and  motional  forces  not,  there  are  certain  conservative 
motional  forces. 

Kinetic  energy  being  defined  as  Zl  -mv*  is  of  the  dimensions 

[Af 

h the  same  as  those  of  work.  Potential  Energy  is  defined  as 

work.  The  C.  G.  S.  nnit  of  energy  is,  therefore,  the  erg. 

We  have  in  this  chapter  been  concemed  with  the  line  integral 
of  the  force  exerted  on  a moving  point  resolved  in  the  direction  of 
the  motion  of  the  point  of  application.  This  has  been  caUed  the 
work  of  the  force,  and  is  physically  a quantity  of  fundamental 
importance.  We  have  occasionally  to  consider  the  time -integral  of 
a force,  that  is,  if  F be  a force  always  in  the  same  direction,  the 
quantity 

J = 

to 

which  has  received  the  name  of  the  impulse  of  the  force  during  the 
time  from  t0  to  The  effect  of  a force  may  be  measured  either 
by  the  work  or  by  the  impulse,  but  it  is  to  be  observed  that  the 
Information  obtained  when  one  or  the  other  of  these  two  quantities 
is  given  is  of  a quite  different  nature.  Supposing  the  force  is 
constant  in  magnitude  and  direction,  the  work  done  is  equal  to  the 
force  times  the  distance  moved,  and  a knowledge  of  the  work  teils 
us  how  far  the  point  of  application  will  be  moved  by  the  given  force, 
while  the  impulse  is  equal  to  the  force  times  the  interval  of  time, 
and  teils  us  how  long  the  point  will  move  under  the  Application  of 
the  given  force.  If  the  force  is  variable,  considering  the  significa- 
tion  of  a definite  integral  as  a mean1),  we  may  say  that  the  work 
is  the  mean  with  respect  to  distance  of  the  force  multiplied  by  the 
length  of  the  path,  while  the  impulse  is  the  mean  with  respect  to 
the  time  multiplied  by  the  duration  of  the  motion.  Thus  the  work 
answers  the  question  “how  far”,  while  the  impulse  answers  the 
question  “how  long”.  The  work  is  a scalar  quantity,  its  element 
being  the  geometric  product  yf  the  force  and  the  displacement.  For 
the  element  of  impulse,  however,  we  have,  using  equation  7),  § 3, 

Fdt  = Xdt  cos  ( Fx ) + Tdt  cos  (Fy)  + Zdt  cos  ( Fz ) 

thus  the  element  is  the  component  in  the  direction  of  the  force  of 
the  vector  whose  components  are 

dIz=Xdt,  dIy  = Ydt , dlt  = Zdt. 


1)  See  footnofce,  § 34,  p.  98. 
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For  the  whole  impnlse  we  may  then  take  as  definitions 


71 


so  that  the  impnlse  is  a vector  qnantity.  We  thns  lose  the  relation 
to  the  direction  of  the  path,  or  of  the  force,  in  the  case  of  a variable 
force,  but  on  comparing  with  eqnations  43),  § 13, 

dMx  _ dMv  ^ dM 

dt  dt  ~ > ~dt  ~ ’ 


we  have  by  Integration 

h = - MX(Q,  I,  = M^)  - I,  = Jf.ft)  - M.(Qr 

so  that  the  impnlse  of  a force  acting  on  a single  particle  for  a 
certain  interval  of  time  is  eqnal  to  the  yector  increase  of  momentnm 
during  that  interyal. 

The  case  in  which  the  impnlse  of  a force  is  of  most  importance 
is  that  of  what  are  known  as  impulsiye  forces,  which  arise  where 
actions  take  place  between  bodies  in  such  a brief  interyal  that  the 
bodies  do  not  appreciably  change  their  positions  during  the  action, 
although  sensible  changes  of  momenta  take  place.  If  in  the  equa- 
tions  above,  the  length  of  the  interyal  tx  — t0  decreases  indefinitely, 
while  the  force-  components  X,  Ty  Z increase  indefinitely,  the  integrale 
may  still  approach  finite  limits 

/ 

to  t0  <1 

% 

In  this  case  we  can  not  inyestigate  the  forces  in  the  ordinary  manner 
for  the  accelerations  have  been  infinite,  but  the  yelocities  and  momenta 
have  received  finite  changes  in  the  vanishing  interval.  The  work 
done  is  in  like  manner  finite,  though  the  distance  moved  vanish. 
The  impnlse  and  work  of  all  ordinary,  that  is  finite  forces  acting 
at  the  same  time  may  thus  be  neglected,  since  the  integral  of  a 
finite  integrand  over  a vanishing  ränge  of  integration  vanishes. 

On  account  of  the  third  law,  the  action  and  reaction  being 
eqnal  during  the  Operation,  the  impulses  of  the  forces  on  the  two 
bodies  are  eqnal  and  opposite,  so  that  what  one  gains  in  momentnm 
the  other  loses.  It  is  in  this  manner  that  the  impact  of  two  billiard 
balls,  or  the  action  of  a shot  on  a ballistic  pendnlum,  is  to  be  dealt 
with.  Many  instrumenta  used  in  electrical  measurements  act  on  this 
principle,  that  the  momentnm  suddenly  communicated  to  a body  at 


==  lim  f Xdt , Iy  = lim 

= t0  •/  ti = t0 


Ydt 


, I,  = lim  fZdt. 

tl—tofj 
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rest,  which  afterwards  proceeds  to  execute  an  observed  swing, 
measures  the  time -integral  of  an  impulsive  force.1) 

In  Order  to  find  the  work  done  by  a given  impulse,  let  us  make 
use  of  the  equation  of  work  and  energy,  22),  which  says  that  the 
work  done  is  equal  to  the  increase  of  the  kinetic  energy.  The  latter 
may  be  written,  bearing  in  mind  the  definition  of  momentum, 

T = 2 m («5  + V%V  + = Y + Mvvv  + M,v,). 

% 

Suppose  now  the  particle  set  in  motion  by  an  impulsive  force,  from 
rest.  The  kinetic  energy  acquired,  and  accordingly  the  work  done, 
is  then  one-half  the  geometric  product  of  the  impulse  and  the 
velocity  generated,  or  in  other  words,  the  geometric  product  of  the 
impulse  and  the  average  value  of  the  velocity  at  the  beginning  and 
the  end  of  the  impulsive  action.  This  may  be  otherwise  shown, 
whether  the  particle  start  from  rest  or  not,  by  the  following 
considerations.8)  Since  the  interval  of  time  and  the  distance  moved 
are  infinitely  small,  we  may  consider  the  motion  as  rectilinear. 
Suppose  the  initial  velocity  to  be  vQ,  and  the  final  value  v19  and 
let  s be  a parameter  which  during  the  interval  runs  rapidly  through 
all  values  from  0 to  1,  so  that  at  any  part  of  the  interval 


V=V0+  *(>!— Vo)’ 


But  as  the  momentum  always  increases  at  a rate  proportional  to  the 
increase  of  velocity,  we  have  also 


M = M0  + £ (M1  — M0)  = M0  + ei, 


1)  Suppose  that  a body  which  Swings  according  to  the  law  of  the  pen- 
dulum,  or  equation  8),  § 19,  receives,  when  in  its  position  of  equilibrium , an 
impulse  I.  It  Swings  out  according  to  the  equation 


x — a sin  n t , 


d x 

- - = an  cos  nt 
dt 


during  a time  t = «/2n  to  a maximum  excursion  a,  at  which  its  velocity 
vanishes , and  it  turns  back.  If  its  mass  is  m,  the  momentum  communicated 
to  it  while  at  rest  was 


1 = 


= man 


so  that  if  we  know  m,  o,  and  n~2^/period,  we  can  measure  the  impulse  of 
the  impulsive  force.  This  is  the  mode  of  use  of  the  ballistic  galvanometer  and 
electrometer,  as  well  as  of  the  ballistic  pendulum  formerly  used  in  gunnery. 
The  same  formula  applies  (see  Chapter  X),  to  the  heeling  of  a ship  when  a shot 
is  fired  from  a cannon. 

2)  Thomson  and  Tait,  § 308. 
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where  I is  the  total  impulse.  From  the  equation  of  motion  we  have 


dM jds 

~dt=1dt9 


so  that  we  obtain  for  the  work 


Thus  we  find  as  before  for  the  work  of  an  impulsive  force  the 
prodnct  of  the  impulse  by  the  average  velocity  at  the  beginning  and 
end  of  the  action.  It  is  evident  that  the  same  is  true  for  the 
infinitesimal  work  done  by  an  ordinary,  that  is  finite  force;  during 
an  infinitesimal  interval.  This  conception  of  the  impulse  will  be 
useful  to  us  hereafter,  in  connection  with  the  following.  For  a 
system  of  particles,  we  have  for  the  kinetic  energy, 


T = *2mv*  = * 2rmr (ylr  + v\r  + fjr). 


Now  the  kinetic  energy  is  known  when  we  know  the  velocities  of 
every  particle  of  the  system,  as  well  as  their  masses,  no  matter  what 
their  positions.  If  we  consider  T as  a function  of  the  velocities, 
we  have  accordingly 


Mxr  = mrvxr  = 


dT 
dv  ; 

xr 


dT 

Mvr  = -mrvvr  = dv  > M,r  = mrv,r= 


yr 


dT 

dv 

zr 


or  the  momentum  components  of  any  particle  are  the  partial 
derivatives  of  the  kinetic  energy  of  the  system,  consider ed  as  a 
function  of  all  the  velocities  of  the  particles,  by  the  respective 
velocity -components.  Thus  we  may  write 


"f"  ^zr 


dT 

dv 

zr 


) 


which  by  the  theorem  of  Euler  is  true  for  any  homogeneous  quadratic 
function. 


28.  Parttoular  Case  of  Force  - ftmction.  The  conditions 
necessary  for  the  existence  of  a force -function  being  23),  we  must 
have,  since 


_ dH J 
dxdy  dydx 9 

dYr  __  dXr 


d'U  d*U 
oydz  dzdy 


dH:_  __  d'U 
dzdx  dxdz 

dXr  _ dZr 
dzr  ~~  dxr 


It  will  be  shown  below  (§  31)  that  these  conditions  are  also  sufficient. 


74 


m.  GENERAL  PRINCIPLES.  WORK  AND  ENERGY. 


<n 


In  the  particular  case  in  which  the  only  forces  acting  on  the 
System  are  attractions  or  repalsions  by  the  several  particles  directed 

along  the  lines  joining  them 
and  depending  only  on  their 
mutual  distances,  a force* 
function  always  exists. 

For  let  the  force  between 
two  particles  mr  and,  ms  at  a 
distance  apart  rr9  be 

F=  <p(rr9). 

It  will  be  convenient  to  consider 
F positive  if  the  force  is  a 
repulsion. 

Consider  now  the  force  F^  acting  on  ms  and  acting  in  the 
direction  from  mr  to  mt.  Its  direction  cosines  are  those  of  the 
vector  rr,. 


30) 


X,(r) 

jp(r) 

« 

Y(r) 

i 

]?(r) 

i 

Z<r) 

* 

y (r) 


x,-xr 


rs 


y,-yr 


r s 


Z — Z 
s r 


rs 


Now  since 


r?.  = (x,  — xry  + (y,  — yry  + (z,  — zry, 

differentiating  partially  by  x„ 

dr. 


^ rr  s ^ (Xg  Xr ), 


31) 

dr 

rs 

X — X 

s r 

?rr. 

V.-Vr 

drr. 

dx 

- ; 

rr. 

dy. 

r 7 

rs 

dz. 

and  accordi,ngly 

x<r) 

dr 

t*  M 

v(r) 

drrt 

zf> 

• 

j p(r) 

i 

/ V 

dxt 

j p(r) 

« 

dy,’ 

F&~ 

z — z 

» r 


rs 


dr 


r s 


dz. 


zy>  = FP  = cp  (rr.)  ^ 


dz. 
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If  we  put  Ur,  such  a fonction  of  rT,  that 


dU. 


r$ 


dr 


= g>  (rrt), 


= 


r» 

dU..  dr 


rM  r$ 

■ar 


drrt  CXM 


Wr, 


dU  dr 

r.w  = r*  r* 


dU. 


r» 


drr.  dy. 


Qy. * 


. dU.  drra 

Z<r)  = " r* 


dU 


r9 


dr  dz 

r*  $ 


dz. 


If  now  we  find  the  resnltant  Ft  of  all  the  forces  acting  on  m9 
doe  to  the  repnlsions  by  all  the  particles  mr,  we  shall  have 


_l — • + 

_) f- 

_j (- 


dUn 9 dU 

fl9  9 

dx9  ^hx9 

W».  ^ du. 

tiy9  %y9 


dI*L-d3 

dz9  dz]9 


if  we  write  U9  = Uu  + U*9 b Un9-  Thus  U9  satisfies  the  con- 

ditions  for  a force -fonction  as  far  as  concems  the  point  m9.  In  the 
Summation  s does  not  occur  as  the  first  index. 

It  is  evident  that  the  fonction  Ur9  serves  the  same  purpose 
for  mr  as  for  m9.  For  the  force  FrW  exerted  on  mr  by  m9  is  equal 
and  opposite  to  that  exerted  on  m9  by  mr.  Bot  rr9  is  the  same 
fonction  of  (—  xr)  that  it  is  of  x8,  therefore 


and 


dr 


r 9 


dx. 


drrm 


dr 


r$ 


dx. 


dU 

r* 

dx. 


dU. 


r » 


dx. 


We  may  add  to  ü9  terms  independent  of  x9f  y9f  z9}  withoot 
affecting  the  valoes  of  X9f  Y9,  Z9.  If  we  make  U a symmetrical 
fonction  of  all  the  Coordinates,  containing  x9}  y9,  za,  as  U9  does, 
then  U will  serve  as  the  force -fonction  for  all  the  Coordinates. 

In  particnlar,  let  the  force  of  repnlsion  vary  according  to  the 
Newtonian  law  of  gravitation.  Then 


9 (Tr.)  = y 


mmB 

T 9 


ri 


Ur,=  -y 


mrma 


r * 


A 
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m, »».  i»_m. 

« • i nt 


u.  = -r\  r + --  -i 1- 

rlt  r2t 


)> 


nt 


and  the  symmetrical  function  ü will  be 


ü 


m.  ro,  in.  nu 


i* 


is 


mlmn 


ln 


35) 


+ m*mi  + + 


ii 


SS 


31 


SS 


+ 


m*  m.  irunu 

H — — 1 — 1 h 


mtmn 

r2n 


mzmn 


8 n 


or  more  briefly, 


m.  mm  m9 

n l ns 


+ £-f  + -f-=  + ---  + 


n 1 


n2 


m„m„  1 

n n — x 


»,  n — 1 


r = n *=n 


u—lr22^’ 

r=  1 s=*  1 


understanding  tbat  terms  in  which  r — s are  to  be  omitted. 


The  factor 


1 

2 


is  introduced  because  in  the  abore  summation 


every  term  appears  twice.  But  in  U each  pair  of  particles  is  to 
appear  only  once. 

If  no  constant  be  added  to  U as  defined  above,  both  it  and  the 
potential  energy 


r=n  *~n 


r = 1 t— 1 


mrmg 


rt 


will  yanish  when  every  rr%  is  infinite,  that  is  when  no  two  particles 
are  within  a finite  distance  of  each  other.  This  furnishes  a con- 
venient  zero  configuration  for  the  potential  energy,  and  is  the  one 
generally  adopted.  We  may  accordingly  define  the  potential  energy 
of  the  System  in  any  given  configuration  as  the  work  that  must  be 
done  against  the  mutual  repulsions  or  attractions  of  the  particles  in 
order  to  bring  them  from  a state  of  infinite  dispersion  to  the  given 
configuration.  In  the  case  of  attracting  forces  like  those  of  gravitation, 
we  shall,  with  the  notation  of  this  section,  put  y negative1),  so  that 
the  potential  energy  of  finite  Systems  is  negative,  or  in  the  terminology 
of  Thomson  and  Tait,  the  exhaustion  of  potential  energy,  — W,  is 
positive. 


1)  For  the  reason  for  the  adoption  of  this  convention  see  § 119. 
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28.  C&loulns  of  Variationa.  Braohlstoohrone.  The  qnestion 
conceming  the  necessary  and  sufficient  conditions  that  a line  integral 

B 

f [Xdx  -f  Ydy  + Zdz) 

A 

shall  be  independent  of  the  path  of  Integration,  depending  only  on 
the  terminal  points  A and  Bs  thongh  purely  a question  of  the 
calculus,  is  of  so  great  importance  in  various  parts  of  mathematical 
physics  that  it  will  be  considered  here.  For  the  purpose  of  this 
treatment  we  shall  make  use  of  the  calcnlns  of  variations,  which  on 
acconnt  of  the  great  use  made  of  it  in  mechanics  will  now  be 
briefly  treated. 

In  the  differential  calcnlns,  we  haye  to  consider  questions  of 
maxima  and  minima  of  fnnctions.  A function  of  one  variable  has 
a maximum  or  minimum  value  at  a certain  yalue  of  the  yariable  if 
the  change  in  the  fonction  is  of  the  same  sign  for  any  change  in 
the  yariable,  proyided  the  latter  change  is  small  enongh.  Since  if 
f(x)  and  all  its  derivatives  are  continnons  at  x, 

f(x  + h)  = fix)  + hf'  (x)  + 2-  f"  0*0  + • '•  • 
f(x  + h)  - f(x)  = hf' (x)  + ^ f"(x ) +■■■■ 

If  h is  small  enongh,  the  expression  ön  the  right  will  haye  the 
sign  of  the  first  term,  which  will  change  sign  with  h.  Accordingly 
the  necessary  condition  for  a maximnm  or  minimum  is 

f'  ix)  = 0. 

Snppose  on  the  other  hand  that  we  change  the  form  of  the 
fonction  — such  a change  may  be  made  to  take  place  gradually. 
For  instance  snppose  we  haye  a curve  given  by  the  parametric 
r epresentation , 

x = F1it),  y^Fsit),  z = Ftff), 

where  the  F’ s are  any  uniform  and  continnons  fnnctions  of  an 
independent  variable  t.  If  we  change  the  form  of  the  F1  s we  shall 
change  the  curve  — snppose  we  change  to 

* = #i(0,  y = &t(f)>  * = <?8(0- 

To  every  valne  of  t corresponds  one  point  on  each  curve,  con- 
seqoently  to  each  point  on  one  curve  corresponds  a definite  point  on 
the  other.  Such  a change  from  one  curve  to  the  other  is  called  a 
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transformation  of  the  curve.  The  change  may  be  made  gradually, 
for  example, 

y = *;(*) + «{<?,(*) 

* = Fs(f)  + «{G,(0--F#(*)}- 

For  every  value  of  s we  shall  have  a particular  curve  — for 
£ = 0 we  shaU  have  the  original  curve,  for  £ = 1 the  final  curve, 
and  for  intervening  values  of  £ other  curves.  A small  change  in  £ 
will  cause  a small  change  in  the  curve,  and  if  £ is  infinitesimal  we 
shall  call  the  transformation  an  infinitesimal  transformation.  The 
changes  in  the  values  of  x,  y}  z}  or  of  any  functions  thereöf,  for  an 
infinitesimal  change  £,  are  called  the  variations  of  the  functions,  and 
are  denoted  by  the  sign  ä. 

Suppose  we  denote  derivatives  by  the  independent  variable  t, 


dx  d*x 
— } 1 

dt  dt * 


dfx 

~d? 


etc. 


by  the  letters 


x\  x 


rf 


X 


(*) 


and  by  g>  any  function  of  the  independent  variable,  of  the  dependent 
variables,  and  of  their  derivatives  up  to  the  mth  Order 

9 (t,  x,  y,  z,  x’,  y',  z',. . . x<*>,  yw,  *<*>, . . . x<-m\  y<m>,  0 <"■>)> 

and  consider  the  change  in  tp  made  by  an  infinitesimal  transformation, 
where  we  replace  x,  y,  z by 

x + e|(0, 

y + 

z + s£(t), 

where  £,  rj,  t are  arbitrary  continuous  functions  of  t. 


Then  or  x r is  replaced  by  d--  + £—  and  d by 
dt  r J dt  dt  de*  J 


dkx  , d*  | 


i.  e.,  by 


X(k)  + ££(A). 

Hence  (p  becomes 

<p  (t,  x + £|,  y + srj,  z + st,  x1  + £^,  y'  + srj', . . . zW  + st{m)), 

which  developed  by  Taylor’s  theorem  for  any  number  of  variables, 
gives  on  collecting  terms  according  to  powers  of  £ 

8*  8* 

9(0  «,  Vf  *>  *,•••)  + *9i  + 2!-9*  •••  + jfcj- 9*  + ' ' •» 

where 

-**S+vS+PÖ+»hÄ- 


9*  = t 


■+«’*Ö+ 
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The  terms  sq>l9  «1 2<p2,  sktpk  are  called  the  first,  second  and 
kxh  variations  of  (p  and  are  denoted  by 

6^1  = dtp,  5*y2  — €kq>k  = äkq>. 

If  for  q>  we  put  successively  x , y9  zf  x\  y\  z\  . . . we  get 

öx  = 8y  = er],  äz  = st,  8%x  = S2y  = 8*z  = 0, 

dx'  = s|f,  äy'  = st]'9  8z'  = a£r,  d2#'  = d2y'  = dV  = 0, 

8xW=  *£<*),  dy<*>=  sq«,  d0<*>=  «£<*>,  d2*W=  d2y(*)==  d^(*)=  0. 

We  thus  see  that  the  variations  of  x9  y9  z are  infinitesimal  cvrbitrary1) 

functions  of  t9  the  independent  variable,  and  from  the  last  equation 


that  is,  the  Operation  of  differenüation  by  the  independent  variable  t 
and  Variation  are  commutative,  for  the  variables  x9y9  z. 

If  we  consider  g>  as  a function  of  the  variable  s9  the  develop- 
ment by  Taylor’s  theorem  for  one  variable  shows  that  we  have  for 
all  values  of  Je 


so  that 

*r  - ** 

Now  the  two  variables  s and  t are  totally  independent  of  each  other, 
which  may  be  indicated  when  necessary  by  writing  the  derivatives 
with  respect  to  t as  partial  derivatives.  Now  since  we  may  (subject 
to  the  usu&l  limitations  as  to  continuity)  permute  the  Order  of 
differentiation,  we  have 

3*  dk<p  = dk  0S> 

dt  dek  dsk  dt' 

Multiplying  by  sk  after  having  put  s = 0 after  differentiation,  this 
becolnes 

dt  * dt 

so  that  the  operations  of  differentiation  by  the  independent  variable, 
and  • of  Variation,  are  commutative  for  any  function.  (It  is  to  be 
distinctly  noted  that  this  holds  only  for  derivatives  by  the  independent 
variable,  that  is  the  one  whose  Variation  is  assumed  to  be  zero.  If 

1)  The  fhnctions  are  arbitr&ry  because  the  fhnctions  Cr,,  Gt , Gs  are  quite 

independent  of  Ft,  F^,  Fs  being  taten  entirely  at  pleasure. 
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some  of  the  variables  x}  y,  $, . . .,  should  depend  on  others,  we  might 

require  the  Variation  of  some  of  their  derivatives,  for  instance  d ' 

We  mast  then,  since  both  fanctions  x and  y are  varied,  introduce 
the  independent,  or  unvaried  variable  t,  writing 

dy dy  dx y' 

dx  dt  dt  x' * 


and  performing  the  Operation  of  Variation  on  the  qnotient  y'/#', 


8 af 


But  for  derivatives  by  t we  have 


so  that  we  may  write 

*/dy\  ddy  j dx  dy  ddx  /dx\2 
dt  ; dt  djt  dt  \d</ 

or,  once  more  removing  t from  explicit  appearance, 


(dy\ ddy  dy  ddx 

\dx)  dx  dx  dx 


If  x is  the  independent  variable,  dx  = 0,  so  that  we  have  the  same 
formula  as  before.) 

Let  ns  now  find  the  Variation  of  the  integral 


,x,  y,  z,  x',  y\  z’, . . .)dt. 


Changing  x to  x + 8x , y to  y + dy,  x 1 to  x1  + 8x\  etc., 


7+<yj+yd*I  + - - 
and  the  variations  are 


+ 8<p  + g +•  • dt} 


that  is,  the  operations  of  Variation  and  integration  are  commatative. 
(The  limits  have  been  snpposed  given,  that  is  unvaried.)  These,  two 


principles  of  commutativity  of  d with  d and  form  the  basis  of 

the  subject  of  the  Calculus  of  Variations. 

(As  in  the  case  of  derivatives,  it  may  happen  that  we  wish  to 
examine  the  integral  with  respect  to  a variable  whose  Variation  does 
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not  vanish.  We  mnst  as  before  introduce  the  independent  yariable; 
writing 

8 tpdx  = 8 fpx'dt  = f(tv  • xf  + q>8xr)dt 


-/(«»  • dx  + tpdSx). 


It  may,  on  occasion,  be  more  convenient  to  nse  these  more  general 
formulae,  not  supposing  tbe  yariation  of  any  variable  to  vanish.) 

If  the  limits  are  varied,  we  have,  indicating  the  part  of  the 
change  in  I dne  to  the  ehange  in  either  limit  by  a suffix, 


8XI  = j <pdt — fg>dt=  I (pdt  = (p(t^)8tx, 


tx  ^ t0  t0-\-Öto 

d2  J = J*<pdt  — J = pdt  = — J*q>dt  = — q>(tQ)ät{ 


fo  <0+^1 


which  are  to  added  to  the  part  already  found. 

In  the  application  of  the  calculus  of  variations,  we  often 
enconnter  problems  involving  a number  of  independent  variables,  so 
that  we  deal  with  partial  derivatives,  and  multiple  integrale.  The 
principles  here  given  will  however  suffice  for  the  treatment  of  all 
the  usual  questions. 

As  a celebrated  mechanical  example  of  the  use  of  the  Calculus 
of  Yariations  let  us  consider  the  question:  What  is  that  curve  along 
which  a particle  must  be  constrained  to  descend  under  the  influence 
of  gravity  in  Order  to  pass  from  one  point  to  another  in  the  least 
possible  time? 


making  use  of  the  equation  of  energy  § 27,  27), 


Since  v = we  have  for  the  time  of  descent  t = I -s>  or 
dt  J v 


t==  r ds 
J o) 


Let  us  take  for  the  independent  variable  corresponding  to  t above 
the  vertical  coordinate  z.  We  suppose  the  motion  to  take  place 
in  a vertical  plane.  We  have  then 


ds  =yi  + xr*  • dz,  x ' = 


If  now  we  make  an  arbitrary  infinitesimal  Variation  of  the 
curve,  if  t is  to  be  a minimum  we  must  have  the  term  of  the  first 
Order  in  s vanish, 

8t  = 0. 

VV  EBSTEB , Dynamics.  6 
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Now 


t=  fl/ 

J V vQ'-2g(z-z0) 


dz. 


For  any  particular  curve  x is  a given  function  of  z.  Giving  it  a 
Variation  äx  we  have 

st 


-/ 


x*  äx'  dz 


Making  use  of  äxf  = 

xf  äx 


däx 

dz 


(«•*-  2?0-*„]) 

and  integrating  by  parts1), 


St=r 


r 

/ 


V(1  + «'*)  (»»*  — 2»  [«-*<.])  / 

<0  *0 


d*  \ j/Ö  + *)  («o * - 20  [* “*<>]) 


r^r-V*' 


If  the  ends  of  the  curve  are  fixed  äx  vanishes  for  both  limits  jz0 
and  zlf  hence  the  integrated  part  vanishes.  Consequently  for  a 
minimnm  the  integral  must  vanish. 

Now  since  the  function  da?  is  purely  arbitrary  if  the  other  factor 
of  the  integrand  did  not  vanish  for  any  points  of  the  curve  we 
might  take  äx  of  the  same  sign  as  that  factor  at  each  point.  Thus 
the  integrand  would  be  positive  everywhere  and  the  integral  would 
not  vanish,  consequently  the  factor  multiplying  äx  must  Yanish 
for  each  point  of  the  curve,  or 

A * 1-0. 

dz  \y(l  + a/*)(t’0#-2 g[z-z0])J 

This  is  the  differential  equation  of  the  curve  of  quiekest  descent 
or  brachistochrone. 

Integrating  we  have 


x 


= c,  an  arbitrary  constant. 


y(l  + x^(v^-2g[z-i0]) 

Squaring  and  solving  for  we  obtain 

(t?0  * — — xr0]) 


1 — c*  (v0  * — [ä  — £f0]) 


Let  us  put  a = + z0,  b = ~ - z0  (i b is  arbitrary,  since  it 

involves  c),  then  we  have 


*'-a£-±Vl 


— z 
+~* 


1)  The  bar  / signifieß  that  we  are  to  subtract  the  value  of  the  expression 
before  it  at  the  lower  limit  z0  from  the  value  at  the  upper  limit  zx. 
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If  we  introduce  a new  variable  fr  such  that 


we  have 


z 


a—b 

2 


cos#, 

sin#d#, 

(1  -f  cos  #), 

(1  — COS  fr)'. 


Thus  our  differential  equation  becomes 


dx -i /l  «f  cos  fr 1 -f  cos  fr 

dz  V 1 — cos  fr  sin  fr 


Consequently 

dx  “ dz  (Ne?*)  = ^ir  0-  + cos  •)  ä9. 

Integrating, 

a + d = a^—  (#  + sin#), 


where  d is  an  arbitrary  constant. 

Combining  this  with 

» + b = - (1  - cos  fr), 

we  have  the  equations  of  the  curve  in  terms  of  fr,  a parameter 
which  may  be  eliminated  from  the  two  equations. 

If  a vertical  circle  of  radius  = A roll  under  a horizontal 

m 

straight  line  (Fig.  19),  and  fr  be  the  angle  made  with  the  downward 
vertical  by  a radius  fixed  in  the  rolling  circle,  the  distance  moved 


by  the  center  of  the  circle  from  the  position  in  which  fr  = 0 is 
equal  to  the  arc  rolled  over,  Afr.  A point  at  the  extremity  of  the 
given  radius  lies  then  at  a horizontal  distance  Asm#  farther,  so 
that  it8  horizontal  coordinate  is 

x = A(fr  + sin#). 

Its  vertical  coordinate  measured  from  its  initial  position  # = 0 is 

z = A(1  — cos#). 


6* 
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The  curve  described  by  a point  on  the  circumference  of  the 
rolling  circle  is  called  a cycloid.  Obviously  from  the  symmetry  of 
the  case  the  curve  is  symmetrical  about  a vertical  axis  on  which  the 
point  lies  when  0*  = 0.  Thus  our  equations  . of  the  brachistochrone 
show  that  it  is  a cycloid  with  vertical  axis. 

The  arbitrary  constants  of  Integration,  b and  d,  are  determined 
by  the  two  points  through  which  the  curve  is  to  pass.  The  discoverv 
that  the  cycloid  is  the  brachistochrone  for  gravi ty  is  due  to  Jean 
Bemoulli. 


30.  Dependenoe  of  Line  Integral  on  Path.  Btokes’s 
Theorem.  Curl.  Consider  now  our  line-integral, 


We  have  first  to  introduce  an  independent  variable  corresponding  to 
the  t of  the  previous  section,  Variation  of  which  shall  cause  the  point 
of  integration  to  move  along  a given  curve.  Let  us  call  this  s, 
which  to  fix  the  ideas  may  (through  this  is  unnecessary)  be  considered 
as  the  distance  measured  along  the  curve  from  the  point  A.  Thus 
we  write 

I=f(x'£+T%+z'£)d*- 

A 

The  functions  X,  Y}  Z , being  given  for  every  point  x , y}  0,  the 
integral  I will  in  general  depend  on  the  form  of  the  curve  AB.  If 
we  make  an  infinitesimal  transformation  of  the  curve,  the  integral 
will  change,  and  we  shall  now  seek  an  expression  for  the  Variation. 
We  have 

«-/(**•  i*  + Z4äf  + 4r-  3V  + rs4,  + SZT,  + *43  * 


Now 


dX  = 


dXx  , dXx  , dXx 

^ + -577%+  37^, 


and 


dx 


dx 

ds 


Hy 


d(dx) 

ds 


We  may  perform  upon  the  term 

J 
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an  integration  by  parte, 


t 

/ 


Now  we  have 


X^^ds  = XSxf 

A 


/ 


-ß 


* dX  i 
ox-T-as. 


d8 


dX_dXdx  . dXdy  . dX  dz 

ßg  ~*Z  j -T  i Q - . j ~ i 


dx  ds  ' dy  ds  ' dz  ds 
Performing  similar  operations  on  the  other  terms  we  have 

B 

tl-(Xix+Yt,  + Z»,)/+f  [ßf  Ix  + »f  + * .)  £ 


dZ  * \dz 
dz 


»■)  % 


, (dY  x , dYx  , dYx\dy  . (dZ x . dZx  . 

+ {7^dx+dtdy+j7ö2)d%+(-&;Sx+jjsy+ 

x,  /dX  dx  dX  dy  , dX  dz\ 

X\dxds  ' dy  ds  ' Hz  ds) 

y \dx  ds  ' Hy  ds  ' Hz  ds) 

% (dZdx  , dZ  dy  , dZdz\\j 
-9*{tedJ  + JjdF  + JIds)  \ds- 

Now  if  in  the  Variation  the  ends  of  the  cnrve  A and  B are 
fixed,  8x,  dy,  8a  vanish  for  A and  B,  and  the  integrated  part 

B 

Xdx  + Y8y  + Z8zj  vanishes.  Gollecting  those  terms  under  the 

A 

sign  of  integration  that  do  not  cancel,  and  removing  the  factor  ds 
we  have, 

91 -f  [(9**1  - **dy)(ff-§7)  + (ßsdx-Sxdz)^- ID 

+ (Sxdy-dydx)( 

Now  the  determinant 
dydz  — 8zdy 

is  the  area  of  the  parallelogram  in 
the  FZ- plane  the  projection  of  whose 
sides  on  the  7-  and  Z-axes  are 
dy,dz,8y,8zx  That  is,  if  we  con- 
sider  the  innnitesimal  parallelogram 
whose  vertices  are  the  points  s,  s + ds, 
and  their  transformed  positions,  the 
above  determinant  is  the  area  of  its 

projection  on  the  FZ- plane.  If  the  J 

area  of  the  parallelogram  is  dS  and  n w 

is  the  direction  of  its  normal,  we  have 
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and 


Sy  dz  — Szdy  = d5cos(na;), 
Szdx  — Sxdz  = dS  cos  (ny), 
Sxdy — Sydx=  dScoB(nz), 


dI=f{{^-w)eoB  ("*) +(!?-!§ eo8  (ny) 

+ (lx-|f)C08M}dÄ, 

w 

which  is  in  the  form  of  a surface 
integral  over  the  strip  of  infinite- 
simal width  bonnded  by  the  two 
curves  of  integration. 

If  we  again  make  an  infinite- 
simal transformation,  and  so  continne 
nntil  the  path  has  swept  over  any 
finite  portion  of  a surface  S,  and 
sum  all  the  variations  of  I,  we  get 
for  the  final  result  that  the  difference  in  1 for  the  two  extreme 
paths  1 and  2 is  the  surface  integral 


Fig.  21. 


lim  261  =1,-1,  =ff  { (||  - ||)  cos  (na) 


+ S!  - H) cos  (**)  + (If  - |f) 008  (»*) ) d * 

taten  over  the  portion  of  the  surface  bounded  by  the  paths  1 and 
from  A to  B.  Now  — It  may  be  considered  the  integral  from  B 
to  A along  the  path  1,  so  that  2,  — It  is  the  integral  around  the 
closed  path  which  forms  the  contour  of  the  portion  of  surface  *S. 
We  accordingly  get  the  following,  known  as 

Stokes’s  theorem.1)  The  line  integral,  around  any  closed  contour 
of  the  tangential  component  of  a vector'  R,  whose  components  are 
X,  Y,  Zy  is  equal  to  the  surface  integral  over  any  portion  of  surfac* 
bounded  by  the  contour,  of  the  normal  component  of  a vector  t». 
whose  components  17,  £ are  related  to  X,  Y,  Z by  the  relations 

dZ  dY 

1 = 


dy 

dX 
y dz 

* dx 


dz' 

dZ 

Dx’ 

dX 

dy 


1)  The  proof  here  given  is  from  the  author’s  notes  on  the  lectures  ««: 
Professor  von  Helmholtz.  A similar  treatment  iß  given  by  Picard,  Traft* 
d*  Analyse,  Tom.  I,  p.  73. 
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The  normal  must  be  drawn  toward  that  side  of  the  surface  that 
shall  make  the  rotation  of  a right- handed  screw  advancing  along  the 
normal  agree  with  the  direction  of  traversing  the  closed  contour  of 
Integration. 


37)  J % E cos  ( R , is)  ds  =J* Xdx  + Ydy  + Zdz  = J*J* j>  cos  (cm)  dS 

-//«  cos  (nx)  + 1 1 cos  ( ny ) -f  £ cos  (nz)}dS. 


The  vector  o related  to  the  vector  point -function  B by  the  differ- 
ential equations  above  is  called  the  rotation,  Spin  (Clifford),  or  curl 
(Maxwell  and  Heaviside)  of  12.  Such 
vectors  are  of  frequent  occurrence  y 
in  mathematical  physics.  (See 
Part  Hl.) 

The  significance  of  the  geo- 
metrical  term  curl  can  be  seen 
from  the  physical  example  in 
which  the  vector  12  represents 
the  velocity  of  a point  instant- 
aneously  occupying  the  position 
x,  y,  z in  a rigid  body  tuming 
about  the  Z-  axis  with  an  angular 
velocity  <d.  Then  the  vector  12  = mp  is  perpendicular  to  the  radius  p 
and  its  components  are  (Fig.  22), 

X = 12  cos  (Bx)  = — 12  sin  (qx)  = — By  = — yco, 

Q 


Y=  B cos  (12y)  = 
where  <o  is  constant,  and 


B cos  (p#)  = 


Q 


X(D, 


So  that  the  £-component  of  the  curl  of  the  linear  velocity  is  twice 
the  angular  velocity  about  the  2T-axis.  Further  examples  are  presented 
to  ns  in  the  theory  of  fluid  motion. 


33L  Lamellar  Teotors.  In  finding  the  Variation  of  the  integral  I 
in  the  previous  section,  since  the  variations  dx7  Sy,  Sz  are  perfectly 
arbitrary  functions  of  s,  if  the  integral  is  to  be  independent  of  the 
path,  dl  must  vanish,  which  can  happen  for  all  possible  choices  of 
Sx,  Sy,  dz,  only  if 


38) 


dz 

dy 


dY 

dz 


dX 

dz 


dZ  dY  dX_n 

— 2™  V, 


dx  dx  dy 

that  is  if  the  curl  of  B vanishes  everywhere.  In  case  this  condition 
is  satisfied,  I depends  only  on  the  positions  of  the  limiting  points  A 
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and  B,  and  not  on  the  path  of  Integration.  Consequently,  as  stated 
withont  proof  in  § 28,  the  conditions  38)  are  sufficient  as  well  as 
necessary. 

If  A is  given,  I is  a point-function1)  of  its  upper  limit  B,  let 
us  say  <p.  If  JB  is  displaced  a distance  s in  a given  direction  to  B\ 
the  change  in  the  fnnction  tp  is 


q>B'  — *pB  + Ydy  -f*  Zdz)9 

B 


and  the  limit  of  the  ratio  of  the  change  to  the  distance, 
38  a) 


i 9*  vdx  , t , *ds 

“5  l Ji~Xdi+  YdJ  Z ds 


is  the  derivative  of  q>  in  the  direction  s. 

If  we  take  s successively  in  the  directions  of  the  axes  of  Coordinates, 

d<P  Y dtp  v dtp  7 

A vector  whose  components  are  thus  derived  from  a single  scalar 
fnnction  tp  is  called  the  vector  differential  parameter  of  <p. 

Accordingly  the  three  eqnations  of  condition  38),  eqnivalent  to 
cnrl  B = 0,  are  simply  the  conditions  that  X,Y,  Z may  be  represented 
as  the  derivatives  of  a scalar  point -fnnction.  In  this  case  the 
expression 

Xdx  + Ydy  + Zdz  = ^dx  + j^dy  + ^dz  = dtp 
is  called  a perfect  differential. 

From  the  definition  of  the  parameter  of  a scalar  point-function 
38b),  we  see  that  the  components  of  the  vector  R at  any  point  are 
proportional  to  the  direction  cosines  of  the  normal  to  the  surface 
q>  = const.  passing  through  the  point  in  qnestion,  that  is  R is 
perpendicnlar  to  the  snrface.  A surface  for  which  a scalar  point- 
fnnction  is  constant  is  called  a levd  surface  of  that  fnnction.  Since 


dx  dy 
ds 9 ds 7 


dz 
ds 9 


are  the  direction  cosines  of  the  tangent  to  the  arc  ds,  we  see  that 
equation  38  a)  states  that  the  derivative  of  tp  in  any  direction  is  the 
projection  of  its  vector  parameter  on  that  direction.  Since  a vector 
is  the  maximnm  value  of  any  of  its  projections,  we  see  that  the 
direction  of  the  normal  to  the  level  snrface  of  tp  at  any  point  is  the 
direction  of  fastest  increase  of  q>  at  that  point.  Also  if  we  täte 
for  (pB'  and  qp*  in  38  a)  the  constant  valneB  belonging  to  two  infinitely 


1)  A fnnction  of  the  Coordinates  of  a point. 
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near  level  snrfaces,  we  see  that,  the  numerator  being  constant,  the 
derivative  in  the  direction  of  the  normal,  that  is  the  value  of  the 
yector  parameter  R,  is  inversely  proportional  to  the  normal  distance 
between  the  two  infinitely  near  leyel  snrfaces  of  the  fanction  q>. 

Such  a pair  of  snrfaces  will  be  called  a thin  level  sheet  or  lamina. 
For  this  reason  a yector  point -function  that  may  be  represented 
everywhere  in  a certain  region  as  the  yector  parameter  of  a scalar 
point-function  will  be  called  a laminar,  or  lamellar  yector  (Maxwell). 

The  scalar  function  <p  (or  its  negative)  will  sometimes  be  termed 
the  potential  of  the  yector  JR. 

32.  Motion  of  the  Center  of  Maas.  Suppose  that  a system 
of  particles  is  under  the  infiuence  only  of  forces  acting  between  the 
particles  and  depending  on  their  mutual  distances,  and  that  the 
constraints,  if  there  be  any,  are  such  as  to  permit  of  a virtual  dis- 
placement  which  is  represented  by  equal  vectors  for  all  the  particles. 
Then  in  our  equation  of  d’Alembert’s  principle  (18)  let  us  put  each 
dxr  equal  to  the  same  quantity  X,  each  dyr  equal  to  p,  and  each  dzr 
equal  to  v. 

Supposing  the  system  to  be  conservative,  and  using  equations  23) 
we  have 

/ d*x„  d*ym  d*zm 


Now  as  the  forces  depend  only  on  the  mutual  distances  of  the 
particles,  and  therefore  only  on  the  differences  of  their  Coordinates, 
if  we  put 

£i  = x±  xn,  7j1  — y1  yn,  Si  ~ 

Xny  Ifa  — y«,  “ ^2  &ny 


— 1 Xn  — 1 Xn,  7jn — i — yn  — i yn,  — l J/n— 1 

we  shall  have  ***' 

Vit  Sn  • • • i)* 

Accordingly 


dU=düd£x  dü  düdtj x dü 

dxx  d dxx  ' cxx  ' dix 


and  likewise 


pny 
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On  the  other 
40) 

Consequently 


hand 

dU  = dH  dü 

^xn  ^1  ^6«  — 1 

dxx  ^ ' da*  * 


Thus  39)  becomes 
41)  xyimr 


d*xr 

~di* 


d*tr 

dt* 


0. 


But  since  X,  (i,  v are  perfectly  arbitrary  tbis  is  äquivalent  to  the 
three  equations 

42)  ^m'-dt*  = 0’  2mrdt*=0'  2mr^  = 0- 


Since  the  m’s  are  independent  of  the  time,  we  may  differentiate 
outside  of  the  Summation  and  write  the  above 


43)  ~ 2rmrxr  = 0,  *~i  Srmryr  = 0,  ~ 2rmrer  = 0. 

If  we  dehne  the  Coordinates  of  a point  xy  y , ~z  by  the  equations 
xErmr  = 2Jrmrxr,  y£rmr  = 2rmryn  82Jrmr  = £rmrzr 
and  if  we  consider  a mass  m to  consist  of  m particles  of  unit  mass, 


x = 


Zrmrxr 

r r 


being  the  sum  of  the  x-  Coordinates  of  the  whole  number  of  unit 
particles  divided  by  their  number  is  the  arithmetical  mean  of  the 
Coordinates.  If  m is  not  an  integer,  by  the  method  of  limits  we 
extend  the  motion  of  the  mean  in  the  usual  manner.  The  point 
x , y,  ~zy  the  mean  mass  point  thus  defined  is  called  the  center  of  mass 
of  the  system.  (The  common  term  center  of  gravity  is  poorly  adapted 
to  express  the  idea  here  involved  and  had  better  be  avoided.  We 
shall  see  in  the  chapter  on  Newtonian  Attractions  that  bodies  in 
general  do  not  possess  centers  of  gravity.) 

The  equations  43)  thus  become 


Therefore  the  center  of  mass  of  a System  whose  parts  exert  forces 
upon  each  other  depending  only  on  their  mutual  distances  moves 
with  constant  velocity  in  a straight  line.  This  is  the  Principle  of 
Conservation  of  Motion  of  the  Center  of  Mass.  It  evidently  applies 
to  the  solar  system.  What  the  absolute  velocity  of  the  center  of 
mass  of  the  solar  system  is  or  what  its  velocity  with  respect  to  the 
so -called  fixed  stars  we  do  not  at  present  know. 
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Retaming  to  the  equations  39),  whether  there  is  a force -fanction 
or  not,  Xj  [i,  v , being  the  same  for  each  term  of  the  summation, 
may  be  taken  ont  from  ander  the  summation  sign  and  being  arbitrary, 
the  equation  39)  is  äquivalent  to  the  three 

45)  yTmr  = 2JrXr,  ^ Jmr  ^ = 2r  Yr , = 2rZr, 

or  as  before 

46)  ~2rmr  = 2rXr,  ^Srmr  = SrYr,  *1 2rmr  = ZrZr, 

that  is:  The  center  of  mass  of  any  System  of  the  kind  specified 
moves  as  if  all  the  forces  applied  to  its  various  parts  were  applied 
at  the  center  of  mass  to  a single  particle  whose  mass  is  equal  to 
the  mass  of  the  whole  System. 

This  principle  of  the  motion  of  the  center  of  mass  reduces  the 
problem  of  the  motion  of  the  System  to  that  of  finding  the  motion 
of  a single  particle  together  with  that  of  the  motion  of  the  parts  of 
the  system  with  respect  to  the  center  of  mass. 

A rigid  body  is  a system  of  particles  coming  ander  the  case 
here  treated,  since  the  only  constraints  are  such  as  render  all  the 
mutual  distances  of  individual  points  constant.  Therefore  the  only 
new  principles  required  in  Order  to  treat  the  motion  of  a rigid  body 
are  such  as  determine  its  motion  relatively  to  its  center  of  mass. 

If  the  center  of  mass  is  to  remain  at  rest  or  move  uniformly, 
we  must  have 

47)  XrXr  = 0,  ZrYr  = 0,  XrZr  = 0. 

This  will  always  be  the  case  as  shown  above  for  mutually  attracting 
particles,  since  to  every  action  there  is  an  equal  and  opposite 
reaction.  The  three  equations  47)  fumish  three  necessary  con- 
ditions  for  the  equilibrium  of  a rigid  body. 

If  we  introduce  the  relative  Coordinates  of  the  particles  with 
respect  to  the  center  of  mass  into  the  expression  for  kinetic  energy 
it  assumes  a remarkable  form.  Let  us  put 

Xr  ==:  30  “f"  £r,  yr  ===  V “I“  &r  ===  & "I"  £ ry 

then 


dxr 

dx 

+ 

dt 

~ dt 

dt ' 

dVr  _ 

dy 

+ 

dnr 

dt 

~ dt 

dt’ 

dzr 

dz 

+ 

ätr 

dt 

= ~dt 

dt 

A 
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48) 


[\dt; 


dt) 


+ m\ 


= 42Wr 

= y2Wr((S)  + (dt)  + (di) 

d a;  d £.  dy  dn„  dz  d£„ 

4 2 -TT  ~JT  + 2-^7  77  + 2-77 


d$  d$ 


dt  dt 


dt  dt 


4* 


©■+  ® + im 


and  taking  ontside  of  the  sign  of  Summation  the  factors  common  to 

11  .i  , i • dx  dy  dz 

all  the  terms  mvolving  d~y 

«>  '-t[K»),+ (©  + (©■}** 

■s~\  m'+m'+m\ 


+ 


+ 2 


dx 

dt 


dK,dV 

rm'~di  + 2di 


1^1 

dt  2rmr  dt  J‘ 


Now  in  the  last  three  terms  we  may  write 


mr 


dtr  d 


= -j-t  Zrmr%r  = j~t  (|Zrwr), 


dt  dt 


if  £ is  the  2-coordinate  of  the  center  of  mass  in  the  £,  rj,  £ System. 
But  since  the  center  of  mass  is  the  origin  of  the  relative  Coordinates 
£,  rj,  £,  this  is  equal  to  zero.  Similarly  for  the  terms  in  r\r  and  £r. 
Thus  we  have  remaining  if  we  write  M for  the  mass  of  the  whole 
System , 

«>  *-;-*{(£)'+ (2)+(g)’} 


4 -7T 


ÜjMC 


The  first  term  is  the  kinetic  energy  of  a particle  whose  mass  is  equal 
to  the  total  mass  of  the  System  placed  at  the  center  of  mass,  while 
the  second  is  the  relative  kinetic  energy  of  the  System  with  respect 
to  the  center  of  mass.  Thus  the  absolute  kinetic  energy  is  always 
greater  than  its  relative  kinetic  energy  with  respect  to  the  center  of 
mass  (unless  the  center  of  mass  be  at  rest).  The  center  of  mass  is 
the  only  point  for  which  such  a decomposition  of  the  kinetic  energy 
is  generally  possible. 

If  the  principle  of  the  Conservation  of  motion  of  the  center  of 
mass  holds  we  have 


dx  dy 

dt~a>  dt 


RELATIVE  KINETIC  ENERGY. 
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and  inserting  these  in  the  equation  of  energy  for  a conservative 
System,  T + W = A, 

6I>  (S)  + (£)’}.+ w~h  - *'+ 

In  tliis  case  accordingly  the  principle  of  Conservation  of  energy  holds 
also  for  the  relative  kinetic  energy,  the  constant  h being  changed. 
Inasmnch  as  we  know  of  no  absolntely  fixed  System  of  axes  of 
reference  it  is  obvious  that  the  kinetic  energy  of  any  System  contains 
an  indeterminate  part.  But  in  virtue  of  the  above  principle  if  we 
consider  the  Center  of  mass  of  the  solar  system  to  be  at  rest  all  onr 
conclusions  with  regard  to  energy  will  hold  good.  The  effect  in 
general  of  referring  motions  to  Systems  of  axes  which  are  not  at 
rest  will  be  dealt  with  in  Chapter  VII. 

As  a simple  example  of  the  above  principle  let  us  consider  the 
case  of  a rigid  sphere  or  circular  cylinder,  with  axis  horizontal, 
rolling  without  sliding  down  an  inclined  plane  under  the  action  of 
gravity.  If  the  distance  that  the  center  of  the  body  has  moved 

parallel  to  the  plane  be  s,  the  first  part  of  T is  y M • If  the 

angle  that  a plane  through  the  horizontal  axis  parallel  to  the  inclined 
plane  makes  with  the  normal  to  the  inclined  plane  be  fr  (Fig.  23), 

the  velocity  of  a particle  with  respect  to  the  center  is  r where  r 

« 

is  its  distance  from  the  horizontal  axis.  The  relative  kinetic  energy 
is  thus 


T'  = y 27rwr»f  ( 


d&\* 
dt)  ’ 


d& 

or  since  -rr’ 

at 

of  the  summation, 
52) 


the  angular  velocity  of  rolling  is  the  same  for  all  terms 


r = Y {ddt)iZrmrrl 


The  factor  Hrinrrl  is  called  the  Moment  of  inertia  of  the  system  about 
the  horizontal  axis  through  the  center  of  mass  and  will  be  denoted 
by  K.  Thus  we  have 

53) 

If  the  rolling  takes  place  without  sliding  we  have  the  geometrical 
condition  of  constraint, 

t>  dfr ds 

M~dt  dt’ 


where  R is  the  radius  of  the  rolling  body. 
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The  löse  of  potential  energy  is  Mg  tim  es  the  vertical  distance 
fallen,  s sin  a,  where  a is  the  angle  of  inclination  of  the  plane  to 
the  horizontal.  Our  equation  thus  becomes 


54)  Y \ M © + 5 (di)  } - M9*  8in  a = const* 

ds 


If  ^ = F when  5 = 0,  determining  the  constant  we  have 
..v  /d$\Ä  tt» 2 Mgs  sin  a 

“)  y - m~+ § ■ 

Thus  the  motion  is  the  same  (cf.  § 18)  as  that  of  a particle  falling 

freely  with  the  acceleration  diminished  in  the  ratio  ^ — 

1 + 


MB* 

Thus  by  increasing  K, 
which  may  be  done 
by  symmetrically  attach- 
ing  heavy  masses  to  a bar 
fastened  to  the  cylinder 
in  such  a way  as  not  to 
interfere  with  the  rolling 
of  the  cylinder  (Fig.  23), 
we  may  make  the  motion 
as  slow  as  we  please  and 
thus  study  the  laws  of 
constant  acceleration. 


33.  Moment  of  Momentum.  Under  the  supposition  that  the 
equations  of  constraint  were  compatible  with  the  displacement  of 
the  System  parallel  to  itself  and  that  the  force -function  was  thereby 
unchanged  we  obtained  the  principle  of  the  Conservation  of  motion 
of  the  center  of  mass.  We  will  now  suppose  that  the  equations  of 
constraint  are  compatible  with  a rotation  of  the  System  about  the 
axis  of  X and  that  the  force -function  is  thereby  unaffected.  This 
will  be  the  case  in  a rigid  System  or  in  a free  System  lefb  to  its 
own  internal  forces  (if  conservative). 

If  we  put 

yr  = Tr  COS  (Or, 

zr  = rr  sin  or , 

such  a displacement  is  obtained  by  changing  all  the  or’s  by  the 
same  amount  dco,  leaving  the  r’s  unchanged.  We  have  then 

dxr  = 0,  Syr=  — rr  sin  cörd  cd  = — zrdo, 

Szr  = rrcos  c orS(o  = yrdco. 


57) 
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Inserting  these  values  in  d’Alembert’s  equation  we  obtain 

diyr  d*zr 

-w  + yr— 


58) 


Ö CD  yimr  ( — Zr 


dt * 


= dG>2r(yrZr  - ZrYr)  = dü. 


If  TJ  depends  only  on  tbe  mutual  distances  of  the  particles  of 
the  System  it  is  unchanged  in  the  displacement,  dU  = 0. 

We  then  have 


d*zr  d*y\ 


As  was  mentioned  in  § 11  the  quantity  within  the  parenthesis 
is  an  exact  derivative,  so  that 


or  differentiating  outside  of  the  sign  of  summation 


d 

dt 


Integrating  we  obtain 

»p  ■ / d 1 BL, 

60)  2Wr  Vr  di 


an  arbitrary  constant. 


The  expression  m (if  ~ — z jfy  ==  ymv,  — zmvy  is  the  moment  of 
momentum  [42),  § 13]  about  the  X-axis  of  the  mass  or  it  is  the 


product  of  twice  the  mass  by  the  sectorial  velocity  (§  8).  The 

theorem  consequently  states  that  the  moment  of  momentum  of  the 
whole  system  with  respect  to  the  X-axis  is  constant. 

Under  similar  conditions  for  the  other  two  axes  we  obtain 


The  vector  H , whose  components  are  HX}  Hy , Hx,  is  the  resultant 
moment  of  momentum  of  the  whole  system,  and  if  the  above  equa- 
tions  60)  hold  it  is  constant  both  in  magnitude  and  direction.  This 
is  the  case  for  the  solar  system  and  we  accordingly  have  an  unvary- 
ing  direction  in  space  characteristic  of  the  system.  This  direction 
was  called  by  Laplace  that  of  the  Invariable  Axis  and  the  plane 
through  the  sun  perpendicular  to  it  the  Invariable  Plane.  It  may 
be  defined  as  that  plane  for  which  the  sum  of  the  masses  of  each 
particle  multiplied  by  the  projection  of  its  sectorial  velocity  on  that 
plane  is  a maximum.  Such  a plane  fumishes  a natural  plane  of 
Coordinates  for  the  solar  system. 
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The  principle  expressed  by  equations  60)  will  be  referred  to  a 8 
the  Principle  of  Conservation  of  Moment  of  Momentom.  On  acconnt 
of  the  connection  with  the  sectorial  velocity  it  has  received  the 
shorter  and  more  euphonions  title  of  the  Principle  of  Areas. 

In  case  dU  does  not  vanish,  going  back  to  eqoation  58),  we  may 
divide  ont  da  and  instead  of  60)  now  obtain 


dH 

X 

dt 

dHy 

dt 

dH, 

dt 


ZrfyrZr-BrYr), 
2r  (srXr  XrZr)j 
2r  (xr  ~Yr  yr  -Xr)  j 


where  Hx,  Hy,  HS}  have  the  same  meaning  as  the  left-hand  members 
of  equation  60),  bnt  are  not  now  constant.  Stating  in  words:  The 
time  .derivative  of  the  moment  of  momentum  of  any  System  with 
respect  to  any  point  is  eqnal  to  the  resultant  moment  of  all  the 
forces  of  the  System  abont  the  same  point. 

The  equations  46)  and  61)  fdmish  us  the  six  equations  of 
motion  of  a rigid  body.  Geometrically,  we  may  say  that  the  radius 
vector  of  the  hodograph  (§  6)  of  the  vector  moment  of  momentum  of  a 
System  is  parallel  to  the  resultant  moment  of  the  forces  acting  on 
the  system  at  each  instant  of  time,  this  statement  being  the  com- 
plement  to  the  statement  that  the  radius  vector  of  the  hodograph  of 
the  velocity  of  the  center  of  mass  is  parallel  to  the  resultant  of  the 
forces  acting  on  the  System. 

The  three  principles  which  we  have  now  treated,  the  Principle 
of  Energy,  the  Principle  of  Motion  of  the  Center  of  Mass,  and  the 
Principle  of  Moment  of  Momentum,  in  the  cases  of  Conservation,  give 
US  the  first  integral*  of  the  equations  of  motion,  and  suffice  for  the 
treatment  of  all  mechanical  problems.  In  the  next  chapter  we  shall 
deal  with  a principle  which  is  more  general  than  any  of  these  in 
that  it  enables  us  to  deduce  the  equations  of  motion  and  thus 
embraces  a statement  of  all  the  laws  of  Dynamics. 
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CHAPTER  IY. 


PRINCIPLE  OF  LEAST  ACTION. 
GENERALIZED  EQUATIONS  OF  MOTION. 


34.  Hamilton1 * *»  Prinoiple.  We  shall  now  consider  a principle 
that  differs  from  those  of  the  last  chapter  in  that  it  does  not 
immediately  furnish  ns  with  an  integral  of  the  equations  of  motion. 
On  the  other  hand,  like  d’Alembert’s  principle  it  enables  ns  to 
embody  the  laws  of  motion  in  a simple  mathematical  expression 
from  which  we  can  dednce  the  equations  of  motion,  not  only  in  the 
simple  form  hitherto  nsed  employing  rectangular  Coordinates,  but  also 
in  a form  inyolying  any  Coordinates  whatsoeyer.  This  Statement, 
employing  the  langnage  of  the  calculus  of  variations,  permits  ns  to 
ennnciate  the  principle  in  the  convenient  form  that  a certain  integral 
is  a minimum.  The  so  - called  Principle  of  Least  Action  was  first 
proponnded  by  Maupertuis1)  on  the  basis  of  certain  philosophical  or 
religions  Arguments,  quite  other  than  those  upon  which  it  is  now  based. 

We  shall  first  treat  it  in  the  form  giyen  by  Hamilton.  If  in 
d’Alembert’s  equation 


S{(m T?  - X)  Sx  + (*  V ~ r)  •»  + (”i‘  + Z)  *'}  " »-  ■ 

we  consider  dx,  Sy,  dz  arbitrary  variations  consistent  with  the  equa- 
tions  of  condition,  we  haye 


d*xA  d 
dt * °x  ~ dt 

_ d_ 
~~  dt 


-«(Sr4*) 


dx  ddx 


dt 

dxy* 


dt 


7 


Treating  each  term  in  this  manner,  taking  the  snm,  and  remoying 
the  sign  of  differentiation  outside  that  of  snmmation, 


» ts  {■& 

-j‘V 


4*  + §J»  + £4')) 


dg 

dt 


2 jLj 


{m  [(19  + © + ©1} + z(XSx + T$y + zs *)■ 


1)  M&n.  de  FAcad.  de  Paris,  1740.  Also:  Bes  lois  de  mowoement  et  de 

repos  d&duites  d’un  principe  metaphysique , Berlin,  M&n.  de  FAcad.  1746,  p.  286. 
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If  there  is  a force -function  U we  have 


Z(X8x  + Y8y  + Z8z ) = SU, 


consequently  the  right-hand  member  of  1)  is 

8T  + 8U. 


The  left-hand  member  being  an  exact  derivative  we  may  inte- 
grate  with  respect  to  t,  between  any  two  instants  t0  and  tly 


«*+S«»+Ä 


U 

= Jä(T+U)dt  = 


If  the  positions  are  given  for  t0  and  tly  that  is  if  the  variations 
8xy  8y,  8z  vanish  for  t0  and  tly  then  the  integrated  parts  vanish,  and 


or 


'i 

d f(T+ü)dt  = 0, 


dt  = 0. 


This  is  known  as  Hamüton’s  Principle})  It  may  be  stated  by 
saying  that  if  the  configuration  of  the  System  is  given  at  two 
instants  t0  and  tly  then  the  value  of  the  time -integral  of  T + U is 
stationary  (that  is  less  or  greater)  for  the  paths  actually  described  in 
the  natnral  motion  than  in  any  other2)  infinitely  near  motion  having 
the  same  terminal  configarations. 

Gonsidering  the  signification  of  a definite  integral  as  a mean3 
we  may  state  equation  3)  in  words  as  follows:  The  time  mean  of 


1)  Hamilton.  On  a General  Meihod  in  Dynamics.  Phil.  Trans.  1834. 

2)  1t  is  nnderstood  that  both  the  natural  and  the  varied  paths  are  smoirfh 
curves,  that  is  without  sharp  comers. 

3)  The  arithmetical  mean  of  a number  of  quantities  is  defined  as  their 
sum  divided  by  their  number.  A definite  integral  is  defined  as  the  limit  of  a 
sum  of  a number  of  quantities  as  their  number  increases  indefinitely.  If  we 
divide  the  interval  ah  into  n parts  of  length  dg  and  if  we  denote  by  f the 
value  of  a function  f(sc)  when  x lies  at  some  point  within  the  interval  we 
define 


i 

/' 


f(x)dx 


a 
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the  difference  of  kinetic  and  potential  energies  is  a mimATHh  for  the 
actnal  path  between  given  configurations  as  compared  with  infinitely 
near  paths  which  migbt  be  described  (for  instance  ander  constraints) 
in  the  same  time  between  the  same  configurations;  or  more  freely: 
Nature  tends  to  equalize  the  mean  potential  and  kinetic  energies 
during  a motion. 

Hamilton’s  principle  is  broader  than  the  principle  of  energy, 
inasmnch  as  U may  contain  the  time  as  well  as  the  Coordinates.  It 
is  true  even  for  non  - conservative  Systems  (where  a force -function  U 
does  not  exist  or  where  U contains  the  time),  if  we  write  instead 
of  SU9 

2 (Xfi x -f-  Yöy  *4"  Z ö z). 

We  have  then 

4)  J {8T+  2{X8x  + Yäy  + ZSe)}dt  = 0. 

35.  Frinolple  of  Least  Action.  It  is  to  be  noted  that  in 
the  statement  of  Hamilton’s  principle  the  infinitely  near  motion  with 
which  the  actnal  motion  is  compared  is  perfectly  arbitrary  (except 
that  it  satisfies  the  equations  of  condition),  so  that  to  make  the 
System  actually  move  according  to  the  supposed  varied  motion  might 
require  work  to  be  done  upon  it  by  other  forces.  The  paths  described 
by  the  yarions  particles  are  not  necessarily  geometrically  different 


It  is  proved  in  the  integral  calculus  that  the  manner  of  subdivision  into  the 
intervals  &t  is  immaterial.  We  may  accordingly  put  them  all  equal  so  that 

Ö = - — — i then  dividing  by  (b  — a)  we  have 
‘ n 


u 

— — ff(x)dx  = lim  . 1 ^ — ° f = lim  — 

-aj  n=Kb-a^j  n • 


« = » 


that  is  the  definite  integral  of  a function  in  a given  interval  divided  by  the 
magnitude  of  the  interval  represents  the  limit  of  the  arithmetical  mean  of  all 
the  values  of  the  function  taken  at  equidistant  values  of  that  variable  throughout 
the  interval  when  the  number  of  values  taken  is  increased  indefinitely.  The 
specification  of  the  variable  with  respect  to  which  the  values  are  equally 
distributed  is  of  the  first  importance.  For  instance  suppose  that  we  change  to 
a new  variable  such  that  x = cp (y),  y — q>~1{x)  then 


yl1^) 


f r(«)  dx  =Jf(x)  tp'  (y)  dy. 


The  integral  may  now  be  interpreted  as  the  mean  of  the  function  f(x)<p'(y) 
multiplied  by  the  interval  through  which  y varies , for  equally  distributed  values 
of  y.  Thus  we  deal  above  with  time  means  and  space  means. 


7* 
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from  those  of  the  actual  motion,  but  if  not  they  are  traversed  witb 
different  velocities,  so  that  at  any  rate  the  Coordinates  of  the  various 
points  are  different  functions  of  the  time  in  the  varied  and  in  the 
actual  motion. 

In  case  the  System  is  conservative,  Hamilton’s  principle  is 
equivalent  to  another,  less  general,  but  historically  older.  In  this 
form  of  Statement  of  the  principle,  we  compare  two  inffnitely  near 
motions,  but  the  second  is  not  completely  arbitrary,  for  instead  of 
associating  together  pairs  of  points  x,  y,z,  x + Sx,  y + Sy,  z + dz, 
reached  at  the  same  instant  in  the  two  motions,  and  making  dx,  Sy,  Sz 
perfectly  arbitrary,  we  assume  that  the  Variation  takes  place  in 
accordance  with  the  equation  of  energy, 

5)  T + W = h, 

so  that  we  are  to  put 

SW ST. 


But  if  the  equation  of  energy  is  to  hold  on  the  varied  path  as  well 
as  on  the  unvaried,  the  kinetic  energy  of  the  System  in  any  con- 
figuration  is  determined,  and  thus  the  System  may  not  be  in  that 
configuration  at  any  time  we  please,  as  that  would  involve  arbitrary 
velocities,  and  there  is  a restriction  on  the  velocities  due  to  the 
determination  of  the  kinetic  energy  for  every  configuration  in  the 
motion.  We  will  therefore  give  up  the  assumption  that  pairs  of 
points  compared  are  reached  at  the  same  instant  of  time,  in  other 
words  we  shall  no  longer  assume  that  St  = 0.  No  matter  what  the 
independent  variable  may  be,  as  functions  of  which  we  may  express  t 
and  all  the  Coordinates,  so  as  to  compare  the  motions  point  by  point, 
we  may  use  the  principles  explained  in  parenthesis  on  p.  80,  which 
will  cause  a certain  modification  of  our  result.  If  St  is  not  zero, 
we  can  no  longer  put  in  the  preceding  demonstration, 


ddx *dx 

~dt  ~ °~di’ 


but  must  write,  as  explained  on  p.  80, 


ddx 

dt 


+ 


dx  ddt 
dt  dt  9 


ddy  . dy  ddt 

dt  dt  'dt  dt  } 


ddz 

dt 


= + 
dt  ~ 


dz  ddt 
dt  dt 


We  have  thus  to  add  to  the  right -hand  member  of  equation  1), 
the  term 


ddt 

dt 


» 


« • 

• « 
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so  that  instead  of  2)  we  have 

«>  [2’{”,(af,a’+3?»i'+  S*')}];- /(*r+w+si^)* 

Although  the  times  of  arriving  at  corresponding  configarations  are 
not  the  same,  so  that  t0  and  ^ are  not  the  same  as  before,  the 
terminal  positions  are  still  given,  so  that  the  integrated  parts  still 
vanish.  Now  introducing  onr  new  assumption,  of  Variation  according 
to  the  eqnation  of  energy,  we  obtain 


SU  = — SW  = dT, 


7) 

that  is, 

8) 


The  integral  A =j* 2Tdt , which  is  twice  the  mean  kinetic 


energy  for  equal  intervals  of  time  multiplied  by  the  time  occnpied 
in  the  motion,  is  called  the  Action . 

Accordingly  the  principle  stated  in  eqnation  8)  is  known  as  the 
Principle  of  Least  Action. 

The  de&iition  of  action  is  usnally  given  otherwise,  for  since 


which  ezhibits  the  action  as  a snm  of  line  integrals  of  the  momentum 
of  the  particles.  We  may  thus  define  the  action  as  the  sum  for  all 
the  particles  of  the  mean  momentnm  for  equal  distances  multiplied 
by  the  distance  traversed  by  each  particle. 

In  the  enumeration  of  the  conditions  there  is  now  a difference 
— the  initial  and  final  configurations  of  the  System  (positions  of  all 
the  points)  are  given  as  before,  but  instead  of  prescribing  the  dura- 
tion  of  the  motion,  tx  — t0,  we  prescribe  the  initial  energy  h.  Thus 
in  the  Variation  of  the  paths  the  energy  is  supposed  to  be  unchanged. 
In  forming  the  integral  t is  supposed  toj  be  eliminated  and  all  the 
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velocities  to  be  expressed  in  terms  of  the  Coordinates  alone.  To 
effect  this  we  make  nse  of  the  equation  of  energy, 


from  which 

10) 

“ä 

11) 

A =J  T/2(Ä-Tlr)27fmrds* 

In  Order  to  fix  the  ideas  we  may  explicitiy  introdnce  a new 
independent  variable  in  the  integral,  supposing  the  equations  of 
motion  to  have  been  integrated  and  all  the  Coordinates  to  be  expressed 
as  fonctions  of  a single  parameter  q,  which  for  example  may  be  one 
of  the  Coordinates.  That  is  for  each  valne  that  is  assigned  to  the 
parameter  q we  snppose  the  position  of  every  point  in  the  System 
completely  known. 


Writing  now  dsr  = 


dq  the  integral  is 


9i  

12)  A-jynh-W)^mr(^fdq. 

Qo 

The  proper  Statement  of  the  principle  of  least  action  then  is  that 
the  Variation  of  this  integral  vanishes,  given  the  initial  and  final 
configurations  and  the.  total  constant  energy.  We  have  now  com- 
pletely get  rid  of  the  variable  t,  and  are  not  embarassed  by  the 
qnestion  whether  its  Variation  is  zero  or  not. 

As  the  simplest  possible  example  consider  the  case  of  a single 
free  particle  acted  on  by  no  forces,  then  W = 0 and  the  action  is 


and  the  action  is  proportional  to  the  distance  traversed. 

If  this  is  a minimum  the  path  will  be  a straight  line,  the 
principle  of  least  action  accords  with  Newton’s  first  law. 

Snppose  that  the  particle  instead  of  being  free  is  constrained  to 
lie  on  a given  surface.  The  path  described  must  then  be  an  arc  of 
a shortest  or  geodesic  line  of  the  surface.  The  calculus  öf  variations 
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enables  us  to  find  the  differential  equations  of  such  a line.  Suppose 
the  surface  is  a sphere,  then  if  the  particle  is  started  from  a 
point  P (Fig.  24)  with  a given  velocity  v 
in  any  direction,  it  may  be  made  to  arrive 
at  Q by  the  introduction  of  certain  con- 
straints,  for  instance,  suppose  it  obliged 
to  move  on  a plane  passing  through  P 
and  Q.  The  principle  of  least  action  says 
that  in  the  natural  or  unconstrained  motion 
it  will  go  from  P to  Q along  the  shortest 
path,  that  is,  an  arc  of  a great  circle. 

Of  all  possible  paths  there  are  two  natural 
ones  by  which  the  particle  travels  from 
P to  Q along  a great  circle,  but  leaving  P Fig.  si. 

in  opposite  directions.  It  is  only  for  tbe 

shorter  of  the  two  paths  that  the  action  is  a minimum.  This  is  an 
example  of  a frequent  occurrence  in  the  calculus  of  variations, 
namely,  that  an  integral  possesses  the  minimum  or  maximum  property 
only  when  its  limits  are  sufficiently  close  together. 

We  will  illustrate  this  by  a less  simple  example.  Consider  the 
problem  of  shooting  at  a target,  or  the  ideal  case  of  a single  particle 
acted  on  only  by  gravity,  which  has  been  treated  in  § 18. 

Suppose  the  particle  projected  from  the  point  xQ,  z0  with  the 
velocity  vQ,  so  as  to  reach  the  point  xly  If  t be  the  time  of 
flight,  we  have  by  § 18,  3) 


*i-*o+y 


s 


t 


) 


from  which 


V = Vx*  + V*  = 


- *»)’  + (*i 


or  otherwise 


13)  \ +Ü  («1  - *0)  - VI  + Oi  - *o)S  + Oi  - *0)*  = °> 


a quadratic  in  t%  to  determine  the  time  of  transit  in  terms  of  the 
given  constants  xQ,  xl7  z0,  z17  v0.  Introducing  the  following  letters  for 
the  ränge,  its  horizontal  and  vertical  projections, 

r — Y(*i  - «o)s  + 0i  - *oT>  l = *i~  %o,  h = Zi-z<» 

and  solving  the  quadratic, 

14)  = { V -gh±  Yw  - 9h?  - A*} • 

If  the  radical  is  real  — which  will  be  the  case  if  the  initial 
velocity  is  great  enough  — since  the  absolute  value  of  the  term 
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outside  the  radical  is  greater  than  that  ander  it,  both  values  of  t* 
will  be  positive,  even  if  the  lower  sign  is  used,  therefore  there  will 
be  two  real  possible  positive  values  of  t. 

To  determine  u,  the  angle  of  elevation,  we  have 


Vx  = v0  cos  a, 


Vt  = i>0  sin  u,  tan  a = 


V± 

Vx 


»+T"’ 


and  inserting  the  two  values  of  t we  get  two  possible  elevations. 
Thus  we  find  that  the  aim  is  completely  determined  (though  not 
uniquely  in  this  case)  by  the  terminal  positions  and  the  velocity  of 
projection. 

For  the  action  we  obtain 

16)  A = J'2Tdt  = m J* v0*  + 2g  Oo  — «)}  dt 

= mj' v0*  + g*t?  — 2gV,t)dt 

= »n|v<  + yjr*<3  -gV.t'Y 

Using  the  values  of  V,  and  t found  above  we  obtain  two  values  of 
the  action  different  for  the  two  paths.  Thus  there  are  two  possible 
natural  paths,  differing  from  each  other  by  finite  distancee,  for  only 
one  of  which  is  the  action  least.  Both  however  have  the  property 
that  between  two  points  sufficiently  near  together  the  action  is  less 
than  for  any  infinitely  near  path. 

In  case  the  radical  in  14)  vanishes,  that  is 
16)  { V - 9 0i  - *o)  }*-</*{  Oi  - «»)*  + Oi  - *o)*l  = 0, 

or  g*  (xx  — xoy  + 2 gv0*  Oi  — *0)  ~ V = 

the  two  roots  t-  are 
equal  and  there  is 
only  one  course. 
The  terminal  point 
x1,  zx  then  lies  on 
a parabola  whose 
vertex  is  vertically 
above  the  point  of 
projection  (Fig.25). 
It  is  easy  to  see 
that  this  parabola  is 
the  envelope  of  all 
possible  paths  in  this  vertical  plane  starting  from  the  same  initial 
point  x0,  z0  with  the  same  velocity  r0.  For  it  is  the  locus  of  the 
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intersection  of  courses  whose  angles  of  elevation  a differ  infinitely 
little.  If  the  second  point  xu  yx  lie  without  this  envelope  it  cannot 
be  reached  nnder  the  given  conditions.  If  upon  it  it  can  be  reached 
by  one  path,  and  if  within  it  by  two  paths.  In  that  case  the  course. 
that  reaches  xlf  yx  before  tonching  the  envelope  has  the  less  action. 
A point  at  which  two  infinitely  near  conrses  from  a given  point 
with  equal  energy  intersect  is  called  a kinetic  focus  of  the  starting 
point;  and  if  on  any  course  the  terminal  configuration  is  reached 
before  the  kinetic  focus  on  that  course,  the  action  will  be  a minim  um. 
If  the  kinetic  focus  is  first  reached  it  will  not. 

Thus  in  the  problem  of  motion  on  a sphere  nnder  no  forces, 
the  point  diametrically  opposite  the  initial  point  is  a kinetic  focus. 
Evidently  a particle  may  reach  the  kinetic  focus  starting  in  any 
direction  from  the  original  point,  for  all  great  circles  through  a 
point  intersect  in  its  opposite  point.  The  envelope  of  all  the  great 
circles  or  courses  from  a point  in  this  casqji  reduces  to  a point,  which 
is  the  kinetic  focus. 

For  the  treatment  of  the  difficult  subject  of  kinetic  foci,  which 
belongs  to  the  calculus  of  variations,  the  reader  is  referred  to 
Thomson  and  Tait,  Principles  of  Natural  Phüosophy , § 358,  and 
Poincare,  Les  Methodes  Nouvetles  de  la  Mecanique  Celeste,  Tome  HI, 
p.  261,  also  to  Kneser,  Lehrbuch  der  Variationsrechnung . 

From  the  principle  of  least  action  we  may  deduce  the  equations 
of  motion.  Of  course  the  principle  was  itself  derived  from  these 
equations,  therefore,  as  is  always  the  case,  we  obtain  by  mathematical 
transformations  no  new  facts.  It  is  however  instructive  to  see  how 
by  assnming  the  principle  of  least  action  as  a general  principle  we 
may  obtain  the  equations  from  it. 

Let  us  put  in  equation  12) 


= dofi  + dyf-  + dzl, 

dx,  dy,  . dz, 

= x'  - = 4/'  - = z 

dq  Xr>  dq  Vr>  dq  Zr> 

giving 

j 

ft 

17)  Sj 

9o 

If  we  put 

f Y2(h-W)  {. 2rmr(x'r * + y’r*  + 4*)}  -dq  = 0. 

2 Qi  — W)  = M, 

18) 

2rmr  {x’r*  + y;*  + #;*)  = N,  Ymn  = P, 

since  P involves  all  the  Coordinates  and  velocities  xnyr,  zr)  y'n  zn 
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+ w**r 


So 


So 


Now  the  term 


+ 9X'  + Wr  6 V'r  + M 6Z'r)di  = 0- 


fop 

J 


io 


1 , rdP  dSx 


may  be  integrated  by  parts,  giving 

Si  Sj 


dP 

dxl 


ß 


So  So 


The  terms  in  öyr  and  öz[  are  to  be  treated  in  like  manner.  Since 
the  variations  of  the  Coordinates  vanish  at  the  limits  the  integrated 
terms  disappear,  leaving 


/: 


So 


Now  in  virtue  of  18)  since  N does  not  contain  the  Coordinates 

dP  l -i  / N dM  __  -i  fi 

“ 2 V M dx„  V 1 


dx^ 


dW 
M dx_ 


cP 

dx' 


Also  since  M does  not  contain  xfr, 

1 -i/M  dN  -\/M 

5 2 V N dx'~V  N mrXr> 

r r 

and  consequently 

cP  _ d /0P\  i/Ar  ÖW  _ d ( -i  /äfdx, 

dxr  d<i  V M cxr  dq  \ r V N dq 

The  equation  of  energy, 

^ { (^r) + (1>r)’+  ( ^ - w"). 

givos 

2 3«»r  (*;*  + 2/; 2 + 42)  (**)  - 2 (h  — TT), 

or  according  to  18); 


r*»i 


dq=Y\ 


M 

N 


dt. 


from  which  we  get 
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Inserting  tfais  value  of  dq  gives 


(dP 

dxr  dq 


»X  i/N  dW  d ( äxr\ 

'J~  V M dxr  dq  \Wr  dt) 

■j/W  ( dW  , d**r\ 

~ V M\dxr  + mr  dt*  )' 


Accordingly  we  have 


20)  fVSSifä 


+ m, 


d*x 


» W_\ 

~dtr)  $Xr 


?o 


2o 


+ HVr  + **  + (5  J + SAd<l  = °‘ 

In  Order  that  this  may  vanish  for  arbitrary  variations,  dxr,  dyn  Szn 
the  coefficient  of  each  Variation  must  vanish,  so  that  we  must  have 


d%x 

dW 

d*xr 

dW 

X,., 

m*  dt*  + 

Id 

o 

o 

II 

w-  dt*  " 

dxr 

21) 

d*yr 

dW 

d*yr 

dw 

dt*  + 

?! 

II 

o 

N# 

nir  ~dt * = ~~ 

II 

c^> 

Yr, 

d*e 

dW 

d*zr 

dW 

mr  dt * + 

TT  “ 

r 

tttr~dti  =~ 

~%zr  ~~ 

Zr, 

which 

are  the  ordinary  equations 

of  motion  for 

a free 

i system. 

The  variations  öxr,  Öyr,  Szr  are  arbitrary  only  if  all  the  particles 
are  free.  If  there  are  constraints  the  variations  must  be  compatible 
with  the  equations  of  condition, 

<Pi=°, 

<Pt  = 0,. 


• • • • 

that  iS  we  must  have  the  k linear  relations  between  the  d’s,  Ghapter  III 
equations  14).  We  may  then  as  in  § 25  multiply  the  equations 
between  the  d}8  by  undetermined  factors  X19  . . . Xk  and  add  them 

to  the  integrand.  We  shall  then  have 


We  may  now  determine  the  k factors  X17  X2,  . . . Xk9  so  that  k of 
the  factors  multiplying  the  variations  vanish  identically.  Then  the 
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coefficients  of  the  remaining  3 n — k arbitrary  variations  being  put 
equal  to  zero  with  tbese  k give  tbe  differential  eqti&tions 


ntr 


23) 


d*xr 
dt * 

d’yr 


dvi 


d<p. 


— Xr+1.!  H (-  h 


dx. 


dvi 

dx. 


d*z 

7 

mr  dt * 


dvi 


dy, 

d<Pt 


= Zr  + ^ ~dz ‘ + **  ä«‘  H •"  *, 


, i d<pt 

+ Xkdyr * 

d<Vt 


dz. 


dz. 


From  the  3 n equations  23)  we  may  eliminate  the  k multipliers 
1%, . . . and  obtain  3 n — k equations  of  motion,  which  is  the 
number  of  degrees  of  freedom  of  the  System. 

The  equations  23)  are  known  as  Lagrange’s  differential  equations 
in  the  first  form.  They  can  evidently  be  deduced  from  equations  16) 
of  Chapter  III  by  d’Alembert’s  principle,  replacing  Xr  by 


d*xr 

Xr  — mr  dt%  , 


etc. 


30.  Ctoneralised  Coordinates.  Lagrange’s  Equations.  In 

many  investigations  in  dynamics  where  constraints  are  introduced, 
instead  of  denoting  the  positions  of  particles  by  rectangular  Coordinates 
(not  all  of  which  are  independent)  it  is  advantageous  to  specify  the 
positions  by  means  of  certain  parameters  whose  number  is  just  equal 
to  the  number  of  degrees  of  freedom  of  the  System,  so  that  they 
are  all  independent  variables.  For  instance  if  a particle  is  constrained 
to  move  on  the  surface  of  a sphere  of  radius  l,  we  may  specify  its 
Position  by  giving  its  longitude  cp  and  colatitude  fr,  as  in  § 23. 
These  are  two  independent  variables. 

The  potential  energy  depending  only  on  position  will  be  expressed 
in  terms  of  cp  and  fr.  The  kinetic  energy  will  depend  upon  the 
expression  for  the  length  of  the  arc  of  the  path  in  terms  of  cp  and  fr. 
Now  we  have,  if  l be  the  radius  of  the  sphere, 

( Is 2 = i*(rffr*  + sin2fr<Z<p2). 

= ft’  we  have 

24)  T — + sin*  & tpr »). 

The  parameters  fr  and  cp  are  Coordinates  of  the  point,  since  when 
they  are  known  the  position  of  the  point  is  fully  specified.  Their 
time -derivatives  fr',  cp'  being  time-rates  of  change  of  Coordinates  may 
be  termed  velocities,  and  when  they  together  with  fr  and  cp  are 
known,  the  velocity  of  the  particle  may  be  calculated.  The  kinetic 


Dividing  by  di*  and  writing 
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energy  in  this  case  involves  boih  the  Coordinates  fr  and  jp  and  the 
velocities  fr1  and  <pr.  Inasmnch  as'  the  particle  in  any  given  position 
may  have  any  giyen  velocity,  the  yariables  fr,  <p,  fr',  <p*  are  to  be 
considered  in  this  sense  as  independent,  although  in  any  given 
actual  motion  they  will  all  be  functions  of  a single  yariable  t. 

The  form  of  the  fonction  T is  worthy  of  attention.  It  is  a 
homogeneous  qnadratic  function  of  the  yelocities  fr'  and  y>,  the 
coefficients  of  their  squares  being  functions  of  the  Coordinates  fr,  (p, 
the  product  term  in  fr1  being  absent  in  this  case.  We  may  prove 
that  if  a point  moves  on  any  snrface  the  kinetic  energy  is  always 
of  this  form. 

In  the  geometry  of  snrfaces  it  is  conyenient  to  express  the 
Coordinates  of  a point  in  terms  of  two  parameters  qx  and  Suppose 

y = z = üb), 


from  these  three  eqnations  we  can  eliminate  the  two  parameters  qt,  q%, 
obtaining  a single  equation  between  x,  y,  z,  the  equation  of  the 
snrface.  The  parameters  q1  and  q%  may  be  called  the  Coordinates  of 
a point  on  the  snrface,  for  when  they  are  giyen  its  position  is 
known.  If  qx  is  constant  and  qa  is  allowed  to  yary,  the  point  x,  y,  z 
describes  a certain  cnrve  on  the  snrface.  This  cnrve  changes  as  we 
change  the  constant  yalne  qx.  In  like  manner  pntting  q%  constant 
we  obtain  a family  of  cnrves.  The  two  families  of  curves, 


qx  = const,  q%  = const, 

may  be  called  parametric  or  coordinate  lines  on  the  snrface,  any 
point  being  determined  by  the  intersection  of  two  lines,  for  one  of 
which  qx  has  a given  valne,  for  the  ofcher,  g2. 

We  may  obtain  the  length  of  the  infinitesimal  arc  of  any  cnrve 
in  terms  of  qx  and  q9.  We  have 


?2i 


25) 


dz=^dq1  + J£-dqi. 


dqt  “ai  ' dqt 

Sqoaring  and  adding, 

26)  ds*  = dx * + dy 8 + dz*  = Edq * + 2Fdqtdqt  + Gdqt *, 

*■ =©'+©’+©■ 

■p_  dx_  dy^  dy^  , dz_  dz 

~~  d*i  dqt  dqx  dqt  ~1'  dqt  3q,' 

« - ©’+  ©’+  ©’ 


27) 
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Thus  the  square  of  the  length  of  any  infinitesimal  arc  is  a homo- 
geneous  quadratic  fonction  of  the  differentiale  of  the  Coordinates  qt 

and  q%J  the  coefficients  E,  F>  G 
being  functions  of  the  Co- 
ordinates q1}  q2  themselves. 
If  the  curve  is  one  of  the 
lines  qx  — const,  we  have, 
since  dqx  = 0, 

ds2 2 = Gdq2*y 

if  it  is  one  of  the  curves 
q2  = const,  we  have 

ds t2  = Edqx. 

Gonsidering  any  arc  ds  as  the  diagonal  of  an  infinitesimal 
parallelogram  with  sides  dsx  and  ds2  including  an  angle  fr  (Fig.  26), 
we  have  by  trigonometry, 

ds 2 — dsx2  + 2 dsx  ds 8 cos  fr  + dsa2. 


Fig.  86. 


Making  nse  of  the  above  values  of  dst  and  ds2  and  comparing  with 
the  expression  26),  we  find 

F 

COS  • 

Veg 

If  the  coordinate  lines  cut  each  other  everywhere  at  right  angles  we 
8hall  have  cos  fr  = 0,  F = 0,  so  that 


28)  ds2  = Edq2  + Gdq2. 

The  Coordinates  qt,  q2  are  then  said  to  be  orthogonal  curvilinear 
Coordinates.  In  the  example  above1)  fr  and  qp  are  orthogonal,  the 
lines  of  constant,  -fr  and  qp  being  parallele  and  meridians  intersecting 
at  right  angles  and  the  prodnct  term  in  dfrdfp  therefore  disappearing. 

Employing  the  expression  26)  for  the  length  of  the  arc,  dividing 
by  dt 2 and  writing 


1)  We  have  the  equations  of  change  of  Coordinates, 

x = l sin  0*  cos  (p , 
y = l sin  fr  sin  qp , 
z — l cos  0-, 


from  which 


= Zcostfcosqp, 


dx 
dfr 

~ = — l sin  fr  sin  qp , = l sin  fr  cos  qp , 

d<p  o<p 

E=l\ 


= l cos  fr  sin  cp , = — l sin  fr, 

dy i <4  q 

d~cp  1 

F = 0,  G = l*Bin*fr. 
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dQi  r dQ*  r 

dt  “ dt  ■“ 
we  find  for  the  kinetic  energy, 

29)  T=\m  (Eq[*  + 2Fq[q'i  + Gq^). 

This  iß  a typical  example  of  the  employment  of  the  generalized 
Coordinates  introduced  by  Lagrange,  qx  and  q2  being  the  Coordinates, 
q[}  q2  the  yelocities  corresponding,  and  T being  a homogeneous 
quadratic  fonction  or  quadratic  form  in  the  yelocities  q[,  q'%1  the 
coefficients  of  the  sqnares  and  prodncts  of  the  yelocities  being 
fnnctions  of  the  Coordinates  alone.  We  shall  show  that  this  is  a 
characteristic  property  of  the  kinetic  energy  for  anv  System  depending 
npon  any  nnmber  of  yariables. 

In  the  case  of  a single  free  particle  we  may  express  the  Coor- 
dinates xyy,z,  in  terms  of  three  parameters  qlf  q2,  qs,  and  we  shall 
then  have  as  in  25)  and  26) 


where 

31) 


ds*  = Endql 2 + E22dq2%  + E^dq22  + 2El2dqldq2 

+ 2 E29dq2dq$  + 2 E31dqQdqly 

-p  __  djc  dx  cy^  dy  , dz_  dz_^ 

” dqr  dqt  + dqr  dqt  "+"  dqr  dqf 


Thus  the  kinetic  energy  has  the  same  property  as  before. 

Proceeding  now  to  the  general  case  of  any  number  of  particles, 
whether  constrained  or  not,  let  ns  express  all  the  Coordinates  as 
fnnctions  of  m independent  parameters,  qu  q2J . . . qm}  the  generalized 
Coordinates  of  the  System, 

xr  = xr  (jfa , q2y  . • • qm)  y 

Ur  — jfr  (Sti  y ffg;  • • • Qm)y 
% r ==  ^ri^t\y  0*7  ••  • (?m)* 

Differentiating  we  haye 


dx  dx  dx 

dxr  = + 8~dqt  + • • • + ~dqm, 


32) 


dy,.  dy~ 


8 2m 

dyr 


der 


dzr  czr  dzr 

Hidq'  + dq,dq*+-'+Hdq 


m 


m 


The  derivatives 


cxr 

H! 


are  all  fnnctions  of  all  the  q’s.  Sqnaring 


and  adding  we  obtäin 
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where 

34) 


dsl  = E^dq\  + E%dq\  +■■■  + E^ldql 
+ 2 E^dqldq%  + 2E<ßdqldqt  -| , 

(r)_  dxr  dxr  dyr  dyr  dtr  dsr 
“ ~ dq,  dqt  + dq,  Zq,  + Zq,  Zq,' 


Thus  the  square  of  each  infinitesimal  arc  is  a quadratic  form  in  the 
differentiale  of  all  the  Coordinates  q.  Diyiding  by  dt2,  denoting  the 

time  derivatives  by  accents  as  before,  multiplying  by  * mr,  and 

taking  the  sum  for  all  the  particles,  we  obtain 


where 

36) 


+ + QuiWz  h — 


r =1 


• ) 


Qr.  = P^jmpE{r?. 


(In  the  double  sum  the  factor  --  is  introduced  because  there  occur 

both  a term  in  Qrt  and  one  in  Qtr , both  being  equal.)  Thus  the 
kinetic  energy  possesses  the  characteristic  property  mentioned  above 
of  being  a quadratic  form  in  the  generalized  vdocities  qr,  the 
coefficients  Qr»  being  functions  of  only  the  generalized  Coordinates  q. 
They  must  satisfy  the  conditions  necessary,  in  Order  that  for  all 
assignable  values  of  the  qn s T shall  be  positive . Of  the  form  of 
these  functions  no  general  statement  can  be  made.  They  are  linear 
functions  of  the  masses  of  the  particles  of  the  System  and  depend 
upon  the  choice  of  the  parameters  q used  to  denote  the  configuration. 
We  may  call  them  coefficients  of  inertia.  It  is  evident  from  36)  that 
every  is  positive,  for  is  a sum  of  squares.  K no  product 
terms  occur  we  may  by  analogy  with  28)  call  the  Coordinates 
orthogonal. 

It  is  sometimes  convenient  to  employ  the  language  of  multi- 
dimensional geometry.  This  signifies  nothing  more  than  that  when 
we  speak  of  a point  as  being  in  m dimensional  space  we  mean  that 
it  requires  m parameters  to  determine  its  position.  Inasmuch  as  in 
motion  along  a curve,  that  is  in  a space  of  one  dimension  we  have 
for  the  length  of  arc 

- Q V, 

on  a surface,  that  is  in  a space  of  two  dimensions, 
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ds 2 = Edq*  + 2Fdqtdqi  + Gdq^, 
in  space  of  three  dimensions, 


r=8  *=8 

ds*  ==  ^pEr9dqrdq§, 

r=l  *=1 

so  by  analogy,  in  space  of  m dimensions, 


r=  w» 

37)  ds * — Y y'E^dqrdq,. 

r=l  «=1 

That  is  ,to  say  a quadratic  form  in  m differentials  may  be  interpreted 
as  the  square  of  an  arc  in  m dimensional  space.  Thus  we  may 
assimilate  our  System  depending  upon  m Coordinates  to  a single  point 
moving  in  space  of  m dimensions,  characterized  by  tbe  expression 
for  the  element  of  arc, 

r=  m t—m 

äs * = 2 Qr.dqrdq,. 

r=l  ä= 1 


To  each  possible  position  of  this  point  corresponds  a possible  con- 
fignration  of  onr  System.  No  matter  what  be  taken  as  the  mass  of 

the  point,  M,  its  kinetic  energy,  M (^j  ? is  equal  to  the  kinetic 


energy  of  our  System,  the  coefficients  in  the  quadratic  form  for  ds 2 
and  T being  proportional.1)  The  advantage  of  this  mode  of  speaking 
(for  it  is  no  more)  may  easily  be  seen  from  the  many  analogies 
that  arise,  connecting  the  dynamical  theory  of  least  action  with  the 
purely  geometrical  theory  of  geodesic  lines.  This  method  is  adopted 
by  Hertz  in  his  Prinzipien  der  Mechanik  and  is  worked  out  in  a 
most  interesting  manner  by  Darboux  in  his  Theorie  des  Surfaces, 
Tom.  H.  The  ideas  involved  were  first  set  forth  by  Beltrami.2) 


1)  Since  by  the  nature  of  the  above  transformation,  we  have 

r=  n 

d8'  - w2mrdsn 

r= 1 

if  as  in  § 32  we  consider  each  mass  mr  to  be  the  sum  of  mr  unit  mass  -points,  and 

r—  n 

M =Ymr, 

r=l 

then  ds  is  the  quadratic  mean,  or  square  root  of  the  mean  square  of  the  dis- 
placements  of  all  the  particles. 

2)  Beltrami , Sulla  teorica  generale  dei  parametri  differenziali  (Memorie 
della  Accademia  delle  Scienze  dell1  Istituto  di  Bologna , Serie  2 Y t.  VIII, 
p.  549;  1869. 

WEBSTER,  Dynamies. 


8 


114  IV.  PRINCIPLE  OP  LEAST  ACTION.  GENERALIZED  EQUAT.  OF  MOTION 


In  yirtue  of  the  homogeneity  of  T as  a function  of  the  qnB,  we 
have  by  Euler’s  theorem  for  homogeneous  functions, 


a property  of  which  frequent  use  will  be  made. 

The  potential  energy,  if  the  System  is  conservative , on  the  other 
hand,  depends  only  on  the  configuration  of  the  System,  that  is  on 
the  Coordinates  q,  the  qn s not  appearing.  For  instance  in  the 
problem  of  § 23, 

W = — mgz  = — mgr  cos 


Whether  the  System  is  conservative  or  not  the  element  of  work 


r=n 


39)  dA  = Xrdxr  + Yrdyr  + Zrdzr ) 

r = 1 


r=n  *=m 


=2  2{x'd£<l* + 

is  a homogeneous  linear  function  in  the  dq* s which  we  will  write 

40)  dA  = P1dql  4-  P%dq^  H h Pmdqm. 

By  analogy  with  rectangular  Coordinates  we  shall  call  Pr  the 
generalized  force- component  corresponding  to  the  coordinate  qr  and 
velocity  q'r. 

If  the  System  is  conservative,  ’since 

dW 


41) 

and  in  any  caee 

42) 


dW=-dA,  Pr  = - 


Ö9r 


r — n 


dx. 


r=  1 


We  may  now  make  use  of  Hamilton’s  Principle  to  deduce  the 
equations  of  motion  in  terms  of  the  generalized  Coordinates  q. 

Performing  the  Operation  of  Variation  upon  the  integral  occurnng 
in  Hamilton’s  Principle,  both  the  q’s  and  qn s being  varied,  we  obtain 

ti 


43) 


/Br; 


-W)x  . d{T-W)x  ,i 

*2.+  V9;  ^2.) 


dt  = 0, 


and  since 


dqM  d 
d(i-  = d dt 


36,  37] 
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we  may  integrate  the  second  term  by  parts.  Since  the  initial  and 
final  confignration  of  the  System  is  supposed  given,  the  dq’ s vanish 
at  t = t0  and  £ = so  that  the  integrated  part  yanishes,  and 


<1 

dt 


dt  = 0. 


Now  if  all  the  dq1»  are  arbitrary,  the  integral  yanishes  only  if 
the  coefficient  of  every  dqM  is  equal  to  zero.  Therefore  we  mnst  haye 


45) 


d(T-TF)  _ £/d(T-W) 


)-0, 


dq9  dt  \ dq\ 
or  if  we  write  L for  the  Lagrangian  function  T — Wy 


d ft)L\ 

dtxdql)  ~~  dqa 


4 


cW 


Sincö  the  potential  energy  depends  only  on  the  Coordinates, 
= 0,  and  we  may  write  the  equation  45) 


d_  (dT\  dT  ^ dW 

dt\dq'J  dqa~~  dq9  “ 


There  are  m of  these  equations,  one  for  each  q.  These  are  Lagrange’s 
eqmtions  of  motion  in  generalized  Coordinates,  generally  referred  to 
by  German  writers  as  Lagrange’s  equations  in  the  second  form. 
Their  discovery  constitutes  one  of  the  principal  improvements  in 
dynamical  methods  and  we  shall  refer  to  them  simply  as  Lagrange’s 
equations.1) 

If  the  System  is  not  conservatiye,  by  § 34,  4)  we  must  write 


h h 

J(dT+  dÄ)dt= J (ST 


ft» 


+ 2sPsä<l»)dt  = 0 


from  which  we  easily  obtain  47),  except  that  Pt  is  not  now  deriyed 
from  an  energy  function. 


37.  Iiagrange’B  EquatlonB  by  direct  Transformation. 
Varloos  Beactlons.  On  account  of  the  yery  great  importance  of 
Lagrange’s  equations,  it  is  adyantageous  to  consider  them  carefully, 
from  as  many  points  of  yiew  as  possible.  The  deduction  from 
Hamilton’s  principle  is  one  of  the  simplest,  but  does  not  perhaps 
appeal  as  strongly  to  our  physical  sense  as  is  desirable.  Of  course 
as  Hamilton’s  principle  is  completely  equivalent  to  d’Alembert’s,  and 
that  to  the  equations  of  motion  of  Newton,  we  might  have  derived 

1 Lagrange,  Mecanique  Analytique , Tom.  I,  p.  334. 
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the  equations  from  either.  This  we  will  now  do.  It  is  important 
every  time  that  a new  qnantity  appears  in  dynamics,  to  have  a clear 
conception  of  its  physical  nature.  We  should  make  free  use  of  all 
analogies  that  our  Science  may  offer  us,  and  here  geometry  aids  us 
readily.  The  notion  of  the  geometric  product  and  the  terminologr 
of  multidimensional  geometry  here  fumish  ns  valnable  aid.  The 
geometric  product  of  two  vectors  in  three  dimensional  space,  defined 
by  their  components  Xy  Yy  Z,  X'y  Y\  Z'y 

XX ' + YT  + ZZ'y 


is  a scalar  quantity,  symmetrical  with  respect  to  both  vectors,  Buch 
that  the  geometric  product  of  the  resnltants  of  two  sets  of  com- 
ponents is  the  arithmetical  snm  of  the  prodncts  of  all  the  pairs  of 
corresponding  components.  If  one  of  the  vectors  is  an  infinitesimal 
displacement  dx,  dy,  dz , the  geometric  product  is 

Xdx  + Ydy  + Zdz, 

and  the  multiplier  of  the  change  dx  is  called  the  component  of  the 
vector  in  the  direction  of  the  coordinate  x.  In  like  manner 
let  us  speak  of  a quantity  defined  by  components  Ply  Piy . . . Pm  as 
a vector  in  m-  dimensional  space.  The  geometric  product  of  two 
such,  of  which  the  second  is  an  infinitesimal  displacement  compatible 
with  the  constraints,  and  defined  by  the  quantities  dqly  dq$, . . . dqaT 
may  be,  by  analogy,  defined  as 


P1dql  + P2dq2  H b Pmdqm 


If  now  the  vector  Ply . . . Pm  is  equivalent  to  the  System  of  vectors 
Xry  Yry  Zn  we  have  equations  39),  40),  42),  and  the  latter, 


dy„ 


serves  to  define  the  component  of  the  vector -System  with  reference 
to  the  coordinate  qa.  Thus  we  have  spoken  of  P,  as  the  force- 
component  of  the  System  for  the  coordinate  qa.  It  is  to  be  observed 
that  we  do  not  insist  here  on  the  idea  of  direction,  and  that  onr 
terminology  is  merely  a convenient  mode  of  speaking.  Nevertheless, 
the  notion  of  work  gives  a means  of  realizing  by  the  senses  the 
meaning  of  our  term  component,  for,  if  we  move  the  System  in  such 
a way  that  all  the  q’ s except  one  qa  are  unchanged  the  work  done 
in  a change  of  the  coordinate  dqa  will  be  Padqa}) 

Let  us  now  find  the  component  of  our  velocity-  System  according 
to  our  generalized  Coordinates.  We  have,  according  to  our  equation 


1)  For  a further  elucidation  of  the  nature  of  the  geometric  product,  in 
connection  with  multidimensional  geometry,  see  Note  III. 


GENERALIZED  YECTOR  - COMPONENT. 
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of  definition  42),  for  the  component  of  the  velocity  of  the  rth  particle 
accordimr  to  q„ 

,dxr  ,dyr  ,dzr 
49^  Xr  dq,  + yrJq,  + Zr  Jq,' 

Xow  we  have  by  32),  diyiding  by  dt, 


dx. 


dx. 


i . cx  ~ —r  . 

Xr  = + Ht 9*  + ‘ ' ‘ + 


50) 


Syr  _ , , 3yr  , , , 2yr  , 


yr  = — qx  + 

oq.i 


dq* 


+ h 


dq 


Qm  j 


m 


, dz  , dz  dz 

Zr  = dqi^  + wqt^  + ---+wJm 


dx. 


The  derivatives  contain  only  tbe  Coordinates  q , not  the  velocities  (£, 
which  we  see  enter  linearly,  accordingly 


51) 


CX 


dx. 


r\  f 

f v—r  cyr 


dyr  dz'r  dzr 


dq't  dq,  dq,  dq,  dq',  dq, 

Making  use  of  this  relation,  the  expression  49)  becomes 

x’^  + — + z'—-r  — 1 * (x'*  + f + z'*) 

Xrdq\  + Jrdqf,  ^ rdq\~  2 d q\ \ + Vr  + r '* 

Thns  we  find  that  the  component  of  the  velocity  of  any  particle 
according  to  the  coordinate  q9  is  equal  to  one-half  the  rate  of  change 
of  the  square  of  its  velocity  as  we  change  the  velocity  ^J.1).  This 
result  is  not  of  itself  of  great  physical  importance,  bat  leads  us  to 
one  that  is.  Inasmuch  as  the  momentum  is  the  important  dynamical 
quantity,  multiplying  by  the  mass  of  the  particle  we  find 

™rXr  ^ + mry'r  + mr4  ^ [y  mr  (*r3  + V'r*  + 4*)] 

or  the  component  of  the  momentum  of  a particle  according  to  any 
coordinate  is  the  rate  of  change  of  its  kinetic  energy  as  we  change 
the  corresponding  velocity.  Summing  for  the  whole  System, 


52) 


/ Mr  , , dVr  , 

\m^dq,  + + 


, dZr\ 

mrZrdq) 


w2r  t nir  ^ + y'r% + ^*)  = 


dq 


that  is,  the  component  of  the  momentum  of  a System  according  to 
any  generalized  coordinate  q,  is  the  rate  of  change  of  kinetic  energy 

1)  It  is  to  be  observed  that  this  “component”  is  not  what  we  have  called 

the  velocity  q't. 
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with  respect  to  the  corresponding  velocity.  The  equation  38)  now 
says  that  the  kinetic  energy  is  one-half  the  geometric  product  of  the 
velocity  and  momentum  Systems.  Thns  we  have  perfect  analogy  with 
the  last  two  equations  of  § 27. 

We  shall  hereafter  denote  the  momentum  belonging  to  qt  by  ps 
and  effecting  the  differentiation  of  35)  we  have 

53)  P«  = = QuQi  + Q**qi  H h Qm*Qm , 

or  every  generalized  momentum -component  is  a linear  function  of 
the  velocities,  the  coefficients  being  the  inertia  - coefficients  Qrt. 

Let  us  now  find  the  component  of  the  effective  forces  according 
to  q„  the  effective  forces  being  defined  by  the  System  of  prodncts, 
for  each  particle,  of  mass  by  acceleration, 


We  have 
54) 


mr 


mr 


dz'r 

~dt 


dx l dxr 

mr~dtW,=mr 


dAwjy 


to  transform  which  we  make  use  not  only  of  51),  bat  of  a relation 
obtained  ae  follows.  Differentiating  50)  by  q,, 

, , d*%r  , , , d*Xr  , _ d /3*A 

H,  dq,  ® 1 dqt  3?,  "l  **  3 qmdq , 2m  dt \dq,)' 


Using  these  resnlte  in  54),  we  obtain  for  the  right -hand  member, 


, d_Kl  _dlj  ( l 
Xrdq,  J ~ 'dt\dq:  \* 


and  with  similar  results  for  y and  z,  summing  for  all  the  particles, 
we  have  for  the  component  of  the  effective  forces  of  the  System, 


55) 


d*x„  dx 


d*yr  3yr 

dt * dq. 


* fl/.  "1"  mr  ' fl«  mr  dt 


d*z_  dz 


’r  dzr  \ 

’ Tq~  | 


2\mr  dt * dq, 

= dt\Wt'2  _ dq,2  YWr(^*  + y'*  + gr')  J 


d fdT\  _ dT 
~~  dt\dq^f  dqa 


Patting  the  effective  force  equal  to  the  applied  force  we  have 
Lagrange’s  equation  47)  by  direct  transformation.  The  equation  of 
d’Alembert’s  principle  thus  becomes  in  generalized  Coordinates 


56) 
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If  we  had  begun  with  d’Alembert’s  principle  we  should  evidently 
have  gone  through  precisely  the  same  process  that  we  have  here 
followed,  and  assuming  all  the  displacements  dx,  dy,  dz  to  be  virtual, 
all  the  dg’s  would  have  been  independent,  so  that  from  the  trans- 
formed  equation  56)  would  have  followed  the  individual  equations  47). 
This  was  in  fact  the  mode  of  deduction  followed  by  Lagrange. 

We  have  a noteworthy  difference  between  generalized  and 
rectangnlar  Coordinates,  in  that  the  effective  force -component  is  not 

dp 

generally  equal  to  the  time -derivative  of  the  momentum  but 

contains  in  addition  the  term  — • This  we  may  accordingly  call 

the  non-momental  part  of  the  effective  force.  Thus  in  general,  even 
though  the  momentum  p,  is  unchanging,  a force  P,  must  be  impressed 


in  order  to  balance  the  kinetic  reaction 


dT 


As  an  example,  let  us 


take  the  case  of  polar  Coordinates  in  a plane.  We  then  have  for  a 
single  particle,  for  the  Coordinates  qt,  q%  the  distance  r from  the 
origin,  and  the  angle  cp  subtended  by  the  radius  vector  and  a fixed 
radius.  The  kinetic  energy  is 


T-^’  + rV1), 


2 


from  which  we  have  the  momenta, 

dT  , 

Pr  = w = mr, 


dT  % , 

= ä*'  = wrV- . 

Thus  if  the  momentum  pr  is  constant,  which  is  the  case  when  the 
radial  velocity  r is  constant,  we  still  have  to  impress  a radial  com- 
ponent of  force 

Pr  = - gr  = - mry'K 

The  kinetic  reaction  — Pr  = mry*  is  called  the  centrifugal  force,  a 
name  to  which  it  is  as  much  entitled  as  any  sort  of  reaction  is  to 
the  term  force. 

By  analogy  we  might  in  general  call  the  non-momental  parts  of 
the  reversed  effective  forces  or  forces  of  inertia  the  centrifugal  forces 
of  the  System.  These  non-momental  parts  may  be  absent  for  some 
Coordinates.  For  instance  in  the  present  example  <p  does  not  appear 
in  the  kinetic  energy,  but^pnly  its  velocity  q>'.  We  have  then 

~ = 0,  so  that  force  need^be  impressed  to  change  qj  only  to  change 

the  momentum  p9.  Accordingly  if  no  such  force  is  impressed,  the 
momentum  pv  is  conserved.  Thus  in  the  case  of  a central  force, 
the  momentum  pv  = is  constant.  But  this  is  the  theorem  of 

areas,  or  of  Conservation  of  moment  of  momentum.  In  fact  we  see 
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that  the  generalized  component  of  momentum  with  regard  to  the 
angular  coordinate  <p  is  the  moment  of  momentum  of  the  particle 
[cf.  § 8,  23),  24)].  Systems  in  which  there  are  Coordinates  haying 
the  property  that  their  non.- momental  part  of  the  kinetic  reaction 
vanishes  have  peculiar  properties,  and  are  treated  in  § 48. 

If  we  perform  the  differentiation  of  ps  by  the  time,  differentiating 
equation  53),  and  remembering  that  the  Q’s  depend  only  on  the  qy s, 
we  find  for  the  momental  part  of  the  effective  force 


of  which  the  first  line,  which  we  will  call  F^l\  is  a linear  function 
of  the  generalized  accelerations  q'r'.  Here  again  our  generalized 
Coordinates  differ  from  rectangular,  in  that  there  is  a part  of  the 
momental  force  which  is  independent  of  the  accelerations  q'J,  but 
which  is  a homogeneous  quadratic  function  of  the  yelocities, 


r=m  t 


r= 1 t 


m 2 


j 8qr 
1 


Consequently  if  at  any  instant  of  the  motion  we  can  change  the  signs 
of  all  the  yelocities,  and  at  the  same  time  of  all  the  accelerations, 
the  accelerational  part  of  the  momental  force  FtM  will  change  its 
sign,  while  the  non  - accelerati onal  part  FSW  will  be  unchanged.  We 
may  thus  experimentally  discriminate  between  the  two. 

Effecting  the  differentiation  in  the  case  of  the  non -momental 
force,  we  find 


q’r  ql  — F£B\ 


which  is  also  a homogeneous  quadratic  function  of  the  yelocities, 
and  thus  possesses  similar  properties  to  Ff2\  Thus  it  is  difficult  to 
discriminate  experimentally  between  these  two,  unless  we  haye  some 
experimental  means  of  recognizing  when  the  momentum  pt  remains 
constant.  In  the  simple  example  which  we  haye  used  above,  since 


dpr 

dt 


dpf 

dt 


= m (r8g/f  + 2 r • rf<jpr) 


the  non -accelerational  part  of  the  momental  force  belonging  to  r 
disappears,  while  the  centrifugal  or  non -momental  does  not,  while  for  <p 
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although  the  non-momental  part  F™  = 


dT 

d(p 


disappears,  we  have  the 


non  - accelerational  part  F^  — 2 mr  • r*  q>*.  Experimentall  y this  means 
that,  if  a particle  move  with  constant  radial  and  angular  velocities, 
we  shall  have  to  apply  to  it  not  only  a radial  force  jFr(s)  = — mrq>% 
to  balance  the  centrifngal  force,  bat  also  a turaing  force  2mr  • rf  tp. 
This  may  be  done  by  means  of  a varying  constraint,  say  by  making 
a particle  move  upon  a rod  tnming  with  angular  velocity  cp'.1)  The 
particle  will  then  react  upon  the  rod,  to  which  the  tuming  moment 
2mr  • rr  <p'  must  be  applied,  for  if  it  were  not  applied,  owing  to  the 
Conservation  of  angular  momentum,  as  the  particle  got  farther  from 
the  center  its  angular  velocity  would  be  less.  To  keep  it  constant 
the  particle  must  be  pushed  around. 

We  have  now  carefully  analysed  the  effective  forces,  when 
expressed  in  terms  of  our  generalized  Coordinates.  It  is  to  be  care- 
fully  borne  in  mind  that  all  these  parts  come  from  real  accelerations 
impressed  on  the  particles  of  the  System,  although  the  accelerations 
of  the  generalized  Coordinates  may  disappear.  This  will  depend  on 
our  choice  of  such  Coordinates.  The  analysis  that  we  have  made  is 
however  by  no  means  devoid  of  physical  significance,  as  we  can  not 
usually  observe  all  the  bodies  with  which  we  have  to  do  so  as  to 
find  their  real  motions  and  determine  their  accelerations,  but  are 
obliged  to  become  acquainted  with  them  in  a more  or  less  round- 
about  way,  through  the  reactions  that  they  present  to  various 
operations  upon  them.  From  this  point  of  view  it  is  of  interest  to 
c&talogue  the  various  reactions  that  we  meet  in  dynamics.  In  our 
equation  of  d’Alembert’s  principle  56),  we  have  called  the  P’s  which 
are  equated  to  the  effective  forces,  the  impressed  forces,  or  forces 
of  the  system.  If  the  system  is  conservative,  the  forces  of  the 
syBtem  are  derivable  from  a potential  energy,  as  we  have  assumed 
in  47),  while  if  not,  part  of  the  forces  may  still  be  derived  from 
such  a function.  It  will  be  useful  to  consider  not  the  forces  of  the 
system,  but  the  forces  which  must  be  impressed  from  outside  in 
Order  to  counterbalance  all  the  reactions  of  the  system.  In  other  words, 
if  we  write  FtW  for  the  non -conservative  part  not  yet  dealt  with, 


F,  = FSM  + FP  + FW  + FW  + FW 


dp, 

dt 


dT 

9,; +*'■">  + 


dW  _ 

t—  = F„ 
0%  ” 


Ft  is  the  force  necessary  to  be  impressed  on  the  system  from  outside 
under  any  circumstances  whatever,  or  — Fs  is  the  reaction  of  the 
system,  exerted  through  the  coordinate  qt. 


1)  The  centrifogal  force  may  be  balanced  by  a spring. 
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If  the  System  is  left  to  itself,  uninflnenced  by  other  Systems, 
then  every  Fs  is  zero,  and  we  have  eqnation  47)  with 

P = — ^ — p(f» 

* Cq, 

If  two  Systems  are  coupled  together,  so  that  any  change  of  the 
coordinate  qt  is  accompanied  by  an  eqnal  change  of  the  corresponding 
coordinate  of  another  System,  then  the  FJ s of  the  two  Systems  are 
eqnal  and  opposite,  which  is  the  law  of  action  and  reaction.  Accord- 
ing  to  what  happens  to  the  System,  the  effect  of  Fs  is  of  different 
kinds.  For  instance,  if  the  System  is  at  rest,  or  moves  very  slowly, 
all  the  terms  vanish  except  the  last,  and  we  have  the  static 
reaction 

— F = — F<5)  = — = P 

r*  dq9  ^ 

The  work  that  is  then  done  by  the  external  forces, 

dW 


d,.-dW, 


is  stored  up  as  potential  energy  in  the  System.  If  there  is  no 
possibility  of  Btatical  storage,  and  if  there  is  no  non  - conservati  ve 
reaction,  we  haTe  only  the  kinetic  reactions  already  dealt  with. 

As  a simple  example  of  what  iB  meant,  snppose  the  System  to 
consist  of  a mass  attached  to  a spring  tending  to  draw  it  to  the 
right.  If  the  mass  is  at  rest,  it  must  be  held  by  a force  applied 
from  outside,  to  keep  the  spring  stretched,  and  the  static  reaction 
of  the  spring  P,  is  toward  the  right.  If  the  mass  is  let  go,  it 
begins  to  moye  toward  the  right,  and  the  kinetic  accelerational 
reaction  is  toward  the  left,  balancing  the  static  reaction,  or  internal 
impressed  force  of  the  System,  according  to  d’Alembert’s  principle. 

If  there  is  no  inertia,  so  that  the  effectiye  forces  yanish,  and  no 
storage,  the  work  done  npon  the  System  is  not  stored,  bnt  is  said  to  be 
dissipated . The  reaction  — F„W  does  not,  in  the  cases  that  exist  in 
nature,  appear  except  when  there  is  motion,  that  is,  the  reaction 
— jF,(4>  is  a kinetic  reaction,  thongh  not  due  to  inertia.  This  work 
dissipated, 


is  always  positive,  in  other  words,  non-conservative  reactions  are 
always  such  as  to  oppose  the  motion.  A case  of  freqnent  occurrence 
is  that  where  there  are  non-conservative  forces  proportional  to  the 
first  powers  of  the  velocities  qf}  so  that  any  FtW  = 7csqJ.  We  may 
then  form  a function  F which  is,  like  T,  a homogeneons  quadratic 
fnnction  of  the  velocities. 


37] 


CLASSIFICATION  OF  REACTIONS. 


123 


dF 


and  since  in  this  case  the  work  dissipated  in  unit  time  is 


61) 


da. 


F represents  one-half  the  time  rate  of  loss,  or  dissipation  of  energy. 
F is  called  the  Dissipation  Function,  or  the  Dissipativity.1 2)  It  was 
introduced  by  Lord  Rayleigh,  and  is  of  nse  in  the  theory  of  motions 
of  viscous  media,  and  in  the  dynamical  treatment  of  electric  currente. 
Beside  this  case  we  have  dissipative  forces  not  capable  of  representa- 
tion  of  by  a dissipation  fimction. 

We  will  now  place  our  various  reactions  in  a table  showing 
their  grouping  in  various  classes  and  sub  - classes. 


/Positional  FW 


Momentali 


Accelerational  FW 
Non-accelerational  J’W 


Reactions  { 


Motional 

korKinetic 


Inertial 

- 


Non-momental 
or  Centrifugal 


FW 


Non-  conservative  f Having  Dissipation -function 


^(4)  I Others 


The  advantage  of  this  complete  Classification  is  as  follows. 
Suppose  that  a certain  System  or  apparatns  is  presented  to  ns  for 
dynamical  examination.  Its  parts  are  concealed  from  our  yiew  by 
coverings  or  cases,  but  at  certain  points  there  protrude  handles,  cranks, 
or  other  driving  points,  upon  which  we  may  operate,  and  which  will 
exert  certain  reactions.  All  that  we  can  leara  of  the  System  will 
become  known  to  ns  by  a study  of  the  reactions.  Maxwell8)  compares 
such  a System  to  a set  of  bell-ropes  hanging  from  holes  in  a roof, 
which  are  to  be  pulled  by  a number  of  bell  ringers.  If  when  one 
rope  is  pulled  none  of  the  others  are  affected,  we  conclude  that  that 
rope  has  no  connection  with  the  others.  If  however,  when  one  rope 
is  pulled,  a number  of  others  are  set  in  motion,  we  conclude  that 
there  is  some  sort  of  connection  between  the  corresponding  bells. 
What  the  connection  is  we  can  find  out  by  studying  the  motions. 
ln  general,  if  when  we  move  one  driving  point,  and  let  it  go,  it 
remains  where  we  put  it,  we  conclude  that  it  is  not  attached  to 
anything,  but  is  a mere  blind  member.  If  when  we  push  it,  it 


1)  A case  of  perhaps  equal  importance  is  one  in  which  the  dissipation 
fanction  contains  the  sqnares  of  differenees  of  the  velocities. 

2)  Maxwell,  Scientific  Papers , Yol.  II,  p.  783. 
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retums  to  its  former  position,  we  infer  that  it  is  connected  with 
something  of  the  nature  of  a spring,  and  that  the  System  can  störe 
potential  energy.  If  when  we  push  it  it  keeps  on  going  afker  we 
release  it,  we  conclnde  that  it  is  connected  with  a System  possessing 
inertia,  and  capable  of  storing  kinetic  energy.  If  its  motion  dies 
away,  we  conclude  that  there  is  dissipation,  and  so  on.  By  experi- 
menting  in  tum,  or  simultaneously,  on  all  the  driving  points,  we 
may  conclude  how  many  degrees  of  freedom  the  System  has,  how 
the  inertia  is  distributed,  and  how  the  parts  of  the  System  are 
connected.  The  means  of  doing  this  will  w'discussed  later,  and  we 
shall  find  that  in  this  manner  we  may  leam  much  of  a System,  but 
that  our  knowledge  will  not  always  be  complete.  This  is  the  nature 
of  the  process  by  which  the  physicist  proceeds  in  the  attempt  to 
explain  recondite  phenomena,  such  as  those  of  heat  or  electricity, 
by  reducing  them  to  the  simpler  phenomena  of  motion.  The  parts 
of  the  Systems,  be  they  made  of  molecules  of  matter,  or  of  the 
ether,  are  concealed  from  him,  but  he  may  operate  upon  them  in  . 
certain  experimental  ways,  and  draw  definite  conclusions  from  the 
results.  One  of  the  greatest  triumphs  of  this  method  was  Maxwell’s 
dynamical  theory  of  electricity. 

Impulsive  forces  are  dealt  with  by  Lagrange’s  equations  in  the 
usual  manner.  Integrating  equations  47)  with  respect  to  the  time 

throughout  a vanishing  interval  tx  — tQ,  since  the  velocities  are  finite, 

dT 

the  non-momental  forces  — are  by  58)  finite,  so  that  the  integral 

0q • > 

of  the  second  term  vanishes,  and  we  have  ^ 


l)  — jp(^o) 


= lim  f] 


P9dt. 


Thus  the  momentum  generated  measures  the  impulse,  as  in  the  case 
of  rectangular  Coordinates,  § 27. 

As  a further  example  of  the  use  of  Lagrange’s  equations  let  us 
take  the  problem  of  the  spherical  pendulum,  which  we  used  to 
introduce  the  subject.  We  had 


24) 


2 = !rJ’{6-,*  + sin*#-?'»}, 

W=  — mgl  cos  fr. 

We  have  for  the  momenta  p#  and  p<p 

pv  = ^ = ml * sin*  •O'  • cp', 


62) 
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and  onr  differential  eqnations  are 

d ( J%*!\  dT  dW  J a. 

di  (ml  * ) “ 89  = “ W = ~ m9l  8m 

63)  r,  dT  dW  A 

sin*«-  • g, ) - ^ = - T~  = 0. 


Now  since  m and  1 are  conatant  the  equation  for  & becomes 
64) 


d*&  rx  *19  Q 

^ — sin  fr  cos  # • <p  2 = — -y  sin  fr, 


in  which  the  centrifugal  force  -component  according  to  # is 

wZ2  sin  fr  cos  fr  • qp'2 

The  equation  for  qp  (qp  has  no  centrif ugal  part), 

65)  ^ (Z2  sin*  fr  • qp')  = 0 

may  at  once  be  integrated,  giying 

66)  Z2  sin2  fr  • qp'  = c, 

4 

which  is  the  integral  equation  50),  § 21. 

Substituting  in  64)  the  value  of  qp'  derived  from  the  integral 
equation  66),  we  obtain  the  differential  equation  for  fr,  which  is  the 
same  as  the  derivative  of  equation  51),  § 21.  The  remainder  of  the 
solution  is  accordingly  the  same  as  in  § 21. 


38.  Equation  of  Activlty.  Integral  of  Energy.  Let  us 

multiply  each  of  Lagrange’s  equations  by  the  corresponding  velocity  ql, 
and  add  the  results  for  all  values  of  r,  obtaining 


The  expression  on  the  right,  otherwise  written 


V T>  d(J  r dA 

dt  ~~  dt9 


represents  the  time -rate  at  which  the  applied  forces  do  work  on  the 
System.  The  equation  67)  is  accordingly  the  equation  of  activity, 
§ 27,  20),  in  generalized  Coordinates. 

By  mean8  of  the  property  of  T expressed  in  equation  38),  § 36, 
we  may  transform  the  left-hand  side  of  the  equation,  for,  since  T 
depends  upon  both  the  q’ s and  qn s,  both  of  which  in  an  actual 
motion  depend  upon  t,  difiFerentiating  totally, 


dqr  dT 

dt  ~^I\Jqr  ~dt  Wql~dt) 


68) 
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Now  differentiating  38)  totally 


Subtracting  equation  68)  from  69)  the  terms 
have  left  ' 


dT  dq'r 
dq'r  dt 


Bat  this^  exactly  the  left-hand  member  of  the  equation 
Thus  if  the  System  is  conservative,  since 


cancel  and  we 


of  activity  67). 


dA  ^ dW  dT  _ dW 

dt  dt i *  3 dt  dt  3 


so  that  the  equation  of  Conservation  of  energy  is  always  an  integral 
of  Lagrange’s  equations. 


39.  Hamilton’s  Oanonlcal  Equations.  Although  the  equa- 
tions of  Lagrange  are  by  all  odds  those  most  frequently  used  in 
dynamical  problems,  yet  in  many  theoretical  investigations  a trans- 
formation  introduced  by  Hamilton  is  of  importance. 

The  kinetic  energy  being  a quadratic  form  in  the  velocities  qf 
[equation  35)],  the  momenta  pr  being  the  derivatives  of  T by  the 
ql' s are,  as  we  have  seen,  linear  forms  in  the  ql’ s. 

dT 

Pl  =j)q,=  + Qltii  H 1"  QlmQmt 

53)  ; ; ; * ; ; ; ■ * 

3 T 

Pm  ===s  ö f Qm 3 Ql  “I”  QmiQ[2  H"  ‘ ‘ "i”  QmmQrif 

These  linear  equations  may  be  solved  for  the  g” s,  obtaining  any  qr 
as  a linear  function  of  the  j?r’s,  say, 

71)  ql  = RrlPl  + RriP%  H K RrmPm> 

the  IV s being  minors  of  the  determinant, 

Qll  f Ql2)  • * * Qlrn  ; 


i ^rnl)  Qm2y  • • • Qmm 

divided  by  D itself. 

The  jß’s  accordingly,  like  the  Q’ s,  are  functions  of  only  the 
Coordinates  q.  Maxwell  calls  them  coefficients  of  mobüüy . The 
solution  of  the  equations  assumes  that  the  determinant  D does  not 
vanish.  This  is  always  the  case,  being  one  of  the  conditions  that  T 
is  an  essentially  positive  function. 


39] 


HAMILTON’S  EQUATIONS. 


127 


Let  ns  now  introduce  into  T the  variables  p in  place  of  the 
variables  q\  so  tbat  T is  expressed  as  a fnnction  of  all  the  <?’s 
and  p* s.  Since 


inserting  the  valnes  of  ql  in  terms  of  the  p1  s gives 


T 


r=m  9=m 

¥ ^ ^5\Rr*PrP*} 


r = l «=1 


that  is  T is  now  expressed  as  a quadratic  form  in  the  p* s.  We  will 
distingnish  T when  expressed  in  terms  of  thejp’s  by  the  suffix  p}  Tp. 
We  now  have  by  Enler’s  Theorem, 


Since  Tp  is  identically  equal  to  T,  comparing  with  equations  38), 
above  we  have  by  symmetry, 

dT 

74) 


thus  the  qy s are  linear  forms  in  the  p* s given  by  71). 
identically  eqnal  fonctions,  T,  Tp,  having  the  properties 


dT 


The  two 


are  said  to  be  reciprocal  fonctions.1) 

The  expressions  for  the  forces  and  potential  energy  are  left 
unaltered.  Let  us  now  make  use  of  Hamilton’s  principle  with  this 
choice  of  variables.  Before  performing  the  Variation  it  will  be 
advantageons  to  introduce  in  the  integral  to  be  varied  instead  of  the 
Lagrangian  fnnction,  L=  T—W,  the  Hamiltonian  fnnction,  H=T+  W, 
by  means  of  the  relation 
76)  L = 2T—  H. 

T and  H are  both  to  be  expressed  as  functions  of  the  variables  q 
and  pj  both  of  which  depend  upon  the  time  t in  a manner  to  be 
found  by  integrating  the  differential  equations  of  motion. 

Hamilton’s  principle  then  takes  the  form 


dt. 


1)  Webster,  Theory  of  Electricity  and  Magnetism,  § 63,  64. 
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The  term  pröqfr  = pr  ä qr  being  integrated  by  parts  and  the  öq' s 
put  equal  to  0 at  the  limits,  we  have 


I8>  J2 {(*-£)»*-( 


dpr  dH 
di  dq. 


j dgr|d<  = 0 


Now  since  W does  not  dopend  upon  the  momentum  pr, 

dH dT  _ , 

dPr  ~ dpr  - qr’ 

therefore  the  coefficients  of  the  dp’a  all  vanish.  If  the  dq’a  are  all 
arbitrary,  their  coefficients  mnst  accordingly  vanish  so  that  we  have 


78) 


n “ZV 

a)  ,H 


dH 


da  dH 

b)  4, 


the  first  equation  being  the  equation  of  motion;  the  second  defining 

, dqr 

qr  = ~^j‘  These  equations  78)  were  introduced  by  Hamilton  and  on 

account  of  their  peculiarly  simple  and  symmetrical  form  they  are 
often  referred  to  as  the  canonical  equations  of  dynamics.  In  practica! 
Problems  they  are  generally  not  more  conyenient  than  Lagranges 
equations. 

We  may  recapitulate  Hamilton’s  method  as  follows: 

Form  the  Hamiltonian  function  H,  representing  the  total  energr 
of  the  System  as  a function  of  the  2 m independent  variables  q and  p. 
the  Coordinates  and  momenta.  Then  the  time  derivative  of  any  co- 
ordinate  q is  equal  to  the  partial  derivative  of  H with  respect  to 
the  corresponding  momentum  p}  while  the  time  derivative  of  any 
momentum  is  equal  to  minus  the  partial  derivative  of  H with  respect 
to  the  corresponding  coordinate.  A direct  deduction  of  the  equations 
of  Hamilton  without  the  use  of  Hamilton’s  Principle  will  be  found 
in  the  author’s  Theory  of  Eledricüy  and  Magnetism  § 64. 

The  equation  of  activity  is  mögt  simply  deduced  from  Hamilton  s 
equations, . for  by  cross  multiplication  of  equations  78),  after  trans- 
posing  and  summing  for  all  the  Coordinates  we  get 

79)  + dpr  dt)  = °* 

But  this  is  equal  to  the  total  derivative  of  H by 


dH 


= 0, 


which  being  integrated  gives 

H = h, 

a constant.  But  since  H = 1 + W,  this  is  the  equation  of  energy. 


39, 39  a] 
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If  the  system  is  not  conservative,  there  may  be  still  some  forces 
wbich  are  derivable  from  a potential  energy  fnnction.  In  that  case 
the  Hamiltonian  fnnction  is  to  be  formed  with  that  energy,  but  we 
must  add  to  the  right  of  eqnation  78  a)  the  non-conservative  force 
— Fri*\  Thus  our  equations  become 


dp  dH  da  dH 

_z_T  — F(4)  = i\ 

dt  dqr  r * dt  dpr  ' 


The  eqnation  of  activity  then  becomes 


or 


dH  dqr 
dqr  dt 


+ 


dH  dpr\ 


dpr  dt) 


2 


jrw 


-k 

dt 


dH 

dt 


= — 2F, 


if  there  is  a dissipation  function. 


39  a.  Varying  Constraint.  It  may  happen  that  the  equations 
of  constraint  contain  the  time  explicitly,  that  is 

*Pt  iß  9 ^19  Vif  &19  * * * 3**9  tfn?  &n)  = 0, 
fPs  ($9  &19  Dl9  &19  • • • ^»9  Hn>  &n)  = 0, 

82) 


fP*  (ßj  t/iy  ß±9  * * * Vnj  &n)  — 0. 

Such  a case  is  that  of  a particle  constrained  to  move  on  a surface 
which  is  itself  in  motion,  say  a sphere  whose  center  moves  with  a 
prescribed  motion.  The  constraint  is  then  said'to  be  variable,  and 
the  work  done  by  the  constraint  no  longer  vanishes,  for  the  surface 
has  generally  a normal  component  in  its  motion,  which  causes  the 
reaction  to  do  work.  The  variability  of  the  constraint  has  an 
important  effect  on  the  equations  of  motion.  We  can  then  no  longer 
determine  the  position  of  the  system  by  means  of  a set  of  in- 
dependent parameters,  but  must  give  not  only  their  values,  but  also 
the  time.  We  may  put 

Xr  = Xr  (tf  Qi,  $29  * * * Qm) y 

83)  yr  =?  yr(ß,  (&;  • • • Qm)> 

= *r(*,  £m), 

from  which,  by  the  elimination  of  the  q1  s,  we  may  obtain  equa- 
tions 82). 


1)  cf.  § 37,  60). 
WeBSTBB,  Dynamics. 
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Differentiating  now  totally,  we  have 


dx  dx  dx 

dxr  = — dt  + ^ 7 dqt  + jr—  dqt  + 


84) 


dyr*= 


dt 

Sy, 


dqt 

Vy, 


2 2* 
0y, 


a*  dt  + Wqid^  + dqi 


dq^  + 


dz 


dz 


dz. 


dq i 


02, 


or  on  dividing  through  by  dt, 


+ 


dx „ 


dq 


dy 

+ wd« 


my 


my 


de m 


ds!r  = lfdt  + X^d&  + 1" 


32, 


[m; 


m 


We  have  now  in  each  x1,  yf,  z\  beeide  the  linear  fonction  of  g',  . . . qi, 

a term  independent  of  the  gf’s,  but  which  may  be  expressed 
in  terms  of  the  Coordinates  q and  t.  On  squaring  there  are  accord- 
ingly  not  only  quadratic  terms  in  the  qn s,  bnt  also  terms  of  the 
first  and  zero  Orders.  On  forming  the  kinetic  energy 


\ 


we  accordingly  find  that  instead  of  being,  as  before,  a homogeneous 
fonction  of  the  qn s,  it  contains  not  only  quadratic  terms,  bnt  also 
terms  linear  in  and  others  independent  of  the  qns.  The  effect  of 
these  linear  terms  in  the  kinetic  energy,  whatever  be  their  origin, 
will  be  discussed  in  § 50. 


40.  Hamilton’s  Principle  the  most  general  dynamical 
prinoiple.  We  have  seen  in  this  chapter  how  by  means  of 
Hamilton’s  Principle  we  may  deduce  the  general  equations  of  motion, 
and  from  these  the  principle  of  Conservation  of  Energy.  As 
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Hamilton’s  Principle  holds  whether  the  system  is  conservative  or 
not,  it  is  more  general  than  the  principle  of  Conservation  of  Energy, 
which  it  inclndes.  The  principle  of  energy  is  not  sufficient  to 
dednce  the  eqnations  of  motion.  If  we  know  the  Lagrangian  func- 
tion  we  can  at  once  form  the  eqnations  of  motion  by  Hamilton’s 
Principle,  and  without  forming  them  we  may  find  the  energy.  For 
we  have 

L = T — W, 

E=T  + W. 

Accordingly 

87)  E=2T-L=^<l'Wt-L=2,qJTq',-L’ 

so  that  the  energy  is  given  in  terms  of  L and  its  partial  derivatives. 
If  on  the  other  hand  the  energy  E is  given  as  a fünction  of  the  Co- 
ordinates and  velocities,  the  Lagrangian  fünction  must  be  fonnd  by 
integrating  the  partial  differential  equation  87),  the  integration 
involving  an  arbitrary  fünction.  In  fact  if  F be  a homogeneons 
linear  fünction  of  the  velocities,  the  equation  87)  will  be  satisfied 
not  only  by  L but  also  by  L + F.  For,  F being  homogeneons,  of 
degree  one, 

F 

Consequently  a knowledge  of  the  energy  is  not  sufficient  to  find 
the  motion,  while  a knowledge  of  the  Lagrangian  fünction  is.  The 
attempt  has  been  made  by  certain  writers  to  fonnd  the  whole  of 
physics  npon  the  principle  of  energy.  The  fact  that  the  principle 
of  energy  is  but  one  integral  of  the  differential  eqnations,  and  is 
not  sufficient  to  dednce  them,  should  be  sufficient  to  show  the 
fatility  of  this  attempt.  It  is  the  infinite  Order  of  variability  of  the 
motion  involved  in  the  variations  occurring  in  Hamilton’s  Principle 
that  makes  it  embrace  what  the  Principle  of  Energy  does  not. 

41.  Principle  of  Varying  Action.  We  shall  now  deal  with 
a principle,  likewise  due  to  Hamilton,  somewhat  broader  than  that 
which  we  have  hitherto  called  Hamilton’s  Principle  or  Principle  of 
Least  Action,  and  furnishing  a means  of  integrating  the  eqnations 
of  motion.  In  the  principle  of  least  action  a certain  integral,  belong- 
ing  to  a motion  naturally  described  by  a system  nnder  the  action 
of  certain  forces  according  to  the  differential  eqnations  of  motion, 
has  been  compared  with  the  value  of  the  same  integral  for  a slightly 
different  motion  between  the  same  terminal  configurations,  but  not 
a natural  motion  and  therefore  violating  the  equations  of  motion. 
Under  these  circumstances  the  principle  states  that  the  integral  is 

9* 
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less  for  the  natural  motion  than  for  the  other.  The  new  principle, 
on  the  other  hand,  compares  the  integrals  always  taken  for  a natural 
motion  satisfying  the  differential  equations,  but  the  terminal  con- 
figurations are  varied  from  one  motion  to  another.  The  principle  is 
therefore  known  as  the  Principle  of  Varying  Action. 

In  the  procees  of  § 34  equation  2)  we  cannot  now  put  the 
integrated  pari  equal  to  zero,  but  instead  of  2)  we  shall  have 

88)  + £<*,))£-  >j ; T - W)dt. 

u 

The  integrated  pari,  which  is  the  ,sum  of  the  geometric  products  of 
the  momenta  and  the  yariations  of  the  corresponding  positions  at 
the  end  of  the  motion  minus  the  corresponding  sum  at  the  begin- 
ning,  may  now  be  transformed  into  generalized  Coordinates.  The 
integral  ^ 

S=*f(T-W)dt, 


where  T and  W are  expressed  as  functions  of  the  time,  appropriate 
to  any  given  motion  (whether  natural  or  not)  depends  upon  the 
terminal  configurations,  and  is  called  by  Hamilton  the  Principal 
Function.  The  terminal  configurations  being  given  we  had  öS  = 0. 
Let  us  now  find  an  expression  for  öS  in  generalized  Coordinates 
corresponding  to  the  expression  above  in  rectangular  Coordinates. 

Proceeding  as  in  $-34  equation  43)  we  ob  tarn 


8 ■ 


Since  the  various  motions  are  all  natural  ones  satisfying  the  differ- 
ential equations  of  motion,  the  factor  of  every  Sq  in  the  integrand 
vanishes,  so  that  the  integral  vanishes  of  itself,  and  SS  is  accord- 
ingly  expressed  as  a linear  fanction  of  the  yariations  of  the  initial 
and  terminal  Coordinates.  Since  W is  independent  of  the  qn 3 and 
dT 

- 7 = Pr,  making  use  of  the  affixes  0 and  1 for  the  limits  £0  and 
we  may  write 


90)  öS=2rplröqlr-2rp»öq°r, 

an  equation  which  could  have  been  obtained  from  the  considerations 
regarding  geometric  products  at  the  beginning  of  § 37.  This 
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expression  for  the  Variation  of  S is  of  great  importance,  for  by 
means  of  it  we  can  obtain  a method  of  integrating  the  equations  of 
motion,  and  obtaining  the  Coordinates  q and  momenta  p at  any 
time  As  we  are  now  to  consider  the  upper  limit  tt  as  variable 

it  will  be  convenient  to  drop  the  subscript  1. 

Snppose  we  have  integrated  the  differential  equations  of  motion 
completely  so  as  to  obtain  every  coordinate  as  a function  of  the 
time  t,  involving  2m  arbitrary  constants,  q,  c2, . . . c*m,  the  number 
necessarily  introduced  in  integrating  the  m Lagrangian  equations  of 
the  second  Order  or  the  2 m Hamiltonian  equations  of  the  first  Order. 
Let  the  integrals  be 

Ql  ~ fl  (ßt  %>  • • • c*m)> 

Qi  — f»  (ß>  Cl >%>•••  ^m)j 
91)  


Qm  — fm(tf  • • • ^2m)* 

Differentiating  these  by  t we  obtain 


dt  ’ 


from  which  by  equation  53)  we  may  find  the  p1  s as  functions  of  t, 

93)  pr  = (pr  (tj  (^f  . . . Cjm). 

These  equations  with  91)  constitute  2m  integral  equations  of  the 
System. 

Inserting  the  particular  value  £0  in  our  integral  equations  we  have 

91  ) 3?  SBSt  fr  (ßo>  C l ) 

93)  ^1}  ^if  ' * * ^2»»)- 

We  accordingly  have  the  4 m + 1 variables, 

Qu  • • • Qmj  Piy  • • • Pthj  Qi  f • • • Qmy  Pi  7 • • • Pmj 

connected  by  2 m integral  equations.  We  may  thus  choose  any 
2m  + 1 of  them  as  variables  in  terms  of  which  to  express  the 
remaining  2m. 

For  instance  in  the  problem  of  shooting  at  a target  § 35  we 
saw  that  the  motion  was  completely  determined  by  the  Coordinates 
of  the  initial  and  final  positions  and  the  initial  velocity.  The  latter 
determined  the  time  of  transit  i,  so  that  it  together  with  the  initial 
Coordinates,  qt°, . . . q£,  and  the  final  Coordinates,  q19 . . . qm,  may  be 
taken  as  independent  variables  in  terms  of  which  everything  may 
be  expressed. 
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Thus  the  integral 

i 

94)  S = J(T-W)dt 

*o 

is  supposed  to  be  expressed  in  terms  of  these  2 m + 1 variables. 
Now  if  the  initial  and  final  Coordinates  are  varied  withont  varying 
the  time  of  transit  t — t^  (t  the  upper  limit  of  the  integral)  we  have 


We  have  however  proved  that  ander  these  conditions  we  have 

90)  ÖS  = 2JrprSqr  — 2Jrprd$. 

Since  these  expressions  must  be  equal  for  arbitrary  variations  of 
the  qy s and  q0’ s we  must  have 


96) 

dS 

dS 

dS 

dqx 

Sqt  ~P*>  * ’ ’ 

8 im 

— Pmy 

97) 

dS  0 

d<L«=-Pi°> 

SS  «o 

• • • 

®6 

1 

II 

We  may  now,  if  we  please,  regard  the  initial  Coordinates 
2i°> . . . and  the  initial  momenta,  px°, . . . p^f  as  2m  arbitrary 
constants  replacing  the  c1}  c2, . . . c%m  of  equations  91)  and  93).  Then 
the  equations  97)  will  be  the  general  integrals  of  the  equations  of 
motion,  for  if  the  form  of  the  function  S is  known  in  terms  of 
t,  qx, . . . q„i,  qi°, . . . qSi,  the  equations  97)  are  m equations  involving 
qx , qm  withont  their  derivatives,  which  may  be  solved  to  obtain 
the  q’ s as  functions  of  t and  2m  arbitrary  constants  qX} . . . q%,  px°, . . .pH, 
as  in  equations  91). 

It  has  appeared  as  if  in  Order  to  find  S it  were  necessary  to 
integrate  the  equations  of  motion,  so  to  obtain  T — W as  a function 
of  the  time,  which  being  integrated  would  give  S.  If  this  were  so 
the  statement  just  made  would  be  of  little  interest.  But  this  is  not 
necessary,  for  Hamilton  showed  that  the  function  S , which  he  called 
the  Principal  Function,  satisfies  a certain  partial  differential  equation, 
a solution  of  which  being  obtained,  the  whole  problem  is  solved. 

The  function  S is  a function  of  the  variables  q,  the  constants  q° 
and  the  time  t , which  thus  occurs  explicitly  and  implicitly.  Differen- 
tiating  by  t we  have  therefore 


dS  dS 
dt  dt 


1 dS  dqr 

[d^W 


Differentiating  94)  by  t,  the  upper  limit,  gives  however 

dS 


dt 


= T — W. 
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Eqnating  the  two  values, 

2 Cf 

T~W==Ji  + Zrprql, 

d S l ft/7T 

~ dt  + 

by  38). 

Transposing  and  writing  T + W = 2Z, 


dS 

dt 


+ H=  0. 


The  fonction  JET,  the  sum  of  the  energies,  depends  upon  the  co- 

dS 

ordinates  qr  and  the  momenta,  pr  = If  the  force -fonction  depends 

upon  the  time  H will  also  contain  t explicitly.  Thus  we  have  the 
partial  differential  eqnation 


The  eqnation  is  of  the  first  Order  since  only  first  derivatives  of  8 
appear,  and,  from  the  way  in  which  T contains  the  momenta  [eqna- 

Since  S 

appears  only  through  its  derivatives  an  arbitrary  constant  may  be 
added  to  it. 

Thus  we  have  the  theorem  due  to  Hamilton:  If  ql9 . . . qm,  ex- 
pressed  as  integrals  of  the  differential  equations  in  terms  of  t and 
2 m arbitrary  constants  qt°,  . . . q^,  pt0, . . . Pm,  are  introdnced  into  the 
integral  94),  and  the  resnlt  is  expressed  in  terms  of  t,  qu  . . . qm , 
qt°, . . . qm,  then  8 is  a solution  of  the  partial  differential  equation  99). 

The  converse  of  the  proposition  was  proved  by  Jacobi,  namely, 
that  if  we  take  any  solution  of  the  equation  99)  containing  m arbi- 
trary constants,  qt0f . . . q&  (other  than  the  one  which  may  always 
be  added),  the  equations  97)  obtained  by  putting  the  derivatives 
of  S by  the  m arbitrary  constants  equal  to  other  arbitrary  constants, 
Pi,  • • - Pm  will  be  integrals  of  the  differential  equations  of  motion. 
For  the  proof  of  this  the  reader  is  referred  to  Jacobi,  Vorlesvmgen 
über  Dynaniikj  XX. 

Before  giving  examples  of  the  utility  of  this  method  we  shall 
show  that  the  arbitrary  constants  by  which  we  differentiate  need  not 
be  the  g°’s,  but  may  be  any  m constants  appearing  in  the  integral 
equations. 

Suppose  that  in  equations  91)  we  vary  m of  the  arbitrary 
constants  <\9 . . . We  then  have 


tion  72)],  is  of  the  second  degree  in  the  derivatives 
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A dfrA  , dfr*  , 

9*r  = $ridci  + W^Sci  + 


8fr 

+ -fc-dcm> 


m 


and  putting  t = 0, 

= (f^)oÄC*  + ©odCl  + ‘ " + (d^)o6Cm- 
Then  eqnation  90)  becomes 
100)  öS  = 2JrprSqr  — 2rCrdCr, 

where  - f 

Then  comparing  with 


rj 


we  have  corresponding  to  equations  96)  and  97) 

dS 


101) 

102) 


05 

dc_ 


= Pr, 

= -cr. 


Thus  we  may  differentiate  S with  respect  to  the  m arbitrary 
constants,  no  matter  how  they  may  appear  in  the  solntion  of  99), 
putting  the  result  equal  to  other  arbitrary  constants. 

Hamilton’s  eqnation  99)  assumes  a somewhat  simpler  form  when 
the  force -fonction  and  consequently  H are  independent  of  the  time, 
th&t  is  when  the  System  is  conservative.  We  may  then  advantage- 
ously  replace  the  principal  fonction  S by  another  fonction  called  by 
Hamilton  the  Characteristic  Function,  which  represents  the  action  A, 
§ 35.  Making  use  of  the  eqnation  of  energy,  T + W = h,  io 
eliminate  W}  we  have 

t t 

S= f [T  — W)  dt  = j2Tdt-h(t-t0)*=A-h(t-t0) 


or 


103) 


t 

A= j2Tdt  = S + h(t-t0). 


If  now  the  fonction  A does  not  contain  the  time  expliöitly  we 
have  differentiating  partially 


cS  , dS 

= -Ä, 


dA 

dqr’ 


104)  Jt "» 

and  our  partial  differential  equation  99)  becomes  merely 

dA\ 


105) 


„/  dA  dA\  , 

H\qu  $qJ  = h. 
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The  arbitrary  constant  of  energy,  hy  takes  tbe  place  of  one  of  the 
constants  c. 

The  Variation  of  the  action  on  changing  the  terminal  configura- 
tions  will  cause  a change  in  the  energy  necessary,  hy  if  the  time  of 
transit,  t — tQ,  is  unchanged.  Accordingly 

r =m  r=m — 1 

106)  dA  = dS  + (£  — 0 dh=^^prdqr—  ^^Crdcr+  (t  — t0)äh, 


r= 1 


r=l 


by  equation  100).  We  have  therefore 


107) 

dA 

Pr~dqr’ 

108) 

1 

II 

•s* 

109) 

i t-dA 

As  examples  of  the  use  of  the  method  of  Hamilton  we  will 
now  solve  a few  problems  that  have  been  already  treated. 

First,  let  us  take  the  case  of  any  number  of  free  partides. 
We  have 


Putting 


110) 


this  becomes 


Bv  107) 

111N  dA  dA  dA 

Hl)  Pxr  — d~>  Pur  — P,r  — dgJ 

and  equation  105)  then  is 

ns)  b- 0'+  drr)‘)  + 

In  the  case  of  a single  particle  comparing  equations  110)  and 
111)  we  have 

■j  ■*  q\  i dA  f dA  f dA 

113)  mx'  = x-,  my  = -fr? 


T = ^mr(x’ri  + y'r*  + 4*). 

dT 

Pxr  — Qxt  — 

dT 

Ptr  = = mrVr, 

dT  , 

Ptr  — n- , — mrert 

u *r 

T = mr  ^*r 


, dA  , dA  , dA 

mx  =Ti>  my  =Ty’  mz  = ar 


In  other  words  if  the  action  A is  expressed  in  terms  of  the  co- 
ordinates  x,  y,  z,  the  momentum  of  a particle  describing  any  path 
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PREFACE. 


JLhe  Science  of  Dynamics  may  be  variously  classifled.  In  by  far  tbe 
greater  number  of  universities  in  botb  Europe  and  America  it  is  dealt 
with  by  professed  mathematicians,  and  is  properly  considered  an  essential 
part  of  mathematical  discipline.  Nevertheless  it  is  bnt  an  application  of 
mathematics  to  tbe  most  fundamental  laws  of  Nature,  and  ad  such  is  of 
the  highest  importance  to  the  pbysicist.  The  whole  of  modern  Physics 
experiences  the  attempt  to  “explain”  or  describe  phenomena  in  terms  of 
motion,  with  conspicuous  success  in  the  departments  of  Light,  Electricity, 
and  the  Kinetic  Theory  of  Qases.  It  is  therefore  evident  that  no  one 
can  expect  to  maferially  advance  otir  knowledge  of  Physics  who  is  ignorant 
of  the  principles  of  Dynamics.  It  is  nevertheless  to  be  feared  that  this 
subject  is  often  slighted  by  the  physical  Student,  partly  on  account  of  its 
difficulty,  and  partly  because  of  the  fact  that  the  many  excellent  treatises 
on  Dynamics  exisijgg  in  English  address  themselves  chiefly  to  the  mathe- 
matician,  and  often  seem  to  lay  more  stress  on  examples  in  analysis  or 
trigonometry  than  on  the  elucidation  of  physical  laws.  The  aim  of  this 
book  is  to  give  in  compact  form  a treatment  of  so  much  of  this  fundamental 
Science  of  Dynamics  as  should  be  familiär  to  every  serious  Student  of 
physics  (and  in  my  opinion  no  less  should  suffice  for  the  Student  of 
mathematics).  The  classical  English  treatises  usually  fill  one  or  even  two 
large  volumes  with  one  of  the  subdivisions  of  the  subject,  such  as  Dynamics 
of  a Particle,  Rigid  Dynamics,  •Hydrodynamics  or  Elasticity.  The  Student 
confronted  with  ihe  five  volumes  of  Routh,  the  three  of  Love,  and  the 
large  work  of  Lamb  is  likely  to  be  appalled  at  the  sise  of  the  task  before 
him.  It  is  pracücally  impossible  for  the  physical  Student,  while  spending 
the  necessary  amount  of  time  in  the  laboratory,  to  read  through  all  these 
or  similar  Works,  and  thus  his  knowledge  of  the  whole  subject  generally 
remains  fragmentary.  The  great  work  of  Lord  Kelvin  and  Tait,  while 
treating  the  whole  subject,  is  far  too  difficult  for  most  students,  though 
it  must  ever  remain  a mine  of  information  for  those  sufficiently  advanced. 

This  book  has  grown  out  of  the  lectures  which  I have  given  at 
Clark  Universitiy  during  the  last  fourteen  years  primarily  to  my  own 
students  of  Physics.  It  is  obvious  that  it  leads  to  no  particular  examinations, 
from  which  we  in  America  are  to  a large  extent  fortunately  free.  The 
text  is  not  interrupted  by  examples  for  the  student  to  work,  which  are 
found  in  great  numbers  in  the  usual  treatises,  and  to  which  I could  hardly 
add.  The  attempt  has  been  made  to  treat  what  is  essential  to  the  under- 
st&ndmg  of  physical  phenomena,  leaving  out  what  is  chiefly  of  mathematical 
interest.  Thus  the  subject  of  Kinematics  is  not  treated  as  a subject  by 
itself,  but  is  introduced  in  connection  with  each  subdivision  of  Dynamics 
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as  it  comes  up.  The  student  is  supposed  to  have  a fair  knowledge  of 
the  Calculus,  but  not  of  Differential  Equations  or  the  Higher  Analysis. 
Many  explanations  are  therefore  necessary,  some  of  which  are  given  in 
the  form  of  notes. 

Two  opposing  tendencies  have  at  various  times  made  themselves 
manifest  in  the  treatment  of  Dynamics,  both  of  which  have  been  very 
fruitful.  Lagrange,  in  the  advertisement  to  his  great  work,  the  “Mecanique 
Analytique”,  proudly  says,  “On  ne  trouvera  point  de  Figures  dans  cet 
Ouvrage.  Les  m&hodes  que  j’y  expose  ne  demandent  ni  constructions, 
ni  raisonnements  g^ometriques  ou  mecaniques,  mais  seulement  des  operations 
alg^briques,  assujetties  a une  marche  reguliere  et  uniforme.  Geux  qui 
aiment  1’ Analyse  verront  avec  plaisir  la  Mecanique  en  devenir  une  nouvelle 
branche,  et  me  sauront  gre  d’en  avoir  etendu  ainsi  la  domaine.”  Lagrange’s 
boast  of  having  made  Mechanics  a branch  of  Analysis  has  been  amply 
justified  by  the  results  obtained  by  means  of  his  general  method  for 
solving  mechanical  problems,  and  his  pleasure  would  have  been  greatly 
enhanced  could  he  have  foreseen  the  results  of  extending  it  to  wider 
fields  in  the  hands  of  Maxwell,  of  Helmholtz,  and  of  J.  J.  Thomson. 
Nevertheless  in  attempting  to  do  without  figures  or  mental  images  we 
may  rob  ourselves  of  a precious  aid.  Thus  Maxwell,  speaking  of  the 
motion  of  the  top,  says  that  “Poinsot  has  brought  the  subject  under 
the  power  of  a more  searching  analysis  than  that  the  calculus,  in 
which  ideas  take  the  place  of  Symbols,  and  inteuigible  propositions 
supersede  equations”.  There  is  certainly  no  doubt  of  the  advantge,  parti- 
cularly  to  the  physicist,  of  having  ideas  take  the  place  of  Symbols. 
The  introduction  by  Hamilton  of  the  notion  of  vector  quantities  was  a 
great  step  in  this  direction,  which  has  assumed  very  great  value  to  the 
physicist,  and  it  was  to  a particular  case  of  this  that  Maxwell  alluded, 
namely  to  the  idea  of  the  moment  of  momentum,  or  impulsive  couple, 
as  it  was  termed  by  Poinsot.  The  importance  of  this  physical  or  geometrical 
conception  may  be  seen  from  the  use  made  of  it,  under  the  name  of  the 
Impulse,  by  Klein  and  Sommerfeld  in  their  very  interesting  work  on  the 
Top.  On  the  other  hand  this  notion  of  impulse,  while  in  this  particular 
case  a vector,  is  but  one  case  of  the  general  notion  of  the  momentum 
in  Lagrange’s  generalized  coordinates.  Will  it  not  then  be  an  additional 
advantage  if,  keeping  both  the  analytical  and  the  geometrical  modes  of 
expression,  we  attempt  to  introduce  into  Lagrange’s  analytical  method 
geometrical  analogies  and  terminology?  This  it  is  perfectly  possible  to 
do,  for  it  turns  out,  as  was  shown  by  Beltrami,  and  beautifully  worked 
out  in  detail  by  Hertz,  that  the  properties  of  Lagrange’s  equations  have 
to  do  with  a quadratic  form,  of  exactly  the  sort  that  represents  the  arc 
of  a curve  in  geometry.  Analytically  it  is  of  no  importance  whether  the 
number  of  variables  is  more  or  less  than  three  — how  natural  it  is 
accordingly  to  employ  the  terminology  of  geometry,  which  must  result 
in  giving  a more  definite  image  of  the  quantities  involved.  For  this 
reason  I hope  that  no  physicist  will  accuse  me  of  having  dragged  in  the 
subject  of  hyperspace  into  a physical  treatise.  I have  insisted  that  what 
is  involved  is  merely  a mode  of  speaking,  and  has  the  advantage  of 
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logical  consistency  with  the  results  of  geometry,  which  is  to  most  of  us 
a physical  subject.  At  all  events  tbis  matter  has  been  so  introduced  that 
it  may  be  completely  passed  over  by  tbose  to  whom  such  analogies  are 
repugnant.  The  advantage  of  a good  terminology,  as  well  as  of  clear 
physical  conceptions,  must  be  plain  to  all,  and  every  physicist  will 
acknowledge  the  indebtedness  which  our  Science  owes  in  this  respect  to 
Kelvin  and  Tait. 

The  work  divides  itself  naturally  into  three  parts,  the  first  of  which 
considers  the  Laws  of  Motion  in  general  and  those  methods  which  are 
applicable  to  Systems  of  all  sorts.  Although  not  addressed  to  students 
who  are  beginning  Mechanics,  it  seemed  necessary  to  begin  at  the  beginning, 
and  to  explain  the  exhibition  of  Newton's  Laws  of  Motion  in  mathematical 
form.  For  this  purpose  the  Principle  of  Hamilton  is  of  so  universal 
application  that  it  has  been  introduced  near  the  beginning,  and  considerable 
attention  devoted  to  it.  I consider  this  principle,  together  with  the 
equations  of  Lagrange,  a very  practical  subject,  of  the  highest  importance 
for  the  physical  Student.  The  same  may  be  said  of  the  subject  of  Energy, 
upon  which  it  has  even  been  attempted  to  found  the  laws  of  Physics. 
Although  such  attempts  seem  doomed  to  fail,  for  the  reason  that  the 
principle  of  Energy,  though  affording  an  integral,  is  insufficient  to  deduce 
the  differential  equations,  the  notion  of  Energy  must  remain  one  of  the 
most  important  in  Dynamics,  and  is  therefore  considered  in  every  problem. 
The  subject  of  öscillations,  of  very  great  physical  interest,  with  its 
accompanying  phenomena  of  Resonance,  is  next  taken  up.  After  this 
follows  a treatment  of  the  so-called  Cyclic  Systems,  from  which,  since 
the  labors  of  Helmholtz  and  Hertz,  it  seems  that  Physics  has  so  much  to 
expect.  In  fact  the  first  steps  have  been  taken  to  explain  the  nature 
of  Potential  Energy  by  means  of  Motion,  perhaps  the  chief  desideratum 
of  Physics.  In  this  Connection  we  way  again  point  to  the  epochmaking 
work  of  Lord  Kelvin,  both  in  Mechanics  and  in  the  Theory  of  Light. 

The  second  part  is  devoted  to  the  Motion  of  Rigid  Bodies,  particularly 
to  their  rotation,  a matter  of  the  greatest  importance  practically,  especially 
to  the  engineer,  but  one  which  is  often  avoided  by  the  physical  Student. 
To  this  subject  Maxwell  again  called  the  attention  of  physicists,  and  created 
a charming  instrumental  demonstration  in  his  celebrated  Dynamical  Top. 
To  this  the  writer  has  ventured  to  add  a small  detail,  which  permits  of 
a n umber  of  interesting  additional  verifications.  A number  of  practical 
illustrations , of  interest  to  the  physicist  and  engineer,  are  also  included. 

The  third  part  divides  itself  from  the  other  two  from  the  fact  that 
in  it  the  differential  equations  are  partial,  while  in  the  others  they  are 
ordinary.  As  a preparation  for  this  subject  is  introduced  the  theory  of 
the  Potential  Function,  which  introduces  the  most  important  mathematical 
theorems,  and  prepares  for  the  subsequent  chapters.  Most  of  this  chapter 
has  already  appeared  in  the  author's  treatise  on  the  Theory  of  Electricity 
and  Magneüsm,  but  several  matters  have  been  added,  especially  on 
applications  to  Geodesy.  Next  follows  the  subject  of  Stress  and  Strain, 
with  applications  to  the  simpler  problems  of  Elasticity,  including  the 
problem  of  de  St.  Venant  on  the  flexion  and  torsion  of  prisms.  Finally 
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in  Hydrodynamics  the  m&in  questions  of  wäre  and  vortex  motion  are 
taken  up,  with  a brief  account  of  the  pbenomena  of  the  tides  and  of 
viscous  fluids.  Thus  the  stadent  is  prepared  for  the  study  of  Sound,  Light, 
and  Electricity.  The  only  work  in  English  of  which  I know  having  the 
same  purpose  is  Professor  Tait’s  admirable  treatise  on  Dynamics.  While 
this  book  has  been  in  preparation,  there  has  appeared  the  first  yolume 
of  Professor  Gray's  Treatise  on  Physics,  the  scope  of  which  is  much 
broader,  but  the  aim  of  which  is  not  greatly  different  from  that  of  this 
book.  I have  boweyer  attempted  to  proyide  a treatise  which  would 
in  not  oyer  a year’s  time  offer  to  the  Student  an  amount  of  knowledge 
of  Dynamics  sufficient  to  prepare  him  for  the  study  of  Mathematical 
Physics  in  general. 

My  obligations  to  preyious  authors  are  obyious,  and  where  possible 
explicit  mention  is  made.  A list  of  works  which  haye  been  of  seryice 
to  me  is  appended,  but  I wish  particularly  to  acknowledge  my  indebtedness 
to  Thomson  and  Tait,  to  Kirchhoff  and  to  Appell.  I am  under  great 
obligations  to  Dr.  Margaret  E.  Maltby  for  yaluable  assistance  in  the 
preparation  of  the  manuscript,  and  for  frequent  suggestions,  and  to 
Messrs.  J.  G.  Coffin  and  J.  C.  Hubbard,  Fellows  of  Clark  University,  for 
efficient  aid  in  the  preparation  of  the  drawings.  I take  this  opportunifcy 
of  expressing  my  thanks  to  my  colleague  Professor  William  E.  Story  for 
his  continual  willingness  during  fourteen  years  to  aid  me  by  putting  at 
my  disposition  his  unusual  knowledge  in  matters  connected  with  Algebra. 
My  thanks  are  due  to  the  publisher  for  the  fine  mechanical  execution  of 
the  work  in  tbe  style  for  which  the  house  of  Teubner  is  noted. 

As  the  proof  has  been  read  only  by  myself,  it  is  hoped  that  errors 
will  be  dealt  with  lightly.  Tn  conclusion  I venture  to  hope  that  my 
attempt  t<f  make  Dynamics  more  of  an  experimental  Science  by  subjecting 
some  of  its  conclusions  to  quantitative  experimental  verification  may 
deserve  notice. 

Worcestar,  Mass^  July  22,  1904. 


A.  G.  Webster. 
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CHAPTER  I. 


KINEMATICS  OP  A POINT.  LAWS  OP  MOTION. 

1.  Dynamics.  Dynamics  or  Mechanics  is  the  Science  of  motion. 
It  is  the  faudamental  subject  of  Physics,  since  it  is  the  aim  of 
scientists  to  reduce  the  characterization  of  all  physical  phenomena 
to  description  of  states  of  motion.  The  problem  of  dynamics, 
according  to  Kirchhoff1),  is  to  describe  all  motions  occurring 
in  natnre  in  an  nnambignons  and  the  simplest  manner.  In  addition 
it  is  our  object  to  classify  them  and  to  arrange  them  on  the 
basis  of  the  simplest  possible  laws.  The  snccess  which  has 
attended  the  efforts  of  physicists,  mathematicians,  and  aetronomers 
in  achieving  this  object 7 from  the  time  of  Galileo  and  Newton 
throngh  that  of  Lagrange  and  Laplace  to  that  of  Helmholtz  and 
Kelvin,  constitntes  one  of  the  greatest  triumphs  of  the  human 
intellect. 

2.  Kinematics.  That  which  moves  is  matter.  The  properties 
of  matter  may  be  left  for  later  consideration.  We  may,  however, 
describe  motions  without  considering  the  nature  of  that  which  is 
moved,  — this  forms  a special  brauch  of  our  subject  known  as 
Kinematics. 

Kinematics  is  merely  an  extension  of  geometry  and  may  be  called 
geometry  of  motion,  for  while  in  geometry  we  consider  the  properties 
of  space,  in  Kinematics  we  consider  also  the  idea  of  time,  giving 
us  another  variable.  Since  the  position  of  a point  in  space  is  known 
when  its  three  rectangular  Gartesian  Coordinates  with  respect  to  a 
definite  System  of  axes  are  given,  its  motion  is  completely  described 
if  its  Coordinates  are  given  for  all  instants  of  time,  or  are  known 
functions  of  the  time.  Analytically 

1)  X = ft(t),  y = « — /*(<). 

The  fanctions  fv  fif  must  be  continuous,  since  in  no  actual  motion 
does  a point  considered  disappear  in  one  position  to  reappear  after 

1)  Kirchhoff,  Vorlesungen  über  mathematische  Physik.  Mechanik,  p.  1. 
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a very  small  interyal  of  time  in  a new  position  at  a finite  distance 
from  the  old.  The  fonctions  are  also  supposed  to  have  definite 
derivatives  for  every  value  of  t. 

Since  the  motion  of  a point  involves  four  variables,  Kinematics 
was  called  by  Lagrange  Geometry  of  four  dimensions.  We  shall 
not  here  discuss  the  nature  of  time,  nor  the  mode  of  measuring  it, 
reserving  the  latter  until  we  have  considered  motions  that  actually 
occur  in  nature,  upon  which  all  methods  for  measuring  time  are  based. 

We  may  accept  the  fact  that  the  idea  of  time,  like  that  of 
space,  is  the  intuitive  possession  of  us  all.  Its  exact  definition  must 
depend  on  the  Science  of  dynamics. 


3.  Scalars  and  ▼eotors.  In  mathematics  we  have  to  consider 
two  sorts  of  quantities,  those  which  do  not  involve  the  idea  of 
direction,  called  by  Hamilton  scalars  (because  they  may  be  specified 
by  numbers  marked  off  on  a scale),  and  those  which  do,  called  steps 
or  vedors.  The  distance  between  two  points  xu  ylf  x2f  yif  e2 


2)  s = )/Os  - «J*  + (yt  - yj*  + 0,  - 

is  a scalar,  whereas  the  geometrical  difference  in  position  of  the  two 
points  is  known  only  when  we  specify  not  merely  the  length,  but 
also  the  direction  of  the  line  joining  them.  This  is  usually  done  by 
giving  its  length  s and  the  cosines  of  the  angles  made  by  the  line 
with  the  three  rectangular  axes, 

COS  2,  COS  fl,  cosv, 

which  in  virtue  of  the  relation 


3)  cos2>L  + cos2ft  + cos2v  = 1, 

leaves  three  independent  data.  We  may  otherwise  make  the  speci- 
fication  by  giving  the  three  projections  of  the  line  upon  the  co- 
Ordinate  axes, 

4)  st  = s cos/t  = yt  — yif 

s,  = s cosv  = s%  — ev 


Squaring  and  adding  we  have  in  virtue  of  relation  3) 

5)  sx3  + sy*  + s,*  = s*. 

9 

By  the  vector  AB  we  mean  the  line  in  the  direction  from  A 
to  B,  and  its  projections  have  the  sign  of  the  coordinates  of  B 
minus  those  of  A,  the  vector  being  defined  as  that  which  carries  us 
from  A to  B.  We  may  write  symbolically 

pt  • A -f"  AB  ==  pt  • B 
ÄB  =pt-  B — pt-A. 

AB  is  to  be  understood,  vector  AB.  Similarly  when  we  wish  to 
specify  that  s is  to  be  regarded  as  a vector  (i.  e.  its  direction  is  to 
be  considered  as  well  as  length),  we  shall  write  ~s. 
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We  have  from  4)  and  5) 


8x 

cos  X — — 
8 


8V 

COS  /A=  j 


V4 * * * 8l  + 8l  + 8l 

8y f 

V8l  + 8l  + 8l 


X X 

COS  V = — — , — • 

* + **  + 8l 

Also  multiplying  the  eqnations  4)  respectively  by  cos  X,  cos  [i,  cos  v, 
and  adding, 

7)  sx  cos  X + sy  cos  [i  + s,  cos  v = s, 

Whatever  quantities  are  needed  to  completely  specify  a quantity 
are  ealled  its  Coordinates.  A point  has  ihree,  and  we  have  seen 
tbat  a vector  also  has  three,  which  may  be  taken  as  sx,  sv,  sM.  In 
this  sense  all  vectors  are  to  be  considered  as  eqnal  whose  lengths  are 
eqnal  and  directions  parallel  irrespective  of  the  absolute  positions  of 
their  ends.  It  is,  however,  sometimes  necessary  to  distinguish  vectors 
eqnal  in  this  sense , but  whose  ends  do  not  respectively  coincide. 
To  determine  such  a vector  we  must  know  not  only  its  length  and 
direction,  but  also  the  position  of  one  end.  It  will  therefore  be 
specified  by  six  Coordinates,  which  may  be  the  three  Coordinates 
of  one  end,  ylf  zu  with  the  projections,  s*,  sy7  s„  or  the  Co- 
ordinates of  both"  ends,  x19ylfzlf  In  any  case  there  will 

be  six  Coordinates.  Such  a vector  may  be  ealled  a fixed  vector  to 
distinguish  it  from  the  ordinary  or  free  vector. 


4.  Addition  of  Vectors.  To  add  two  vectors  means  to  take 
successively  the  steps  denoted  by  them,  their  sum  being  a single  step 
equivalent  thereto.  For  example,  (Fig.  1) 


ÄB  + BC  = AC. 

The  vectors  AB  and  BC  are  ealled 

the  components  of  ÄC,  which  is  ealled 
their  remltant,  or  geometrical  sum. 

We  may  state  the  rule:  Place  the 
initial  point  of  the  second  vector  at  the 
terminal  point  of  the  first,  the  resultant  or 
geometrical  sum  is  the  vector  from  the 
initial  point  of  the  first  component  to  the 
terminal  point  of  the  second.  This  con- 
struction  gives  us  the  so -ealled  tricmgle  of 
vectors.  By  continuing  the  process  any 
be  added,  giving  us  the  polygon  of  vectors. 


Fig.  1. 


number  of  vectors  may 
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The  nature  of  the  construction  shows  that  the  resultant  is  inde- 
pendent of  the  Order  of  taking  the  components. 

Since  a negative  quantity  is  defined  as  that  which  added  to  a 
given  positive  quantity  produces  zero,  the  negative  of  AB  must  be 
BA,  for  by  the  above  rule, 

A+TB  = B, 

B + BA  = A, 

therefore  A + AB  + BA  = A, 

AB  + BÄ  = 0,  . " 

BÄ  = — AB. 

The  Coordinates  of  BA  are  also  the  negatives  of  AB.  The 
scalar  length  of  a vector  is  called  by  Hamilton  its  tensor,  so  that 
the  tensor  of  the  negative  of  a vector  is  the  same  as  that  of  the 
vector  itself. 

It  is  evident  from  the  definition  of  a vector  that  the  projection 
of  the  sum  of  two  vectors  on  any  direction  is  the  algebraic  sum  of 
the  projections  of  the  components.  Projecting  oiythe  three  directions 
of  the  co  Ordinate -axes,  and  distinguishing  the  projections  of  the 
components  by  Suffixes,  we  have  for  the  projections  of  the  resultant, 

Sx  ==  Six  “f"  $2*j 

Sy  = Sly  “I"  y) 

Sz  = Sit  + $2*> 

S*  = ($l;r  4*  $2*)*+  ($ly  + Ssy)2  + (ßit  + Sj ,)2, 
and  for  the  sum  of  any  number  of  vectors, 

8)  s*  = (Zsx)>  + (I  Sy)*  + (I  s,y. 

We  may  easily  find  an  expreBsion  for  the  projection  of  any 
vector  ~s  upon  any  direction,  which  is  given  by  its  direction  cosines, 
cos  X,  cos  fi,  cos  v . We  have  for  the  angle  # between  two  lines 
whose  direction  cosines  are  cos  X,  cos  [i,  cos  v,  cos  X\  cos  [if,  cos  v, 

cos  # = cos  X cos  X1  + cos  cos  y!  + cos  v cos  vf 
but  by  6),  we  have  for  's, 

.f  f j *z 

COS  X — — t COS  a = COS  V = — ) 

8 ^ 8 8 

so  that 

9)  s cos  # =s  $x  cos  X + Sy  cos  [l  + ss  cos  v, 

which  is  the  expression  for  the  projection.  Taking  for  the  direction 
of  projection  the  direction  of  the  vector  itself,  this  becomes  equation  7). 
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If  cos  1,  cos  (i,  cos  v are  the  direction  cosines  of  a second  vector  s* 


COS  X = —f  COS  fl  = — J 

8t  *1 


COS  V = — > 


multiplying  by  $2  we  have  the  expression  symmetrica!  with  respect 
to  both  vectors 

10)  SjS]  COS'®'  ^ SlySiy  "4“ 


This  expression,  which  may  be  defined  either  as  the  product  of  the 
tensors  of  the  vectors  and  the  cosine  of  their  included  angle,  or  as 
the  tensor  of  either  multiplied  by  the  value  of  the  projection  on  its 
direction  of  the  other,  is  so  important  that  it  has  received  a special 
name,  and  will  be  called  the  geometric  product  of  the  two  vectors. 
1t  is  not  a vector,  bat  is  essentially  a scalar  qoantity,  and  its  negative 
was  called  by  Hamilton  the  scalar  product  of  the  vectors. 

The  condition  of  perpendicularity  of  two  vectors  is  that  their 
geometric  product  vanishes. 

11)  Siaf$2*+  SiyStp  + = 0. 


B.  Moment«.  Consider  a fixed  vector  AB,  Fig.2. — The  product 
of  the  length  AB  and  the  perpendicular  distance  of  0 from  AB  is 
called  the  moment  of 


AB  about  0.  It  is 
arithmetically  equal 
to  twice  the  axea  of 
the  triangle  OAB . 
The  sign  of  the 
moment  will  change 
with  the  direction  of 

AB.  If  we  draw 
a line  through  0 
whose  length  is 
equal  to  the  magni- 
tude  of  the  moment 
and  whose  direction 
is  perpendicular  to 
the  plane  OA  B,  this 


line  is  called  the  axis 

of  the  moment,  and  in  a certain  way  representB  the  latter.  We  shall 
draw  it  in  such  a direction  that  a person  standing  on  0 with  his  back 
against  the  axis  would  see  motion  from  A to  B as  from  right 
to  left. 
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The  Coordinates  of  the  axis  may  be  found  from  those  of 
the  yector  AB  and  of  0.  If  we  choose  0 for  origin,  OAB 

for  the  plane  of  X Y, 
(Fig.  3)  and  let  the  Co- 
ordinates of  A be  x,  y,  the 

projections  of  AB,  sx,  sy, 
we  have  for  the  area  of 
the  triangle  OAB 

(»+ sx)  (y +s„)- xy - s,s,} 

Accordingly  we  have  for 
m,  the  moment  about  0 
of  a vector  whose  pro- 
jections are  sx,  s9  and 
whose  initial  point  has 
the  Coordinates  x,  y, 

m = xsy—  ysx . 

To  find  the  moment  of  the  resultant  of  two  vectors  drawn  from 
the  same  initial  point,  whose  plane  contains  0,  their  projections  being 
sj,  sy,  sj,  sz,  Sy sjf,  we  have 

m = x (Sy'+  Sy")  — y (sj+  sx") 

= xSy  — ysj  + XS"—  ysjf—  m'+  m” , 

thns  the  moment  of  the  resultant  is  equal  to  the  sum  of  the  mo- 
ments.  If  the  plane  of  OAB  is  not  one  of  the  co Ordinate  - planes, 
we  may  project  the  triangle  OAB  upon  the  three  coordinate- planes, 
and  obtain  three  moments  mx,  my,  mM.  If  the  direction  cosines  of  the 
axis  of  m are  cos  a,  cos  ß,  cos  y,  we  have  by  the  rule  for  the  projection 
of  areas, 

mx  = m cos  a,  my  — m cos  ß,  mz  — m cos  y, 

mx+  tny2+  mz*. 


Fig.  8. 


Therefore  the  moment  m has  three  Coordinates,  mx,  my,  ms,  and  may 
itself  be  considered  a vector  in.  Since  the  Coordinates  of  the  pro- 
jections of  A and  AB  on  the  YZ  plane  are  y,  z,  sy,  sz,  we  have  by 
the  preceding  formula 

12)  mx  = ysz  — zSy,  my  = zsx  — xsz,  mz  = xsy  — ysx. 

In  the  langnage  of  Hamilton  m is  the  vector  produd  of  the  vector 
OA  into  the  vector  AB.  We  have  evidently 
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xmx  + ymy  + em9  = 0 
sxmx  + symy  + s»mz  = 0, 

that  is,  the  vector  product  of  the  two  vectors  is  perpendicular  to 
their  plane.  From  the  definition  of  moment,  or  by  reference  to  Fig.3, 
its  magnitnde  or  tensor  is  eqnal  to  the  prodnct  of  their  tensors  times 
the  sine  of  the  angle  included  between  them.  (It  is  to  be  noted  that 
the  projections  of  the  first  factor  in  the  vector  product  follow  each 
other  in  cyclic  Order  in  equations  12),  those  of  the  second  factor  in 
reverse  Order.)  It  is  at  once  evident  that  the  moment  of  the  resul- 
tant  of  two  vectors  with  the  same  initial  point  is  the  resultant  of 
their  individual  moments.  Thus  moments  are  to  be  considered  in  all 
respects  like  vectors.  It  is  evident  that  the  moment  of  a vector, 
sx , sy,  s2,  with  initial  point  x,  y,  z,  about  a point  %,  v\,  £,  has  the 
projections: 

m,  = (y-  rj)  s,-(e-  Q s, 

13)  my  = (ss  — £)  sx  — (x  — |)  s, 

m,  = (x  — |)  s,  — (y  — rj)  sx. 


6.  Velocity.  As  a second  means  of  description  of  the  motion  of 
a point  we  may  give  the  geometrical  locus  of  the  positions  that  it 
occupies  at  different  instants.  This  is  called  the  path  of  the  point, 
and  if  it  is  straight,  the  motion  is  said  to  be  rectilinear.  This  alone 
does  not  suffice  to  describe  the  motion,  for  the  same  path  may  be 
described  with  different  speeds.  We  must  therefore  give  something 
which  shall  determine  what  positions  are  reached  at  various  instants. 
If  we  call  s the  distance  the  point  has  traversed  in  its  path,  counting 
from  a fixed  point,  and  give  the  value  of  s for  every  value  of  t 
$ = this  together  with  the  equations  of  the  path,  which  may  be 

14)  F1(x,y,e)  = 0,  F2(x,  y,  z)  = 0, 

completely  specifies  the  motion,  making  as  before  three  equations. 
The  velocity  of  the  point  is  defined  as  the  limit  of  the  ratio  of  the 
length  of  the  path  As  described  in  an  interval  of  time  A t to  the 
time  A t when  both  decrease  without  limit,  that  is, 


15) 


i . Aä  d s 

v = Lm 


Velocities  of  the  same  numerical  magnitude  may  however  have 
different  directions,  accordingly  to  completely  specify  a velocity  we 
must  give  not  only  its  magnitude,  but  also  its  direction.  It  is  there- 
fore a vector  quantity.  Its  direction  is  that  of  the  tangent  to  the 
path  at  the  point  in  question,  and  its  direction  cosines  are 


dx  dy  dz 

ds’  ds ’ ds 
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A velocity,  like  any  other  vector,  may  be  resolved  into  com- 


ponents, 

dx  ds  dx  dx 

V*  V ds  dt  ds  dt’ 

16) 

„ —vdV  — ds  dy_dvt 

ds  ~ dt  ds  dt 

dg  ds  dz  dg 

V‘~V  ds  ~ dt  ds  dt’ 

or  the  projection  of  the  velocity  on  any  direction  is 
the  projection  of  the  point  on  that  direction.1)  We 

17) 

2 /ds\2  (dx\2  t (dy\*  , (dg\* 

^ \dt ) \dt ) . \dt ) 

A third  method  of  description  of  a motion  would  be  to  give  as 
before  the  equations  of  tbe  path  and  to  give  the  velocity  as  a 
function  of  the  time, 

An  Integration  of  this  differential  equation  would  give  us 

s = const  + j il>(t)dt  = <p(t), 

and  we  should  have  the  same  form  as  before. 

Fourthly  we  might  have 

iS)  V)  = «y-  = F3{t),  v,  = dd*  =Fs(t) 

together  with  the  initial  conditions 

x = x0,  y = y0,  z = z0)  when  t = t0. 

An  Integration  of  these  three  simultaneous  equations  would  give  ns 
a description  equivalent  to  1). 

In  equations  1),  if  t is  any  parameter,  not  necessarily  the  time, 
we  have  what  is  called  the  parametric  representation  of  a curve. 
By  the  elimination  of  t,  we  may  obtain  two  Coordinates  as  functions 
of  the  third.  If,  on  the  contrary,  we  have  only  the  path  given, 
whereas  the  geometry  of  the  motion  is  known,  kinematically  the 
description  is  incomplete,  as  the  specification  of  the  time  is  lacking. 
To  remedy  this  defect  of  the  geometrical  representation,  Hamilton 
introduced  the  Hodograph,  which  is  a curve,  the  locus  of  a point 
related  to  the  moving  point  on  the  path  by  having  its  position 


1)  It  is  to  be  noticed  that  in  stating  that  velocity  is  a vector  we  assume 

the  mode  of  composition  of  velocities  as  a matter  of  definition. 


6,  7]  HODOGRAPH.  RADIAL  AND  TRAN8 VERSE  VELOCITY. 


11 


vector  with  respect  to  a point  taken  as  origin  equal  to  the  vector 
vdocity  of  the  moving  point.  Thns  the  radius  vector  of  any  point 
on  the  hodograph  is  parallel  to  the  tangent  at  the  corresponding 
point  of  the  path.  If  X,  Y,  Z are  the  Coordinates  of  a point  on 
the  hodograph;  we  have  for  the  relation  between  the  two  cnrves; 

19)  r-,*.  z-iv 


so  that  having  established  the  correspondence  of  point  to  point,  we 
obtain  the  time  from 


ds 

X*+  Y*+Z* 


We  shall  call  any  vector  which  is  related  to  another  vector  as  the 
vector  X , Y}  Z is  to  the  vector  x,  y,  g,  the  vdocity  of  the  vector, 
and  by  a natural  extension,  shall  call  the  locus  of  the  end  of  the 
second  vector  drawn  from  a fixed  origin  the  hodograph  of  the  first 
vector.  Thus  we  call  Hamilton’s  hodograph  the  hodograph  of  the 
Position  vector  of  the  first  point. 


7.  Polar  Coordinates.  If  a point  moves  in  a plane  it  may  be 
convenient  to  specify  its  position  by  means  of  polar  Coordinates. 
Let  r be  the  distance  of  the  point 
from  the  origin  0,  <p  the  angle  that 
the  radius  vector  makes  with  a 
fixed  line  through  the  origin.  If 
now  the  point  moves  from  A to 
B (Fig.  4)  in  the  time  At,  describ- 
ing  the  space  As,  so  that  r tums 
through  the  angle  Atp,  at  the  same 
time  increasing  by  Ar,  we  may  re- 
solve  the  velocity  into  two  com- 
ponents,  one  proportional  to  AC,  where  AC  is  perpendicular  to  OB, 
the  other  proportional  to  CB.  We  have  then  the  following  vector 
equation 


or,  passing  to  the  limit, 


_ dtp  , dr 
V~rdt+dt 


The  two  components  of  v may  be  called  the  radial  velocity, 
tv==^>  and  the  transverse  velocity,  v<p  — The  rate  of  increase 

of  the  angle  <p  is  called  the  angular  velocity  ^ • The  vector  equation 
21)  gives  rise  to  the  scalar  equation 
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tfaat  is, 

22) 


»*=»?  + vj,, 


(«)’-'•  (S)’+(S)' 


which  might  have  been  obtained  from  tbe  expression  for  the  lengths 
of  tbe  arc  in  polar  Coordinates. 


8.  Seotor  Velocity.  Let  the  polar  Coordinates  of  a point 
at  the  time  t be  r,  (p,  and  let  the  area  of  the  sector  enclosed  between 
the  path,  the  fixed  line  of  reference, 
and  the  radins  vector  be  denoted  by  S. 
If  £ denote  the  angle  made  by  the 
tangent  to  the  path,  in  the  direction 
of  motion  with  the  direction  of  the 
radius  vector  from  the  origin,  we 
have  (Fig.  6) 

dr  = ds  cos  £, 
rd<p  = ds  sin  £, 

and  if  in  the  time  dt  the  area  of  the 
sector  increases  by  dS,  we  have 

Flg- 5-  dS  = i rds  sin  £ = ^ r*d<p. 

The  rate  of  increase  of  the  area  of  the  sector 


23) 


dS 1 | dcp 

dl~2r  1t’ 


may  be  called  the  sector  velocity,  and  making  use  of  the  value 
j*rsi»£,  we  see  that  it  is  equal  to  one-half  the  product  of  the 
magnitude  of  the  velocity  ■ and  the  perpendicular  distance,  d=r  sin  s 
from  the  origin  to  the  line  of  direction  of  the  velocity,  that  is,  to 
one-half  the  moment  of  the  velocity.  Therefore  the  sector  velocity 
may  be  represented  by  a vector  perpendicular  to  the  plane  OAB, 
the  components  of  which  will  be 


24) 


and  we  also  have 


dS„  1 , \ 

dl  ~ ! 


ur 


25) 
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9.  Acceleration.  If  the  velocity  of  a point  is  variable  with  the 
time  we  define  the  acceleration  of  the  point  as  the  limit  of  the  ratio 
of  the  increment  of  velocity  Av  to  the  increment  of  time  A ty  as 
both  approach  zero.  We  may  consider  either  the  numerical  change 


1 • A vm  v 

lim  — ==  ^-  = 


Aft~0 


At 


dv 

dt 


d*8 

dt* 


or  the  geometrical  change. 

If  we  draw  a vector  AB 
(Fig.6)  to  represent  the  velo- 
city at  the  time  t and  the 

vector  AG  to  represent  the 
velocity  at  the  time  t+  Atf, 
and  draw  the  arc  of  a circle 
BD,  DG  will  represent  the 
numerical  change  of  velo- 
city, At;,  not  considering  its 

direction,  while  BG  re- 

presents  its  geometrical,  or  vector  change,  &v,  for 


Flg.  6. 


AB  + BC  = AC 


BC  = AG  — AB  = Av. 


Al?  B C 

Accordingly  lim  — = lim  A-v  is  the  vector  acceleration  ä. 


Jt= o At  Jt= o At 


Since  the  projections  of  the  geometrical  difference  of  two  vectors 
are  the  differences  of  the  projections,  the  components  of  ä in  any 
direction  will  be  proportional  to  the  changes  of  the  corresponding 
components  of  the  velocities,  that  is 


dv„ 

X 

d*x 

= -di 

~ W*’ 

26) 

dv 

a r = dt 

% ^3 

II 

dvM 

d*z 

ttz~  dt 

“ dt* 

In  the  language  of  § 6,  the  acceleration  is  the  velocity  of  the 
velocity -vector. 

The  vector  acceleration  ä being  the  resultant  of  the  components 
aX}  ayy  aiy  has  the  numerical  value  or  tensor 
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Squaring  and  adding,  31)  becomes 

82)  (£)’  iU; 


d*s\*  [ (dx\*  , , (dz^\  , 0 d*s(dsY  \dx  d*x 

: 1 + \ds)  +\ds)  } + 1 dt*  [dl)  157 57^ 


4--- 


dy  d*y 


ds  ds * 


+ 


dz  d*z\  , ( d8\*  \(d*x\%  , ( d*y\*  , /’d*r,\8j 

57^1+ U*/  + \d?)  + V55V  1 


fd*s\ * 1 /ds\4 

~ [dt7)  + 7*  v57y/  ’ 

Now  we  haye  (g)*+  (§f)*+  (g)*=  1. 

Differentiating  this  by  s gives 

d f / da?\8  , / dy\*  , / dz\*  1 ~ f dx  d*x  , dy  d*y  , dz  d%z  1 ~ 

ds  l\ds/  ' \ds/  ' \d$/  1 15«  ds*  ds  ds  ds  ds * I 

Therefore  equation  32)  reduces  to 

/d*s\*  , fdsY  [(d*x\*  , (d*y\*x  / d*z\*\  1 /ds\4 

\dt' ) + {dt ) {(ds*)  + {ds*  ) + {ds*  ) I {dt1)  + Q*  \dt)  ’ 


or 


33) 


If 


ds 


1 _ /ä*xy  (d*y y (d'zy 
g*  [ds*  ) ^ [ds*  ) ^ \dsV 


v ~ ly  ds  = dt  and  the  right  hand  member  of  33) 

becomes  the  square  of  the  acceleration.  We  thus  have  a kinematical 
definition  of  curvature,  viz.,  the  acceleration  of  a point  trayersing 
the  curve  with  nnit  yelocity.  This  agrees  with  the  original  expression 


t?3 


30),  av  = — f for  if  v = 1,  at  = 0,  the  acceleration  is  entirely  normal 
9 

and  av  = — = x. 

9 

We  may  in  like  manner  resolve  the  acceleration  into  components 
along  the  radius  vector  and  at  right  angles  to  it.  Let  us  consider 
the  case  of  motion  in  a plane,  that  of  XF.  We  will  call  the  radial 

component  of  the  acceleration,  or  the  radial  acceleration,  ar,  and  we 

• d*r  • • 

shall  find  that  it  is  not  eqnal  to  ^ ; which  is  the  scalar  acceleration 

of  the  radial  velocity.  We  will  denote  the  component  perpendicular 
to  the  radius  or  the  transverse  acceleration  by  a<p  which  is  not  equal 

to  the  angular  acceleration  nor  to  the  acceleration  of  the  trans- 

dt>m 

verse  yelocity, 

Differentiating  the  formulae  for  the  change  of  Coordinates 

# = rcosqp,  y = rsinqp, 


gives 


dx  dr  . dw 

dt=dtC0S(p-rBm<p-dt 
dy  dr  . , dw 

Tt-dt^v  + ^vir 


i 
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Differentiating  again 

d*x  d*r  „ • drndr  d*t p / dq>\ * 

dl*  = dW  C0SfP  ~ 2 didt  ~ r am<P  dt*  ~ rcoa(f>  (dt) 
d*y 
dt 


V d*r  • , o da>  dr  . d*m  ( dwV 

*-  = dir  si ny  + 2cosqp  a~  ^ + rcosy^-  - ramtp  (^J 


The  direction  cosines  of  the  radixis  yector  are: 

cos(r#)  = cos <p,  cos(ry)  = sing?, 

so  that  we  obtain  by  resolution, 

U)  a,=  dA*  <soa(rx)  + cos(ry)  = f)*, 

being  less  than  the  scalar  acceleration  of  the  radial  velocity  by  the 

prodnct  of  the  radius  yector  and  the  square  of  the  angular  velocity. 
di*  • 

(IS  = 0,.  the  motion  is  circular,  and  ar  is  the  normal  acceleration.) 

The  direction  cosines  of  a line  perpendicular  to  r and  in  the 
direction  of  increasing  tp  are,  — sin  9p,  cos  9p,  so  that  for  the  trans- 
verse  acceleration  we  obtain, 

d*x  . , d*y  d*w  . «dop  dr 

~di* sm  9 + 9 = r + 2 Tt -At> 

which  may  be  written 

») 

Of  course  we  have 

a2  = at  + a$. 

# 

11.  Moment  of  Acceleration.  The  expression  in  the  paren- 

thesis  of  35)  is  by  23)  equal  to  twice  the  sector  velocity  • Let 

d*S  . 

us  call  the  sector  acceleration.  Thus  in  plane  motion 

2 d*S 


a 


36) 


<p 


rat 


r dt * 
^d*S 


<P 


dt * 


Suppose  (Fig.  8)  AB  represents 
the  acceleration  a,  then  AG  per- 
pendicular to  r represents  a9, 
therefore  ray  is  twice  the  area 
of  the  triangle  OAB . But  that 
is  the  moment  of  the  acceleration 
abont  the  point  0.  Accordingly 
twice  the  sector  acceleration  is 
eqnal  to  the  moment  of  the  accel- 
eration about  the  origin,  or 


d*S 

dt* 


d*y 


= xay  - yax  = x ■- y 


d*x 
dt 8 


VVnBSTKB,  Dynamics. 
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If  the  motion  is  not  in  one  plane,  we  have,  differentiating  the  sector 
velocity  components  24) 

d*Sx  d*z  d*y 

2~dir==  ydt*  ~ edi}y 
d*Sy  d*x  d'z 

2 ~dtY  :==Zdtt  ~ Xdt *’ 
d*Sz  d*y  d*x 

2ht*  ~Xdi*~~  ydt * ' 

The  resnltant  of  these  is  the  moment  of  the  acceleration.  The  fact 
that  the  moment  of  the  acceleration  is  the  exact  time  derivative  of 
the  moment  of  velocity  leads  to  an  important  general  principle  of 
mechanics,  the  so-called  Law  of  Areas. 


12.  Kepler’s  Laws.  We  may  now  obtain  Newton’s  conclnsionB 
from  Kepler^  three  laws  of  planetary  motion,  which  were  purely 
kinematical  and  based  on  a great  amount  of  observational  material 
collected  by  Tycho  Brahe.  The  first  law  states  that  the  areas  swept 
over  by  the  radius  vector  drawn  from  the  snn  to  a planet  in  eqnal 
times  are  eqnal.  (The  motion  is  in  one  plane.)  That  is 


dS 

dt 


const., 


therefore  from  37)  the  moment  of  the  acceleration  with  respect  to 
the  snn  is  zero.  Consequently  the  line  of  direction  of  the  accelera- 
tion passee  throngh  the  snn,  or  the  acceleration  is  central. 

The  second  law  states  that  the  planets  describe  ellipses  about 
the  snn  as  a focus.  The  ellipse  being  always  concave  toward  the 
focns,  the  acceleration  is  directed  toward  the  sun.  In  Order  to 
dednce  the  quantitative  meaning  of  the  second  law,  we  will  nse  the 
polar  eqnation  of  a conic  section  referred  to  the  focns, 

p = a(l-e*)  i) 

Y j / 

1 + 6 COB  q> 


1)  If  d is  the  distance  from  focus  to  directrix,  e the  eccentrioity , by  the 
definition  of  a conic  section, 

ed  =p 


When  cob  9 = 1, 


d — r cos  <p 


--  = 6,  r = 


1 + 6 COB  qp 


r,  = 


cob  9 = — 1 , 


1 1 + 6 


ri+,'*  = iT^«“2a'  1>  “«(!  — «*)• 


KEPLER’S  LAWS. 
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and  will  find  the  value  of  the  central  acceleration.  We  have  34) 

d*r  fd<p\* 

bnt  from  Kepler’s  first  law, 

2 = r*  — const.  = h,  say , 


dt 


dtp 


dt  r* 

Now  changing  the  variable  from  t to  <p, 

dr  dr  d(p  h dr 


rf  dq> 


dcp 


(i) 


dt  dtp  dt 

Differentiating  bj  t, 

, d*  / 1 \ dtp Ä*  d%  / 1 \ 

dqp*\r/d$  r*  dqp*\r/ 


d*r 


dt * 


From  the  eqnation  of  the  path  we  obtain 


1 l , e 

— = COS  <P, 

r P P * 


1_ 

r 


Inserting  this  valne  above  gives 


and  finally, 


d*r  Ä*  Ä* 

‘ r8  * 


■ « 
jpr* 


Thus  the  fact  that  the  path  is  a conic  section  shows  that  the  central 
acceleration  varies  inversely  as  the  square  of  the  length  of  the  radius 
vector.  The  negative  sign  shows  that  the  acceleration  is  toward 
the  stin. 

The  third  law  states  that  for  different  planets  the  squares  of 
the  times  of  describing  the  orbits  are  proportional  to  the  cubes  of 
the  major  axes. 

Since 


2 


dS 

dt 


if  T is  the  time  of  a complete  period  hT  is  twice  the  area  of  the 
orbit. 


hT  = 2 stab  = 2ica*yi  — e*. 


2* 
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From  which 


Ä*  = ^ (1  - e!), 


— — 
ar  ~ pr * ~ 


Ä* 


a (1  — e*)  r*  T*r 


4 «*a# 

o 


Now  since  T%  is  by  the  third  law  constant  for  all  the  planet»,  the 

factor  by  which  the  inverse  square  of  the  radins  vector  is  multiplied 
in  order  to  obtain  the  central  acceleration  is  the  same  for  aU  the 
planets  and  depends  only  on  the  sun.  We  have  thus  obtained  a 
complete  kinematical  statement  of  the  law  of  gravitation  for  the 
planet». 

Newton  tested  the  law  of  the  inverse  square  by  applying  it  to 
the  motion  of  the  moon  about  the  earth,  and  comparing  its  accelera- 
tion with  that  of  a body  at  the  surface  of  the  earth  as  directly 
observed.  Supposing  the  moon’s  orbit  to  be  circular,  of  radius  a, 
with  period  7,  since  the  tangential  acceleration  is  zero,  its  velocity 

is  constant,  and  equal  to  Its  acceleration,  which  is  entirely 

normal,  will  accordingly  be  by  30) 

v * 4 n*a 

«m  — -a-  Tr  ■ 

If  the  acceleration  varies  inversely  as  the  square  of  the  distance,  the 
acceleration  experienced  by  a body  at  the  earth’s  surface  a9  will  be 
given  by 

a9  a* 

am  = R* 

m 

where  ü is  the  earth’s  radius.  Therefore 


(lg  — &rn  jgt 


4 Ä*a8 
R*T * 


Now  we  have  T = 27  d.  7 h.  43 m.  = 39, 343  m.,  = 4 • 107  meters, 

a = 60  J2,  from  which 

2 » • 60*  • 4 ■ 10*  meters  Q nA  meters 


(39,343  • 60  sec.)! 


sec. 


Now  terrestrial  observations  give  for  the  mean  acceleration  of  bodies 

meterB 

at  the  earth’s  surface  9.82  which  by  a more  exact  calculation 


sec. 


is  in  agreement  with  the  predicted  result. 

13.  Fhyaical  Axioms.  Laws  of  Motion.  It  is  necessary  in 
Order  to  pass  from  the  kinematical  specification  of  motion  to  the 
dynamical  one  to  make  use  of  knowledge  drawn  from  a consideratic^^ 
of  terrestrial  phenomena.  This  knowledge  is  summed  up  by  Newtorr 
in  his  three  Axiomata  sive  Leges  Motus.  An  axiom  is  defined  by 
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Thomson  and  Tait1)  as  a proposition,  the  truth  of  which  must  be 
admifcted  as  soon  as  the  terms  in  which  it  is  expressed  are  clearly 
understood.  These  physical  axioms  rest  not  on  intuitive  perception, 
but  on  convictions  drawn  from  observation  and  experiment. 

The  manner  of  summing  up  the  results  of  our  experience  is  to 
a great  extent  unimportant,  provided  that  it  is  sufficiently  all- 
embracing.  We  are  not  concemed  with  the  metaphysical  question 
of  the  causes  of  motions , but  merely  with  the  physical  question  of 
stating  what  is  actually  found  to  take  place  in  nature.  The  statement 
may  be  made  by  means  of  a single  analytical  formula,  as  was  done 
in  different  ways  by  Lagrange,  Hamilton  and  Hertz,  or  we  may 
consider  the  various  assumptions  upon  which  such  formulae  are 
founded,  making  detailed  statements,  employing  conceptions  with 
which  we  are  familiär. 

This  is  what  was  done  by  Newton,  and  although  his  laws  have 
received  considerable  criticism,  they  have,  when  properly  understood, 
been  generally  admitted  to  be  better  than  anything  that  has  been 
proposed  in  their  place. 


Lex  I.  Corpus  omne  perseverare  in  statu  suo  quiescendi  vd 
movendi  uniformiter  in  directum,  nisi  quatenus  a viribus  impressis 
cogitur  statum  suam  mutare . 

Every  body  persists  in  its  state  of  rest  or  of  uniform  motion 
in  a straight  line,  except  in  so  far  as  it  may  be  compelled  by  force 
to  change  that  state. 

The  property  of  persistence  thus  defined  is  called  Inertia. 

This  gives  a criterion  for  Unding  whether  a force  is  acting  on 

a body  or  not,  or  in  other  words  a negative  definition  of  force. 

Force  is  acting  on  a body  when  its  motion  is  not  uniform.  By 

uniform  we  mean  such  motion  that  the  vector  velocity  is  constant. 

If  the  body  be  a material  point,  that  is  a body  so  small  that  the 

distances  between  its  different  parts  may  be  neglected,  the  motion  is 

uniform  if  „ , 

dy 


äx 


dz 


dt  ~Cl’  dt  ~C*>  dt  ~C*> 


that  is 

d*x d*y d*z 

dt*  dt*  ~ dt*  ~ 


Accordingly  we  see  that  the  force  and  acceleration  vanish  together. 
Integrating  the  equations  38), 

x = c1t  + du  y = c%t  + d^,  2 = c^t  + ds, 

39)  x — dl  y-d,  z~ds 

ci  ct  cs 


1)  Thomson  and  Tait,  Natural  Philosophy,  § 243. 
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the  path  is  a straight  line,  and  since 


* =V(!£) + (SS) + (£)  +*■+<»*» 

it  is  traversed  with  constant  velocity.  We  may  on  the  other  hand 
Interpret  the  statement  as  giving  us  a means  of  measnring  time. 
Intervals  of  time  a/re  proportional  to  the  correspondmg  distances  traversed 
by  a material  point  not  acted  on  by  forces. 

Obviously  this  statement  gives  us  an  absolute  definition  neither 
of  time  nor  of  force,  but  only  a relation  between  them.  It  is 
difficult  or  impossible  for  us  to  realize  experimental  conditions  in 
which  a body  shaU  be  withdrawn  from  the  influence  of  all  force. 
Howeyer  we  may  approximate  toward  this  condition,  which  must  at 
any  rate  giye  us  the  ideal  measurement  of  time.  Howeyer  we  find 
in  nature  angular  motions  which,  by  an  application  of  the  first  law, 
giye  us  a practical  means  for  the  measurement  of  time. 

The  second  law  giyes  us  in  a moye  positive  manner  than  the 
first  a measure  of  a force. 

Lex  II.  Mutalionem  motus  proportionalem  esse  vi  motrici  im- 
presso# f et  fveri  secundum ' lineam  rectam  qua  vis  üla  imprimitur. 

Change  of  motion  is  proportional  to  force  applied,  and  takes 
place  in  the  direction  of  the  straight  line  in  which  the  force  acts. 

By  change  of  motion  is  meant  acceleration.  If  all  our  experiments 
were  made  with  a single  body,  there  would  be  no  advantage  in  the 
introduction  of  the  term  force  over  that  of  acceleration,  the  mul- 
tiplication  of  names  being  useless  when  no  new  ideas  are  thereby 
introduced.  The  convenience  of  the  term  force  arises  from  the 
consideration  of  the  third  law.  ln  the  case  of  more  than  one  body 
the  factor  of  proportionality  mentioned  above  requires  separate  defini- 
tion for  the  different  bodies. 

Lex  III.  Ariioni  contrariam  semper  et  aequalem  esse  readionem: 
sive  corporwm  duorum  actiones  in  se  mutuo  semper  esse  aequales  et  in 
partes  conirarias  dvrigi. 

To  every  action  there  is  always  an  equal  and  contrary  reaction: 
or,  the  mutual  actions  of  any  two  bodies  are  always  equal  and 
oppositely  directed. 

If  we  have  a certain  action  between  two  bodies  1 and  2,  and  if 
the  actio  were  proportional  only  to  the  aceelerations,  we  should  have 

d*x{  d*yl  d*y,  d*et d*zf 

~dP~  ““  “ ~di * 9 ~dP  ~dP9  TP  ~ ~ ~dP9 

which  is  not  found  to  be  the  case.  We  must  accordingly  introduce 
a factor  of  proportionality,  or  (for  symmetry)  two  factors,  so  that 
we  write 
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m 


d*Xy  


m 


1 dt* 
d9yi  __ 


==  — /»« 


dt * 


= — m, 


d*xt 

dt * 

<**y» 

’ dt* 


m 


1 dir 


d'z± 
dt*  ' 


Experiment  shows  that  the  factors  and  are  constant  for  a 
given  body  that  nndergoes  no  changes  other  than  those  of  position. 
These  factors  are  called  the  masses  of  the  bodies.  The  nature  of  the 
actions  between  the  two  bodies  may  be  of  any  sort,  and  may  be 
transmitted  by  the  help  of  any  nrnnber  of  intervening  bodies.  For 
instance,  the  actions  of  two  heavenly  bodies  on  each  other,  trans- 
mitted we  know  not  how,  or  the  actions  of  two  bodies  kept  at  a 
fixed  distance  by  means  of  a rod  or  string  or  connected  by  an 
elastic  spring,  or  attracting  or  repelling  each  other  by  magnetic  or 
electric  agencies,  are  all  illustrations  of  the  third  law.  It  is  obvions 
that  if  we  could  obserye  the  motions  so  as  to  obtain  the  Coordinates 
of  both  bodies  as  fonctions  of  the  time,  eqnations  40)  wonld  enable 
us  to  determine  the  ratio  of  the  masses.  For  example,  consider 
the  toy  consisting  of  two  horse-chestnnts  or  bullets  connected  by  a 
string,  and  snppose  this  to  be  whirled  about  and  projected  into  the 
air  so  that  the  two  bodies  describe  complicated  paths,  the  whole 
apparatns  describing  in  general  a parabolic  path.  If  we  take  a series 
of  photographs  of  it  in  rapid  succession,  by  means  of  a kinetoscope 
or  similar  device,  we  may  by  measnrement  obtain  the  Coordinates  of 
the  two  bodies  as  functions  of  the  time.  This  illnstrates  perfectly 
the  dynamical  measnrement  of  mass  and  the  means  of  obtaining  the 
relative  masses  of  the  heavenly  bodies.  We  have  no  means  of 
defining  the  absolute  mass  of  a body.  As  a further  example  of  the 
third  law,  let  ns  snppose  the  action  is  transmitted  from  one  body  to 
the  other  by  means  of  a flexible  string  passing  over  frictionless 
pnlleys,  as  in  the  case  of  Atwood’s  machine.  The  assnmption  here 
made  is  that  the  tension  of  the  string  is  nnchanged  by  passing  over 
the  pnlleys. 

A more  practical  means  of  realizing  the  dynamical  comparison 
of  masses  wonld  be  by  experimentally  establishing  the  equality  of 
both  sides  of  equations  40)  with  the  same  qnantity.  For  example 
let  the  body  be  made  to  describe  a horizontal  circular  path,  say  by 
means  of  a whirling  machine.  It  will  be  found  that  it  mnst  be 
retained  in  this  path  by  extemal  means  such  as  the  tension  of  a 
string.  Let  this  be  passed  over  a pnlley  at  the  center  of  the  path  and 
exactly  balance  its  pull  against  that  of  a weight  suspended  from  it.  The 

resultant  of  the  components  m m is  by  30)  eqnal  to  7~~f 
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where  r is  the  radins  of  the  circular  path.  The  resultant  is  directed 
toward  the  center,  and  measures  the  effect  of  the  tension  of  the  string 
on  the  motion.  If  we  repeat  the  experiment  with  another  body  for 
which  the  corresponding  quantities  are  denoted  by  accents,  making 
use  of  the  same  counterbalancing  weight,  the  tensions  of  the  string 
in  the  two  cases  are  obviously  equal  and  consequently  we  have, 

mv*  m'vf% 
r rf 


Measuring  the  velocities  and  radii  therefore  enables  us  to  compare 
the  masses. 

The  yector  defined  by  the  product  of  the  scalar  quantity  mass 
by  the  yector  quantity  acceleration,  whose  components  are 


X=m 


d*x 
dt 


mTt 


Z=m 


d*z 
dt * 


is  called  the  force  acting  upon  the  body,  and  is  the  vis  impressa  of 
the  second  law.  The  second  and  third  laws  taken  together  accord- 
ingly  give  us  a complete  definition  and  mode  of  measurement  of  force. 
The  introduction  of  the  new  term  is  justified  by  the  third  law.  For 
we  find  that  force  is  capable  of  representing  the  dual  nature  of  the 
interaction  between  two  bodies,  while  the  acceleration  is  not,  there 
being  two  different  accelerations  for  the  two  different  bodies. 

The  two  sided  nature  of  the  action  between  two  bodies  is  often 
expressed  by  calling  it  a stress. 

The  equations  41)  are  called  the  differential  equations  of  motion 
of  the  body.  This  statement  needs  some  explanation.  The  introduc- 
tion of  the  term  force  has  given  us  no  explanation  of  the  cause 
of  motion,  for  whereas  the  second  law  teils  us  that  the  change  of 
motion  is  proportional  to  the  force  applied,  and  we  are  accustomed 
to  say  that  the  force  is  the  cause  of  the  change,  no  additional 
knowledge  of  the  motion  is  given  us  by  this  statement.  When  we 
say  that  a body  moves  because  we  push  it,  all  we  mean  is  that  the 
motion  and  the  push  exist  simultaneously.  Were  we  accustomed  to 
a different  point  of  view,  we  might  be  as  much  struck  with  the  fact 
that  the  body  pushes  back  when  it  moves  as  that  we  push  it.  This 
is  what  the  third  law  calls  to  our  attention. 

It  is  undoubtedly  true  that  our  fundamental  notions  of  dynamics 
are  derived  through  what  may  be  called  the  muscular  sense,  which 
is  affected  when  we  make  ourselves  one  of  the  bodies  of  a System. 
We  then  perceive  the  reactions,  and  we  have  leamed  to  correlate  our 
perceptions  to  the  motions  of  the  other  bodies  of  the  System. 
Nevertheless,  had  we  not  possessed  this  extrem ely  important  sense, 
we  might  have  elaborated  the  same  System  of  dynamics  that  we  now 
have  merely  by  the  sense  of  sight,  as  illustrated  by  the  example  of 
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the  two  parti des,  fixing  our  attention  on  the  facta  embodied  in 
equations  40).  Had  we  been  merely  astronomere  this  ia  wbat  we 
shonld  have  been  obliged  to  do.  We  may  perbaps  doubt  whether 
we  shonld  have  in  this  way  arrived  at  the  conceptions  of  force 
which  we  possess  with  the  aid  of  both  senses.  At  any  rate  no  one 
can  donbt  that  an  individual  newly  arrived  in  this  world  leams  its 
properties  as  much  through  the  mnscular  sense  as  through  the  more 
generally  appreciated  sense  of  sight. 

Let  us  now  reverse  the  mode  of  looking  at  equations  41). 
Suppose  that  we  find  that  under  given  conditions  a certain  agency 
will  produce  a certain  force,  as  shown  by  the  motion  of  some  body, 
and  suppose  that  as  the  circumstances  are  changed  we  can  always 
measure  the  force.  If  then  it  is  possible  to  submit  a second  body 
to  the  action  of  the  same  agent  under  similarly  varying  circumstances, 
we  shall  be  able  to  find  the  motion  of  the  second  body.  The 
equations  41)  under  these  circumstances  fumish  merely  another 
means  of  describing  motions.  We  might  go  on  obtaining  still  further 
descriptions  by  means  of  higher  derivatives  of  the  Coordinates,  but 
experience  shows  us  that  nothing  is  gained  thereby,  for,  in  the 
great  majority  of  cases  with  which  we  have  to  deal,  it  is  found  that 
the  components,  X,  Y}  Z,  are  expressible  as  functions  of  only  the 
Coordinates  of  the  bodies  involved,  or  at  most  of  the  Coordinates 
and  their  first  time  derivatives. 

There  is  a further  advantage  in  the  introduction  of  the  notion 
of  force,  in  that  if  a body  be  submitted  to  the  action  of  two  agencies 
at  different  tim  es,  so  as  to  move  under  the  influence  of  definite 
forces,  and  then  be  submitted  to  the  action  of  both  simultaneously, 
the  force  now  found  to  be  acting  will  be  the  resultant  of  the  two 
original  forces.  This  statement,  that  forces  are  compounded  as 
vectors,  being  the  equivalent  of  the  so-called  statement  of  the 
parallelogram  of  forces,  is  implicitly  contained  in  Newton’s  second 
law  of  motion. 

Under  certain  circumstances,  an  agent  which  would  under  other 
conditions  cause  qaotion,  may  cause  no  motion.  We  then  say  that 
its  effect  is  counteracted  by  that  of  some  other  agent,  or  otherwise, 
that  the  two  forces  are  in  equilibrium.  According  to  the  third  law, 
the  two  forces  are  equal  and  opposite,  either  being  the  reaction 
with  respect  to  the  other.  Such  reactions  are  called  static  reactions, 
as  opposed  to  the  kinetic  reactions  exerted  by  bodies  undergoing 
acceleration. 

As  has  been  stated  above,  most  of  the  forces  which  occur  in 
nature  depend  only  on  the  positions  of  the  bodies  upon  which  they 
act,  or  at  most  upon  their  positions  and  velocities,  but  not  upon 
the  higher  derivatives  of  the  Coordinates.  Forces  of  the  forraer  sort 
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are  called  positional  forces,  those  of  the  latter  motional  forces.  As 
an  example  of  the  latter,  we  know  that  a body  moving  through  the 
air  experiences  a negative  acceleration  which  is  greater  the  greater 
the  velocity  of  the  body,  and  we  say  that  the  motion  is  retarded  by 
a force,  which  we  call  the  resista/nce  of  the  air. 

Snpposing  now  X , Y,  Z to  be  given  ftmctions  of  the  Coordinates 
and  velocities,  the  integration  of  the  differential  eqnations  41)  con- 
stitutes  the  problem  of  the  mechanics  of  a single  particle.  It  is  in 
this  sense  that  the  problems  of  mechanics  in  general  are  to  be 
considered.  (See  Note  I.) 

Returning  to  the  “change  of  motion”  mentioned  in  the  second 
law,  it  is  cnstomary  to  characterize  the  product  of  the  mass  by  the 
vector  velocity  as  the  momentan*  of  the  body,  a vector  whose 
components  are 

42)  J 


This  is  the  motus  whose  rate  of  change  measnres  the  force,  so  that 
eqnations  41)  may  be  written 


dMr  dM..  dM 

'dt  dt  ~~  dt 


14.  Units.  The  specification  of  any  qnantity,  scalar  or  vector, 
involves  two  factors,  first  a numerical  qnantity  or  nameric , and 
secondly  a concrete  quantity  in  terms  of  which  all  quantities  of  that 
kind  are  nnmerically  expressed,  called  a unit.  The  simplest  unit  is 
that  of  the  geometrical  quantity,  length.  We  shall  adopt  as  the 
unit  of  length  the  centimeter , defined  as  the  one-hundredth  part  of 
the  distance  at  temperature  zero  degrees  Centigrade,  and  pressure 
760  millimeters  of  mercury,  between  two  parallel  lines  engraved  on 
a certain  bar  of  platinum-iridium  alloy,  deposited  in  a vault  in  the 
laboratory  of  the  “Comite  InternationcU  des  Poids  et  Mesures ”,  at 
Sfevres,  near  Paris.  This  bar  is  known  as  the  u Metre  Prototype”, 
and  serves  as  the  basis  of  length  measurements  for  the  civilized  world x) 
(except  the  British  Empire  and  Bussia8). 

It  was  proposed  by  Maxwell  to  use  a natural  unit  of  length, 
namely  the  length  of  a wave  of  light  corresponding  to  some  well 
defined  line  in  the  spectrum  of  some  element,  at  a definite  temperature 
and  pressure,  as  it  is  highly  probable  that  such  a wave -length  is 
extremely  constant.  Measurements  were  carried  out  at  Sevres  by 
Michelson,  with  this  end  in  view,  which  established  the  ratio  between 

1)  See  Guillaume , La  Convention  du  Mötre. 

2)  The  United  States  yard  is  defined  as  8600/3937  meters. 


13,  14,  15] 


UNITS  AND  DIMENSIONS. 


27 


the  above  meter  and  the  waye-length  in  air  of  a red  cadminm  ray 
äs  1,553,163.5.1) 

The  xrnit  of  mass  will  be  assumed  to  be  the  gram,  defined  as 
the  one  - thousandth  part  of  a piece  of  platinum  - iridium , deposited  at 
the  place  aboye  mentioned  and  known  as  the  tt Kilogramme  Prototype 

As  the  unit  of  time  we  shall  take  the  mean  solar  second,  obtained 
from  astronomical  observations  on  the  Dotation  of  the  earth.  The 
nnit  of  time  cannot  be  preserred  and  compared  as  in  the  case  of 
the  nnits  of  length  and  mass,  bnt  is  fortunately  preseryed  for  ns  by 
nature,  in  the  nearly  constant  rotation  of  the  earth.  As  the  earth 
is  gradnally  rotating  more  slowly,  however,  this  nnit  is  not 
absolntely  constant,  and  it  has  been  proposed  to  take  for  the  nnit 
of  time  the  period  of  yibration  of  a molecnle  of  the  snbstance  giving 
off  light  of  the  Standard  wave- length.  To  obtain  snch  a nnit  wonld 
involve  a measnrement  of  the  yelocity  of  light,  which  cannot  at 
present  be  made  with  the  accnracy  with  which  the  mean  solar  .second 
is  known. 

15.  Derlved  Units  and  Dimensions.  It  can  be  shown  that 
the  measnrements  of  all  physical  qnantities  with  which  we  are 
acqnainted  may  be  made  in  terms  of  three  independent  nnits.  These 
are  known  as  fundamental  units,  and  are  most  conveniently  taken  as 
those  of  length,  mass,  and  time.  Other  nnits,  which  depend  on 
these,  are  known  as  deriyed  nnits.  If  the  same  quantity  is  expressed 
in  terms  of  two  different  nnits  of  the  same  kind,  the  numerics  are 
inyersely  proportional  to  the  size  of  the  nnits.  Thus  six  feet  iß 
otherwise  expressed  as  two  yards,  the  numerics  6 and  2 being  in  the 
ratio  3,  that  of  a yard  to  a foot.  If  we  change  the  magnitude  of 
one  of  the  fundamental  nnits  in  any  ratio  r,  the  numeric  of  a quantity 
expressed  in  deriyed  nnits  will  yary  proportionately  to  a certain 
power  of  r,  r~n,  the  derived  nnit  is  then  said  to  be  of  dimensions *)  n 
in  the  fundamental  nnit  in  qnestion.  For  instance,  if  we  change  the 
fundamental  nnit  of  length  from  the  foot  to  the  yard,  r = 3,  an 
area  of  27  sq.  ft.  becomes  3 sq.  yds.,  the  numeric  has  changed  in  the 
ratio  3 : 27  = 1 : 3*  = r”*,  and  the  unit  of  area  is  of  dimensions  2 
in  the  nnit  of  length.  We  may  express  this  by  writing 

[Ajrea]  = [Z2]. 

The  deriyed  unit  increases  in  the  same  ratio  that  the  numeric  of  the 
quantity  decreases.  In  our  System  the  unit  of  area  is  the  square 

1)  Travanx  et  M&noires  dn  Bureau  International  des  Poids  et  Mesures. 
Tome  11,  p.  85. 

2)  The  idea  of  dimensions  of  nnits  originated  with  Fourier:  Theorie  ana- 
lytique  de  la  Chaleur,  Section  IX. 
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centimeter,  written  1 cm2.  In  like  manner  the  unit  of  volume  is  of 
the  dimension8  [i3]  and  the  unit  is  1 cm3.  The  dimensions  of 

velocity  are  or  as  we  write  for  convenience, 

Velocity  = Length/Time. 


Two  quantities  of  different  sorts  do  not  haye  a ratio  in  the 
ordinary  arithmetical  sense,  but  such  equations  as  the  aboye  are  of 
great  use  in  physics,  and  giye  rise  to  an  extended  meaning  of  the 
termB  ratio  and  product. 

The  above  equation  is  to  be  interpreted  as  follows.  If  any 
yelocity  be  specified  in  terms  of  units  of  length  and  time  the 
numerical  factor  is  greater  in  proportion  directly  as  the  unit  of 
length  is  smaller,  and  as  the  unit  of  time  is  greater.  For  instance 
we  may  write  the  equation  expressing  the  fact  that  a yelocity  of 
30  feet  per  second  is  the  same  as  a yelocity  of  10  yards  per  second 
or  1800  feet  per  minute. 


30 


ft. 

sec. 


= 10  yd-  = 1800  ft‘ 


sec. 


mm. 


We  may  operate  on  such  equations  precisely  as  if  the  units  were 
ordinary  arithmetical  quantities,  for  the  ratio  of  two  quantities  of 
the  same  kind  is  always  a number.  For  instance 

30  yd.  sec. 

10  ft.  sec. 


sec. 

sec. 


= 1.  Also 


The  ratio  is  the  number  3,  while 

1800  yd.  min.  Q ßA 

' O * DU. 

10  ft.  sec. 

Such  an  expression  as  ^ is  read  feet  per  second. 

The  unit  of  yelocity  is  one  centimeter-per-second,  written, 


cm.  , 

— = cm.  Bec.- \ 
sec. 


Since  acceleration  is  defined  as  a ratio  of  increment  of  yelocity  to 
increment  of  time,  we  haye 


[Acceleration]  = 


[Yelocity] 

*7TimeJ~ 


[Length] ["  L “1 

"[Time*J  L T* J ’ 


or  the  numeric  of  a certain  acceleration  varies  inyersely  as  the 
magnitude  of  the  unit  of  length,  and  directly  as  the  square  of  the 
unit  of  time.  For  instance,  an  acceleration  in  which  a yelocity  of 
10  feet  per  second  is  gained  in  2 seconds  is  equal  to  one  in  which 
a velocity  of  9000  feet  per  minute  is  gained  in  a minute, 


*°4;I  =1®ftI  = 9000  4-,- 

(2  sec.)*  4 sec.*  mm.1 
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The  nnit  of  acceleration  is  one  centimeter-per-second  per  second, 


written 


cm. 

sec.* 


such  as 


d*s 

dt*’ 


= cm.  8ec.-s.  (It  is  to  be  noted  that  in  a derivative 
the  numerator  beiug  a differential  of  no  matter  what 


Order  is  of  the  same  dimensions  as  s,  while  the  denominator  being 
the  square  of  a differential  is  of  dimensions  [T2]). 

Since  momentum  = mass  • velocity,  we  have 


[Momentum]  = 


[Mass]  • [Length] 
[Time] 


Since  force  = mass  • acceleration, 


[Force]  = 


[Maas]  • [Length] 
[Time*] 


The  unit  of  force  is  one  gram -centimeter-per-second  per  second. 
It  is  caUed  a dyne. 

Moment  of  a force  being  force  • length  is  of  dimensions 

r Afxn 

L t * J 


The  dimensions  of  an  angular  magnitude,  being  those  of  the 
ratio  of  two  quantities  of  the  same  kind,  arc  and  radius,  are  zero. 

Angular  velocity  being  defined  as  is  of  dimensions  J • 

All  physical  equations  must  be  homogeneous  in  the  yarious 
units,  that  is,  the  dimensions  of  every  term  must  be  the  same.  This 
gives  us  a valuable  check  on  the  correctness  of  our  equations. 

For  an  excellent  account  of  the  theory  of  dimensions  the  reader 
may  consult  Everett,  The  C.  G.  S.  System  of  Units. 


16.  Universal  Gravitation.  We  may  now  convert  the 
kinematical  statement  of  § 12  regarding  the  planetary  motion  into 
the  dynamical  one,  that  the  sun  attracts  the  different  planets  with 
forces  proportional  directly  to  the  product  of  their  masses  and  in- 
versely  to  the  square  of  their  distances  from  itself.  From  this  we 
may  pass  to  Newton’s  great  generalization:  Every  particle  of  matter 
in  the  universe  attracts  every  oiher  particle , with  a force  whose  diredion 
is  {hat  of  the  lim  joininy  the  two,  and  whose  magnitude  is  directly  as 
Übe  product  of  their  masses , and  inversely  as  the  square  of  their  distame 
from  each  other1), 


»»  m, 


s 


} 


the  factor  of  proportionality  y being  the  same  for  all  bodies.  This 
is  the  law  of  Universal  Gravitation. 


1)  Thomson  and  Tait,  Treatise  on  Natural  Philosophy,  Part  H,  p.  9. 


30 


I.  K3NEMATICS  OF  A POINT.  LAWS  OF  MOTION. 


The  numerical  value  of  yy  the  Newtonian  constant  of  gravitation, 
depends  upon  the  System  of  units  used.  Its  dimensiöns  are  those  of 

[Force]  • [Length*]  f L*  "1 
[Maas*]  “ [WT'\' 

It  is  possible,  and  in  astronomy  is  convenient  to  choose  the 
nnits  in  such  a manner  as  to  mähe  y eqnal  to  unity.  If  this  were 
done,  we  should  get  a relation  between  the  dimensiöns  of  mass, 
length  and  time,  for  by  supposing  that  y has  no  dimensiöns,  we 
should  have 

[Af]  = [L*  jP”2]. 


Thus  we  should  need  only  two  fundamental  units  instead  of  three. 
This  is  an  example  of  the  somewhat  arbitrary  nature  of  the  dimen- 
sions  of  physical  quantities.  What  is  not  arbitrary  however  is  the 
Statement  that  eyery  physical  equation  must  be  dimensionally 
homogeneous.  For  the  purposes  of  physics  it  is  customary  to  retain 
the  three  fundamental  units,  giving  y the  dimensiöns  specified  above. 
Determinations  undertaken  to  ascertain  the  numerical  yalue  of  y by 
terrestrial  observations  have  been  made  in  great  numbers  from  the 
time  of  Cavendish  to  the  present.  One  of  the  most  accurate,  that 
of  Boys1),  gives  in  the  units  which  we  have  adopted, 


y = 6.576  • 10' 


8 cm.5 


gm.  sec.* 


that  is,  two  spherical  masses  each  of  mass  one  gram  with  Centers 
one  centimeter  apart  attract  each  other  with  the  force  of  y dynes.2) 

If  two  particles  have  Coordinates  xly  yly  zty  xiy  y2,  z2  and  distance 
apart  r12,  the  direction  cosines  of  the  line  drawn  from  1 to  2 are 


x%  xt ) yt  y1  ^ zv  i 

r\t  ris 


and,  since  the  force  exerted  by  2 on  1 has  the  direction  of  this 
line,  the  equations  of  motion  for  1 are 


d*xx 

m. 

xt  — xx 

1 ~dtr 

= Y-r  . • 

M* 

— -y 

<**y, 

Vt-Vi 

1 dt 1 

= y.  > • 

'i* 

rU 

d'zx 

1 dt * 

f r s 

rll 

1)  Boys,  Phil.  Trans.  1895,  I. 

2)  It  will  be  shown  later  that  homogeneous  spheres  attract  each  other  as 
if  their  masses  were  all  concentrated  at  their  centers. 
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and  for  2 are 


_ ds*i mlmixl-xi 

VU  T7V  = y — = » 


■*  dt * — * n * 


IS 


IS 


^^  = Ywryjrzy± 


’ dt*  ~ f rxt' 


u 


<*’*! «1«»*!-*. 

”h-w-r — = 


IS 


IS 


The  Integration  of  these  six  equations  is  easily  carried  out  (see 
§ 102)^  and  gives  us  for  the  case  of  the  sun  and  a planet  a slight 
modification  of  Kepler’s  laws,  for  the  sun  does  not  remain  absolutely 
at  rest.  If  there  are  three  bodies  their  equations  of  motion  are 
similarly, 

d*x , / x*  — x.  , x.  — x,\ 

— " " ~ §i  + -»-t1)’ 


d'Vt 
di* 


3 r 3 
'iS 


«•  -rfa-, 

' ris  '18  / 

d*z t / z%  — zx  . 


^ = v( 
dt*  7 \ 

d*zt 

~di * 


= y 


SS 

3 r 3 
'SS 

*s-*t 
3 «•  8 

rss 


^->’(-V+*'s£{k)- 

^._r(%SLT».  + ^äöS) 

v rai  'ss  / 


d*s 

d**8 

di* 


The  problem  of  integrating  these  equations  is  known  as  "the 
problem  of  three  bodies”  and  has  not  been  completely  solved.  The 
problem  of  the  solar  System  is  still  more  complicated,  but  by  means 
of  approximations , the  perturbations  of  the  different  planets  upon 
each  other,  causing  slight  yariations  from  Kepler’s  laws,  have  been 
calculated.  It  is  in  this  mariner  that  the  observations  of  astronomers 
from  the  time  of  ^Newton  until  the  present  have  fumished  the  most 
brilliant  verification  of  Newton’s  great  discovery. 


17.  Absolute  Systems.  The  above  system  of  units,  which 
has  for  its  fundamental  units  the  centimeter,  gram,  and  second,  is 
called  the  G.  G.  S.  system,  and  was  recommended  by  a Committee  of 
the  British  Association  for  the  Adyancement  of  Science  in  1861.  It 
is  sometimes  incorrectly,  spoken  of  as  the  absolute  System  of  units. 
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An  absolute  System  is  any  System,  irrespective  of  the  magnitudes  of 
the  units,  by  wbich  physical  quantities  can  be  specified  in  terms  of 
the  least  number  of  fundamental  units,  which  shall  be  independent 
of  time  or  place,  and  reproducible  by  copying  from  Standards.  A 
System  based  on  the  foot,  pound,  and  minute  is  just  as  much  an 
absolute  System  as  the  G.  G.  S.  System.  The  idea  of  an  absolute 
System  is  due  to  Gauss.1) 

The  ordinary  method  of  measuring  force,  used  by  non- scientific 
persons  and  engineers,  though  very  conyenient,  does  not  belong 
to  the  absolute  System  of  measurements.  The  unit  of  force  is 
taten  as  the  weight  of,  or  downward  force  exerted  by  the  earth 
upon,  the  mass  of  a Standard  piece  of  metal,  such  as  the 
Standard  pound  or  kilogram.  To  measure  the  force  in  absolute  units, 
we  must  know  what  acceleration  the  earth’s  pull  would  cause  this 
mass  to  receive,  if  allowed  to  fall.  As  stated  above,  the  attraction 
according  to  the  Newtonian  law  exercised  by  the  earth  is  the  same 
as  it  would  be  if  the  whole  mass  were  concentrated  in  a yery  small 
region  at  its  center.  Consequently  the  more  remote  a body  is  from 
the  center  the  less  will  be  the  earth’s  pull  upon  it,  or  its  weight. 
If  howeyer  we  consider  a region  so  small  that  its  dimensions  may 
be  neglected  in  comparison  with  those  of  the  earth,  the  force  exerted2) 
upon  a giyen  body  at  any  point  of  the  region  may  be  considered  as 
constant,  and  exerted  in  a constant  direction,  called  the  verticaJ  of 
the  place.  Diyiding  the  weight,  which  is  proportional  to  the  mass 
of  the  body,  by  the  mass,  we  find  that  the  acceleration  experienced 
by  all  bodies  at  a giyen  place  is  the  same.  This  was  proyed  exper- 
imentally  by  Galileo,  to  the  great  astonishment  and  scandal  of  the 
philosophers  of  the  time.  (On  account  of  the  disturbing  action  of 
the  air,  this  statement  is  exactly  true  only  for  bodies  falling  in 
vacuo.)  The  value  of  this  acceleration  is  denoted  by  g9  and  its 
yalue  at  the  sea-leyel  in  latitude  45°  is 

<7  = 980.606-^- 
y sec.1 

Accordingly  the  force  exerted  by  the  earth  on  a mass  of  m grams 
is  mg  dynes,  or  the 

weight  of  a Miogram  in  latitude  45°  = 980,606  dynes. 

Now  the  value  of  the  acceleration  g is  not  constant,  but  varies 
as  we  go  from  place  to  place  on  the  earth’s  surface,  ascend  mountains 
or  descend  into  mines.  Accordingly,  the  weight  of  a kilogram  is 

1)  Gauss,  Intensitas  vis  magneticae  terrestris  ad  mensuram  absolutam  revo- 
cata.  Göttingen,  1832.  Ges.  Werke,  V.  p.  80. 

2)  For  the  effect  of  the  earth’ß  rotation,  see  § 104. 
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not  an  invariable,  or  absolute  Standard  of  force.  At  the  oenter  of 
the  earth,  a kilogram  wonld  weigh  nothing.  Its  mass  is,  however, 
invariable. 

The  ordinary  method  of  comparing  masses  by  means  of  the 
balance  is  in  reality  a comparison  of  two  forces,  the  weights  of  the 
bodiea.  As  these  are  proportional  to  the  masses,  the  method  becomes 
one  fbr  the  comparison  of  masses,  being  a statical  one,  as  distmgnished 
from  the  kinetic  method  of  § 13.  If,  however,  we  shonld  make  nse 
of  a balance  with  arma  so  long  that  the  two  masses  compared  were 
situated  in  regions  for  which  the  valnes  of  g were  different,  eqoality 
of  weights  wonld  not  connote  eqnality  of  masses.  An  instrument 
which  shows  the  variable  weight  of  a body  as  it  changes  locality  is 
fonnd  in  the  spring-balance,  another  in  the  pendulnm. 

The  valne  of  g at  points  on  the  earth  in  latitnde  X and  h centi- 
meters  above  the  sea-level,  is  given  by  the  formnla,  originally  given 
by  Clairaut1), 

g = 980.62  - 2.6  cos  2X  - 0.000003  h. 

For  fnrther  Information  with  regard  to  units,  the  reader  may  consnlt 
Everett’s  The  C.  G.  S.  System  of  Unüs. 


CHAPTEB  IL 

IMPORTANT  PARTICULAR  MOTIONS 
OF  A MATERIAL  POINT. 

18.  Oonstaat  JLooeler&tions.  Let  ns  examine  the  motion  of 
a particle  experiencing  a constant  vertical  downward  acceleration  g. 
If  the  axis  of  Z be  taken  vertically  npward,  we  have  for  the  eqnations 
of  motion, 

» 5?-«.  3-®.  £— *• 

Integrating  with  respect  to  t we  have 

n\  d (C  TT  d V TT  dz  _ » TT 


rr 

dt  y*> 


*y-.y  ** ntA-V 

dt  ~ V*>  dt  ~ 9%+  V*> 


where  are  constants  representing  the  component  velocities 

at  the  time  t — 0. 

Integrating  again, 

3)  x-x0=*Vtt,  y — y0  = Vrt,  z — *0  = — 4-p<*  + Kt, 


1)  Everefct,  The  C.  G.  8 . System  of  Units,  Chap.  VI. 
adopted  by  Helmert. 

WeBSTHB,  Dynamics. 


The  above  constants 
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where  #0,  y0,  z0  are  the  Coordinates  of  the  point  at  the  time  t = 0. 
Eliminating  t between  the  first  two  of  eqnations  3),  we  obtain 


x-x0  _ y — yQ 


which  shows  that  the  motion  is  in  a yertical  plane.  (The  twisted 
cxures  sometimes  described  by  a base-ball,  golf  or  tennis-ball  or 
rifled  shot  are  the  results  of  actions  due  to  the  air  and  the  rotation 
of  the  ball  and  not  here  contemplatecL)  If  we  choose  this  yertical 
plane  for  the  plane  of  XZ,  we  shall  have  y — 0,  Vv  0,  and  the 
eqnation  of  the  path  is  fonnd  by  eliminating  t between  the  first  and 
third  of  equations  3)  giving 

5)  g-e0=~(x-  x0)  - 

x r x 


the  eqnation  of  a parabola  with  axis  yertical.  If  Va  is  positive,  the 

projectile  will  rise  nntil  ^ = 0,  or  ^ = 0,  that  is  x — x0  = 

The  height  reached  at  this  point  is 


It  will  be  observed  that  this  is  independent  of  the  horizontal  component 
of  the  velocity,  Vx,  and  is  therefore  the  height  that  would  be  reached 
by  a projectile  thrown  vertically  npward,  or  in  other  words 

7)  V.=Y2gh 

y is  the  velocity  that  wonld  be  attained 

j by  a body  falling  from  rest  vertically 

through  the  height  h. 

If  a be  the  angle  of  elevation 
of  the  path  at  the  start,  V the 
velocity  of  projection,  we  have, 

F*  = F cos  «, 

V,  - Fsin  «, 

and  the  ränge  or  horizontal  distance 

traversed  by  the  projectile  nntil  it 

has  fallen  to  the  original  level  is 

twice  the  valne  of  (x  — x0)  calculated  for  the  highest  point,  or 

F*8in2a 


9 

As  we  vary  the  elevation  the  ränge  is  accordingly  greatest 
when  a = 45°. 


Fig.  9. 
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18, 19] 

These  fommlae  are  of  little  practical  valne  in  gunnery,  because 
beeide  the  attraction  of  the  earth  a projectile  is  acted  on  by  retard- 
ing  forces  due  to  its  motion  relative  to  the  air,  and  depending  on 
the  velocity  of  the  projectile. 


19.  Harmonie  Motion*.  Next  in  simplicity  to  motions  nnder 
constant  forces  are  those  in  which  the  force  is  directed  toward  a 
fiied  point,  and  depends  npon  the  distance  of  the  particle  from  it. 
The  simplest  way  in  which  it  can  depend  npon  the  distance  is  by 
being  proportional  to  it.  If  the  particle  moves  in  a straight  line 
with  an  acceleration  toward  the  origin  proportional  to  its  distance  x 
from  it,  we  have 


d*x 


— n*x, 


where  n is  a constant. 


The  integral  of  this  differential  eqnation  is 


9)  x = Acoant  + Bailint, 

where  A and  B are  arbitrary  constants.  If  we  pnt  A = a cos  cc, 
B = a sin  cc,  this  may  be  written 


10)  x=*  acos(n£—  a), 

which.  as  before  contains  two  arbitrary  constants,  a and  cc. 

Obvionsly  by  giving  cc  a valne  differing  by  — we  may  nse  the 

sine  instead  of  cosine.  If  we  increase  nt  by  2it  the  valne  of  the 
sine  and  cosine  is  nnchanged,  conseqnently  the  motion  is  periodic } 
or  the  point  is  fonnd  in  a given  position  at  times  separated  by  an 
interval  T,  called  the  period , given  by  nT=  2 st,  so  that  we  may  write 

11)  x = acoB(~^--  aj- 

The  maximum  excnrsion  of  the  point  on  either  side  of  the 
origin  is  called  the  cmplitude  a,  and  it  is  to  be  noticed  that  it  does 
not  occnr  in  the  differential  eqnation  8).  Since  x takes  on  positive 
and  negative  valnes  in  symmetrical  snccession,  the  motion  is  an 
oscillation  with  period  T,  and  frequency , that  is  the  nnmber  of 
oscillations  in  nnit  time, 

1 n 

T ““  2ä’ 


An  oscillation  expressed  as  above,  10),  by  a single  sine  or  cosine  fnnction 
of  a linear  fnnction  of  the  time  is  called  a simple  harmonic  motion , 
the  name  arising  from  the  occnrrence  of  snch  motions  in  musical 
sonnds.  The  freqnency  of  harmonic  motions  in  natnre  is  dne  to  the 
fact  that  in  any  System  which  is  distnrbed  from  a position  of  rest 
forces  are  called  into  play  which  depend  in  general  on  the  magnitnde 

8* 
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of  the  dispiooement.  Snppoee  mich  a displacement  depends  upon  a 
single  variable  x,  then  as  the  force  F developed  will  usually  be  a 
uniform,  eontinnous  function  of  x,  we  may  develop  by  Taylors 
Theorem, 


Jf  now  x be  smaU  enough,  the  term  in  the  first  power  of  x is  more 
important  than  those  that  follow,  which  may  therefore  be  neglected. 
If  we  measnre  x from  the  confignration  of  equilibrinm,  when  x = 0, 
F =*  0,  so  that  we  have 


F=x 


If  the  coefficient  of  x is  negative,  the  force  tends  to  restore  the 
System  to  the  confignration  of  equilibrinm,  and  being  proportional 
to  the  displacement,  the  System  will  exeente  harmonic  vibrations 
about  this  confignration.  Thns  smaU  vibrations  are  harmonic,  which 
explains  the  extreme  freqnency  of  such  motions  in  natnre.  A common 
method  of  realizing  such  vibrations  is  by  the  nse  of  a tuning-fbrk. 

If  a point  moves  so  as  to  describe  the  Tesnltant  of  two  simple 
harmonic  motions  of  the  same  freqnency  in  lines  intersecting  at  right 
angles,  its  equations  of  motion  are 


d*x 

~dt* 


+ n*x 


d*y 
dt * 


+ n*y  — 0. 


The  resnltant  aooeleration  is  directed  toward  the  origin  and  is 
directly  proportional  to  the  radins  vector.  The  path  is  obtained  by 
the  elimination  of  t between  the  integrale 


x = a sin  [nt  — a)  = a (sinnt  cos  a — cos  nt  sin  a) 
y = b sin  (nt  — ß)  = 6(sinwf  cos0  — cos  nt  sin  ß), 

where  a,  b,  a,  ß are  eonstants  of  integi ation.  Solving  for  sinn*  and 
cos  nt, 


sin  nt 


x . _ y . 

— sin  p — -f-  Bin  a 
a b 


sin  ( ß — a) 


> 


cos  nt  = 


X «V 

— COB  0 — -J-  COB  a 

a r b 

ßin(/J  — a) 


Sqnaring  and  adding  we  have  the  eqnation  of  the  path 


14) 


sin*  (a  — ß) 


-i. 


which  represente  an  ellipee.  The  motion  is  called  eUiptic  harmonic 
motion.  If  « ß,  that  is  if  both  components  vanish  together,  the 
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denominator  above  vanishes,  therefore  the  numerator  must  also,  and 
the  path  is 

+ £_2**-o, 

6*  ab  7 


x 7 


which  represents  a pair  of  coincideni  straight  lines 


so  that  the  path  of  the  point  is  rectilinear  and  the  motion  is  simple 
harmonic.  Similarly  if  a — ß = it,  the  motion  is  rectilinear. 

The  angle  (a  — ß)  is  called  the  phase  difference  of  the  two 
yibrations.  If  this  is  a right  angle  one  component  reaches  its 
maximum  when  the  other  vanishes,  we  then  have 


x 

a 


> 


i 


i, 


and  the  coordinate  axes  are  the  pnncipal  axes  of  the  ellipse.  The 
amplitudee,  a and  b,  of  the  component  yibrations  are  in  this  case 
the  semi-axes  of  the  ellipse.  , 

It  is  obyions  from  13)  that  whatever  the  yalne  of  a — ß the 
maxinmm  valnes  attained  by  x and  y are  a and  l respectively,  so 
that  the  ellipse  is  always  inscribed 
in  a rectangle  of  sides  2a  and  2b 
(Fig.  10).  If  we  allow  the  phase 
difference,  a — ß}  to  change  its  yalne, 
the  point  of  tangency  will  run  along 
the  sides  of  the  rectangle,  the  axes 
of  the  ellipse  will  tum,  and  it  will 
Hatten  ont,  in  two  positions  degener- 
ating  into  the  straight  lines  forming  the  diagonale  of  the  rectangle, 
as  aboye  stated. 

If  when  the  phase  difference  is  a right  angle  the  two  amplitudes 
are  equal,  the  ellipse  becomes  a circle  and  the  acceleration  being 
toward  the  center  and  constant  in  magnitnde  the  motion  must  be 
uniform  circular  motion.  A harmonic  motion  is  often  defined  as  the 
projection  of  uniform  circular  motion  on  a line  in  its  plane.  From 
the  yalue  of  the  central  acceleration  in  a circle  we  may  by  projeeüon 
obtain  the  properties  of  simple  harmonic  motion. 

The  composition  of  two  simple  harmonic  motion»  in  intersecting 
perpendicular  lines  when  their  frequencies  are  different  gives  a class 
of  curyes  of  great  interest  in  acoustics  known  by  the  name  of 
Lissajous. 

If  the  ratio  of  the  frequencies  is  a rational  number  the  least 
common  multiple  of  the  periods  of  the  component  yibrations  will  be 
a period  for  both  and  the  curyes  are  reentrant  and  algebraic.  In 
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the  simplest  case,  where  one  frequency  is  twice  the  other,  and  the 
phase  difference  is  e,  we  have 

x = asin(n£  — s), 

y = ftsin2n£. 


Expressing  sin  2nt  in  terms  of  cosntf  and  eliminating  the  functions 
of  t we  obtain 


16) 


$ + Ji  SÜ1 2s  = Y ± T V1  - b*  cos  2e‘ 


Rationalizing  this  we  shall  obtain  a cnrye  of  the  fonrth  Order  having 

one  double  point,  shown 
in  Fig.  11,  for  6 = 0.  If 


jt 

e~T’ 


16)  becomes 


17) 


x%  1 y 1 

7 + Y' 


Fig.  11. 


a parabola  (Fig.  11).  Since 
we  may  always  express 
si nmx  rationally  in  terms 
of  %mx9  cos#,  when  m is 
an  integer,  the  elimination 
may  always  be  performed 
and  the  curves  will  be 
algebraic. 


20.  Central  Forees.  Having  now  dealt  with  two  cases  in 
which  the  acceleration  passes  throngh  a fixed  point,  — that  of  the 
motion  of  the  planets  and  harmonic  motions,  it  will  be  conyenient 
to  treat  the  general  case.  In  § 12  we  found  the  nature  and  magnitude 
of  the  acceleration  by  the  differentiation  of  the  equations  expressing 
the  motions.  We  will  now  consider  the  inverse  problem,  that  of 
obtaming  the  equations  describing  the  motion  by  Integration  of  the 
differential  equations  of  motion  when  the  force  is  given. 

We  have  by  § 10,  34)  and  35)  for  the  radial  acceleration  in 
the  direction  away  from  the  center, 


and  for  the  transverse  acceleration, 


If  the  acceleration  is  central  a<p  = 0 and  we  have  by  Integration 


20) 

Kepler’s  law  of  areas. 


19,  20] 
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It  will  now  be  convenient  to  change  the  independent  yariable 
from  t to  g>  and  at  the  same  time  to  introduce  the  reciprocal  of  r, 


u = —j 
r 


dr dr  dtp 

dt  dtp  dt 9 

and  introducing  the  valne  of  from  20)  giyes 


dr h dr ^ du 

r*  dtp  dtp 


dt 


Differentiating  again  and  proceeding  in  like  manner, 


80  that  finally, 

21) 


d*r 

dt* 


— _ h—  d* 

tldtp*  dt~~  " U 


d*u 

dtp* 


— a. 


h*u*  {0  + “) 


If  Or  iß  giyen  as  a fnnction  of  the  distance,  this  is  the  differential 
equation  of  the  path.  As  an  example  let  ns  consider  attractions 
yarying  according  to  the  Newtonian  law.  We  haye  then 


- «r  — -Jr  — V*\ 


and  the  differential  eqnation  becomes 

»>  . . $+«=£> 

or  as  we  may  write  it, 

Thns  u — -jrjr  is  giyen  in  terms  of  <p  by  an  eqnation  like  eqnation  8), 
whose  integral  is 


u 


- = «COS (<p-ct) 


or  putting  ~~  = e, 


23) 


* — y — p-(l  + ecoB  [tp  - «]). 


This  is  the  eqnation  of  a conic  section  with  which  we  started 
the  inyestigation  of  § 12.  In  Order  to  find  the  eccentricity  e let  ns 
consider  the  initial  circumstances,  or  the  magnitude  and  direction  of 
the  yelocity  for  a giyen  position  of  the  body.  Let  the  body  be 
projected  from  a point  (p  = 0,  r = R with  a yelocity  V7  making  an 
angle  s with  the  radins  yector.  Now  we  haye 


tan  « = 

dr 


, 1 dr 

COt  £ = — 

r dtp 


1 du 

— - ^ ■ i 

I«  dtp 
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Patting  9 -=  0 in  equ&tion  23)  gives 

-^-«-^■(1  + 6COsa)  or 


25) 


h* 

Ry 


— 1 = ecosa. 


Differentiating  eqn&tion  23) 

d«  y • / \ 

5^=--^C8m(y-«). 

Introducing  this  into  24)  and  pntting  <jp  = 0, 

i 22  y c • 

cot  s sin  a,  or 

Äf cot  8 


26) 


e sin  a = — 


22y 


Squaring  and  adding  25)  and  26) 


h 4 . 2A*  1 

¥ cosec*s  — ^ + 1. 


R*y 


22y 


tan  a = 


A*  cot  8 


27)  e8  - 
Also  dividing  26)  by  25) 

28)  ( ” By  — h* 

Now  h being  the  constant  moment  of  velocity  (§  8),  is  eqnal  to  the 
value  when  qp  = 0, 

29)  ä«=  FB  sin«. 

Inserting  this  in  27)  and  28)  gives 

®/2y 

V*  VÄ  ~ Y )’ 

V*R sine  cos e 


30) 

31) 


1 — e*  = 
tan  a = 


y — V*R  sin*  e 

According  as  F8  is  less  than,  equal  to,  or  greater  than  e will 

be  less  than,  eqnal  to,  or  greater  than  1,  and  the  orbit  will  be 
respectively  an  ellipse,  parabola,  or  hyperbola. 

The  critical  velocity,  F,  has  a simple  physical  significance. 
Suppose  we  consider  a particle  falling  from  infinity  straight  toward 
the  center  of  attraction.  Its  eqnation  of  motion  is 


d*r 

di* 


dr 


Mnltiply  by  both  sides  become  exact  derivatives  and  we  may 
integrate,  obtaining  . 

32)  T (£)  “ f + con8t 
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If  it  starts  with  no  yelocity  the  constant  is  zero,  consequently  V the 
velocity  at  a distance  R is  given  by 


Therefore  we  may  state  the  result  by  saying  that  the  path  will  be 
an  ellipse,  parabola,  or  hyperbola  according  as  the  body  is  projected 
in  any  direction  with  a yelocity  less  than,  equal  to,  or  greater  than 
the  yelocity  that  it  would  acqnire  in  falling  from  an  infinite  distance 
to  the  point  of  projection. 

21.  Constrained  Kotion.  We  haye  so  far  considered  the 
moying  particle  as  free  to  moye  in  any  direction.  This  is  however 
by  no  means  nsnally  the  case,  since  in  the  majority  of  cases  with 
which  we  haye  to  deal  the  particle  forms  part  of  a body  which  is 
possibly  itself  a part  of  a machine,  and  is  guided  by  contact  with 
other  bodies  to  trayel  in  certain  definite  paths,  although  the  yelocities 
with  which  it  trayeis  may  be  left  undetermined.  Such  limitations  to 
the  freedom  of  movement  of  a body  are  known  as  constraints,  and 
they  are  specified  by  certain  equations  having  a geometrical  significance. 
In  the  case  of  a single  particle,  the  simplest  constraint  is  that  in 
which  the  particle  is  constrained  to  moye  upon  a certain  snrface. 
For  instance,  if  the  snrface  is  a material  one,  the  particle  may, 
dnring  the  whole  motion,  press  against  its  inner,  or  concaye  side, 
the  material  preyenting  the  particle  from  passing  across  the  geometrical 
snrface.  The  snrface  may  itself  be  in  motion,  in  this  case  the 
constraint  is  said  to  be  varying,  and  the  eqnation  of  the  snrface  will 
contain  the  time.  Let  the  eqnation  expressing  the  constraint  be 

33)  <p  (x,  y,  z,  t)  0. 

It  is  evident  that  a particle  cannot  moye  snbject  to  constraintB 
withont  calling  into  play  certain  reactions  due  to  the  constraints. 
In  other  words  the  acceleration  experienced  by  the  particle  nnder 
the  inflnence  of  given  forces  will  no  longer  be  the  same  as  if  the 
particle  were  free,  bnt  there  will  be  a certain  action  and  reaction 
between  the  snrface  and  particle  which  may  be  represented  by  an 
extra  force  whose  components  are  X1}  Ylf  Z1}  applied  to  the  particle. 
The  equations  of  motion  may  then  be  written 

34)  m^  = X+Xlf  m*»-.Y+Y„  m^  = Z+Zi} 

where  X,  Y,  Z are  the  components  of  the  giyen  forces  and  Xu  Yu  Z t 
are  the  components  of  the  force  exercised  by  the  surface  upon  the 
particle,  that  is  the  reaction  of  the  surface.  These  are  to  be  found 
by  means  of  the  eqnation  of  condition,  (p  0,  which  holds  for  all 
yalues  of  t.  DifFerentiating  by  t, 
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d<p d<p  dx 

dt  dxdt 


+ 


dtp  dz 
dz  dt 


^ d*<p dtp  d*x  . dtp  d*y  , dtp  d* 

/)  /H  /?  #1  ' /)  Ml  fl  "■  /)  9 fl  4 


z 

dz  dt* 


+ 


dt * 3«  dt * ~~r  Fy  di* 

3*9  /ci 3*9  /dy\2  , 3*9  (dz\*  , 3*9 
3a;*  \di  / "*  3y*  \di  / 3$*  \di/  ”*  3i* 


. o #fy  dxdy  q 3*qp  dy  d$  ~ 2*9  dxdz_ 
"*  dxdy  dt  dt  *’  dydzdt  dt  *’  3 a;  3*  di  di 

• O 3*9  äy  o 3*9  dg 

0a;3i  di  3y3i  di  ' dz  dt  dt 


If  we  put  the  unknown  forces,  XA,  3^,  equal  to  an  unknown 

function  X multiplied  by  certain  known  functions,  by  inserting  the  valnes 
^ d*x  d*y  d*z 
01  ~dt*’  ~dt*’  di* 


from  34)  in  36)  we  obtain  an  equation,  linear  in  X, 


permitting  us  to  find  its  value  in  terms  of  x,  y}  0,  t 


dx 

9 di’ 


dy  dz 
dt’  dt 


If  the  surface  is  smooth,  it  is  evident  that  it  cannot  affect  a 
motion  of  the  particle  which  would  naturally  take  place  on  the 
surface.  Consequently  the  reaction  has  no  component  tangential  to 
the  surface,  but  is  in  the  direction  of  the  normal.  This  is  otherwise 
a deftnüion  of  a smooth  or  frictionless  surface.  The  components  of 
the  reaction  *i,  Y„  Z 1 are  accordingly  proportional  to  the  direction 
cosines  of  the  normal  to  the  surface  <p  = 0,  so  that  we  may  write 


When  X has  been  determined  as  above  we  have  for  the  magnitude 
of  the  reaction, 

«>  /©w+w- 

As  an  example  let  us  consider  the  motion  of  a particle  acted 
upon  by  gravity  and  constrained  to  move  on  the  surface  of  a fixed 
sphere  of  radius  l.  If  the  constraint  is  caused  by  attaching  the 
particle  to  a fixed  point  by  means  of  an  inextensible  string  whose 
mass  is  negligible,  we  have  the  so-called  ideal  pendulum.  The 
equation  of  constraint  is 

39)  <p  l (xt  + yi+et—  l*)  = 0, 

and  does  not  contain  t,  so  that  ^ = 0.  If  the  Z-&xib  be  taken 
vertically  downward  the  equations  of  motion  are 
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\ 

» 

40) 


d*x - dg> 

dt ■ “ kdx 

d*y .dtp 

dt 1 Ady 

d*z - d<p 

Ht*  *~di 


= XXy 

= Xy, 

+ 0 — Xe  + g. 


Now  imerting  these  in  36)  we  have  to  determine  X, 

K*?+y,+*')  + g*  + ßf)  + ßf)  + ($)-  o 

and  since  x?  + y*  + z*  = l*, 

41)  x-4[-»*-(©,+®,+ffin]- 

Using  this  valne  of  X in  the  differential  eqnations  40)  we  have  to 
integrate 

d*x  gxz  x ( fdz\*  . /dy\*  . /d*\2| 

~dii'=a  V 1}  { \d*/  “i~  \di)  “i”  \dt)  J' 

42)  9 — V-t  {(S)’+  ©’+  (©’}. 

69’+ (©’}+»• 


Now  differentiating  the  equation  of  constraint  39)  by  t gives 


Mnltiplying  the  eqnations  42)  respectively  by  ~f  adding 

and  making  nse  of  43)  we  may  integrate  at  once  and  obtain 


where  h is  an  arbitrary  constant  of  integration.  This  integral  gives 
ns  the  sqnare  of  the  velocity  and  shows  that  it  depends  only  npon 
the  initial  velocity  and  the  height  through  which  the  particle  has 
lallen,  for  if  it  has  a velocity  v0  when  z = z0,  we  have 

V — 2 (ge 0 + h)> 

to  determine  h. 

Making  nse  of  44)  in  41)  we  have 

Sgz  -f  2ä 

z* 

and  from  38) 

46)  -R- 
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Multiplying  the  second  of  equations  42)  by  x and  snbtracting  from 
it  the  first  mnltiplied  by  y we  obtain 


x 


d*y 
dt * 


Fig.  18. 


which  expresses  the  fact 
that  the  horizontal  compon- 
ent  of  the  acceleration  has 
no  moment  abont  the  origin, 
asin§12.  Wemay  therefore 
integrate,  obtaining, 


JT 


«> 


where  c is  another  constant 
of  integration  representing 
the  moment  of  the  horizontal 
component  of  the  yelocity 
about  the  origin  and  cor- 
responding  to  the  & of  § 20. 

It  will  be  convenient  to 
introduce  polar  Coordinates 
such  that  (Fig.  12) 


z = l sin  fr  cos  cp, 
y = l sin  fr  mn  cp, 


z *■  l cos  fr. 

Differentiating  we  have 


dx  = l (cos  fr  cos  cpdfr  — sin  fr  sin  cp  dtp ), 
dy  — l (cos  fr  sin  cpdfr  + sin  fr  cos  cpdcp), 
dz  =*  — lainfrdfr, 

dx 2 + dy 2 + dz 2 = l*(dfr*  + sin2#^2), 
xdy  — ydx  = Z2s  inffrdcp. 

Ums  our  first  integrals  44)  and  4?)  become 


49)  l*  | sin*  fr  (~)*|  — 2 (gl  cos  fr  + h), 

50)  ^sin*#-^  =*  c. 


/Ltn 

Substituting  the  value  of  derived  from  50)  in  49)  we  haye 


61) 


©-»(W+W-TO-* 


PLANE  PENDULUM. 
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from  which 

52) 


dt  =*  ± 


ytl*  mn* &(gl  eoa  & +K)  — e* 
or  reimMiiing  e and  integntmg, 


53) 


t 


Z 

'S 


Idz 


± f/2  (Z*  — **)  (gi p + ä)  - cf 


Since  the  integral  contains  the  square  root  of  a polynomial  of  the 
third  degree  in  z,  the  time  is  given  as  an  elliptic  integral  in  z}  or  z 
iß  an  elliptic  function  of  the  time. 

Inserting  the  value  of  dt  from  52)  in  50)  we  have 

d<p=-± ■ ed ? - 

sin  0*  1/2  Zf  sin*  # {g  l coa  0*  -)-  Ä)  — cÄ 

or  in  terms  of  * 


54) 


r~±fw= 


cldz 


5*)  }/2  (Z*  — z1)  {gz  + ä)  — cf 


32.  Plane  Pendnlum.  If  c — 0,  by  50)  9 =■»  const.  and  we 
bare  plane  motion  of  a pendolom.  The  integral  49)  then  redneee  to 


55) 


(l?)  " 2 (f  008  * + Tr) 


Differentiating  this  gives 

0 d* 0* 

d*fr 


mu  « dfr 
- am  & or 


41*  +TBin*  = 0’ 

the  differential  equation  of  plane  pendnlar  motion,  which  might  have 
been  directly ' obtained  for  this  particolar  case. 

If  now  during  the  motion  fr  always  remains  so  small  that  its 
sqnare  may  be  neglected  in  comparison  with  unity,  we  may  put 

sin#  = fr, 

so  that 

?£  + t*  = 0- 

The  integral  of  this  is  (c£  § 19,  8) 

fr  a sin  Q/y  t—  «)> 
representing  a harmonic  motion  with  period 

56)  ’ Tm.Sgj/1. 
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The  time  taken  for  a single  swing  is  one  half  thiB.  Here  we  have 
an  example  of  a small  Vibration,  which  is  harmonic,  as  stated  in  § 19. 

In  Order  to  find  the  degree  of  approximation  of  this  solntion 
we  must  examine  the  exact  equation.  Determining  the  constant  of 
integration  h by  putting  for  the  velocity  when  -9*  = fr0, 


we  have 

= 2 (-?-co8fr0  + 


Subtracting  this  from  55)  we  obtain 

(ij)  - ■"  2 f (C0B  9 - cos  »o), 


from  which  it  follows, 


57) 


t 


'‘±h*? 


Idfr 


-f  %gl  (cos  fr  — cos  9*0) 


There  are  three  cases  according  as  v°  *B  ^ess  *^UU3L;  equal 

to,  or  greater  than  1.  We  shall  consider  the  first. 

Let  ns  write  in  57)  cos  fr  — cos  fr0  = 2 ^sin2  y — sin2  • 


58) 

If  we  put 

59) 

we  have 

60) 


t = ± 

fr, 


ld& 


+ 4 gl  sin*  — 4 gl  »in*  y 


®**4"  4^Zgin*y 
4 ~gi 


= **  < 1 


t 


../I  f *(f) 

9J  ’jA,-sin*y 


Let  us  now  introduce  a new  variable  ^ such  that  JcbuliI*  = sin then 

fr  ,/fr 


kcostydtl;  = c°sy  ^(y)’ 

<==±l/l  f *+ — 

V 9 J 


< 
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it 

J yi  - k*  sin*  tf) 


The  integral  / -^===^~===  is  an  elliptic  integral  in  Legendre’s  normal 
form  and  is  donoted  by  F(i>,  k).  In  this  notation 


61)  * - ± Yj  (*[*,  *]  - F[t„  *]), 

and  the  npper  or  lower  sign  is  to  be  taten  according  as  the  particle  is 
rising  or  falling  at  ^0.  For  call  tm  the  time  of  reacbing  the  lowest 
point  When  # = 0,  ^ = 0 and  since  F(0,  k)  = 0,  we  have 


— T "[/“  F (^0,  k ). 


Since  this  is  to  be  positive,  we  see  that  the  lower  sign  is  to  be  taten 
in  61)  if  the  particle  is  falling  at  ^0.  Subtracting  61)  from  62) 
we  have 


as  the  time  of  falling  from  any  inclination  # to  the  lowest  point 
The  particle  Swings  by  the  lowest  point  and  continues  with  nega- 
tive # until  ^ = 0,  that  is  nntil  k 2 — sin2  — = 0, 

dt  7 2 7 


. 9 

sinY 


7t 

• 

2 


If  the  time  on  reaching  the  highest  point  is  th 


we  have  by  63) 


The  integral 


is  called  the  complete  elliptic  integral,  and  depending  only  on  the 
Parameter  k is  denoted  by  K (k).  Tables  of  values  of  F and  K are 
given  in  Legendre’s  Theorie  des  Fonetions  EUiptiques.  The  period  of 
a donble  oscillation  is  4 (th  — tm), 


T=4]/jiT(Ä). 


4g  D.  PARTICÜLAE  M0TI0N8  OF  A POINT. 

We  may  develop  K in  a series,  for  since 


= 1 + + ******  + iS****  + • • •' 


we  have 


n 

T 


n 

T 


1t 

T 


/■ 


Now  since 


* 

T 


J*  sin2nqM^  = 


1-3-6  ...  2n  — 1 * 
2*4  6 ...Sn  2 


ir.i(1  + (4)V+Cri)V+(^!)V+...). 

If  a be  the  maximum  value  of  for  which  ^ = — > h = sin 
und  the  period  is  given  by 


«5) 


This  is  the  formula  which  is  used  to  correct  onr  restdt  56)  for  finite 
oscillations.  If  a is  1°  the  correction  is  less  than  one  part  in  fifty 
thousand,  and  if  a = 5°  it  is  less  than  one  in  two  thonsand. 


23.  Bpherioal  Pendnlnm.  Let  ns  now  retum  to  eqnations  53) 
and  54),  which  we  will  write 


where  Q>(z)  — 2 (Z2  — z*)  { gz  + h)  — c2. 

As  the  integrals  are  real  &(z)  must  be  positive  for  all  values 
of  z that  occnr  in  the  motion. 

Snbstitnting  successively  for  z,  — oo,  — l,  zQ,  +!  we  find 


68)  ®(-oo)  = + oo,  c2,  ®(^)>0, 

Accordingly  *the  polynomial  &(z)  has  three  real  roots.  If  we  call 
these  a,  ß}  y in  the  Order  of  magnitude,  they  lie  so  that 

l>a>z0>ß>-l>y, 

Fig.  13  is  the  graph  of  4>{z)  as  Ordinate,  with  z as  abscissa. 


32,  38] 
Since 
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0(a) 2ge*  - 2 Äs*  + 2gl*e  + 2hl * - c* 

= - 2g (z -K)(z-ß) (e - y), 

we  have,  eqnating  the  coefficients  of  zf 

2gl*  = — 2 g (aß  + ß y + ay), 

l'  + «ß 

cc  + ß 


from  which 


Since  a and  ß both  lie  \ 
between  — l and  l the 
nnmerator  is  positive 
irrespective  of  the  sign  &(*) 
of  either,  and  since  y is 
negative,  the  denominator 
must  be  positive,  or 
c + ß > 0.  Since  between 
ß and  y $(*)  is  negative, 
z cannot  in  the  motion 
lie  in  this  region  (for  ]/#(*)  must  be  real).  Now  since,  66) 


Flg.  18. 


when  &(z)  vanishes  z is  a maximum  or  minimum,  hence  the  motion 
takes  place  between  two  horizontal  circles  at  depths  z = a and  z — ß 
below  the  origin.  Although  ß may  be  negative,  yet  since  ß + a > 0 
the  mean  position  of  the  particle  is  below  the  center  of  the  sphere. 


Since  by  50)  ®^wayB  varies  i*1  the  same  sense 

and  when  z equals  a or  ß the  path  has  a horizontal  tangent,  for 
= 0,  while  is  not  equal  to  zero. 


dt 


If  z0  is  a root,  that  is  if  the  particle  was  originally  on  one  of 
the  limiting  circles,  we  must  take  the  positive  sign  for  the  radical 

in  the  integrale  if  z0  = ß (so  that  ~ may  be  positive  and  z increase), 

the  negative  sign  if  z0  = a. 

The  time  of  passing  from  the  highest  to  the  lowest  point  is 


a 


Idz 

VW' 


ß 


The  meridian  planes  passing  through 
th  the  parallels  a and  ß are  planes  of 

WBBBTBB,  Dyiuunloa. 


o J 
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For  if  we  consider  two  points  P,  Pr  of  azimuths  <p,  <p'  lying  on  the 
same  parallel  and  on  opposite  sides  of  a vertex  A (Fig.  14), 


9a 


/cldz 

(**-«*)  1/Iw 


z*)Y$(e) 

M 

and  since  the  radical  changes  sign  on  passing  throngh  a vertex, 

cldz 


= <PA  — (P 


**)V*(i) 

Therefore  the  points  P,  P'  are  sjmmetrical  about  A and  the  times 

a 

of  traveling  the  arcs  PA  and  AP1  are  eqnal  to  \ ]** * In  like 

J K*(*) 

manner  it  can  be  shown  that  the  path  is  symmetrical  abont  an  npper 

yertex  B.  The  path  is 
accordingly  composed 
of  eqnal  parts  continu- 
ally  repeated.  It  of 
course  is  not  generally 
trne  that  the  path  will 
be  reentrant  after 
going  once  around  the 
sphere. 


Fig.  14. 


We  will  now  consider  the  horizontal  projection  of  the  path. 


Fig.  15  a. 

1°.  Snppose  both  limiting 
projection  of  the  circle  xr  = cc  is 


Fig.  16b. 


parallele  are  below  the  equator,  the 
within  that  of  0 = ß,  and  the  path 


23] 
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is  similar  to  Fig. 
15,  the  angle  snb- 
tended  at  the 
center  by  two 
succeesive  points 
of  tangency  being 
greater  than  a 
right  angle,  as  we 
shall  see. 

Figs.  14,  15a, 
15b,  15c,  16a, 
are  reprodnctions 
of  photographs  of 
actaal  Swings  of 
a pendnlum.  A 
brass  ball  was 
swang  by  a string 
attached  to  a 
screw  - eye,  and 
carried  a small  in- 
candescent  lamp. 
On  the  floor 
below,  and  at  one 
side  were  placed 
Cameras  with  open 
shutters,  in  a dark 
room.  When  the 
ball  was  swang, 
the  light  was 
tomed  on  for  a 
snfficient  nomber 
of  swings,  and  the 
path  registered  on 
the  photographic 
plate.  On  the 
photograph  Fig. 
15c,  the  mayimmn 
and  minimom 
radii  were  mea- 
sored,  from  which 
could  be  calca- 
lated  the  roots  a, 
ß,  and  thence  y. 
Then  from  equa- 


Fig.  15  c. 


Fig.  15  d. 


4* 


52 


H.  PARTICULAR  MOTIONS  OP  A POINT. 


tion  67),  by  an  arithmetical  approximate  quadratnre,  9 was  calcnlated 
for  a nnmber  of  values  of  z,  from  which  with  the  polar  Coordinates 
9,  r =|/i2  — **,  the  horizontal  projection  Fig.  15 d was  drawn.  It 
will  be  observed  that  it  almost  exactly  coincides  with  the  observed 
cnrve  Fig.  15  c.  From  the  projection  and  the  Yalues  of  z the  per- 
spective Fig.  16b  was  constructed,  which  in  like  manner  nearly 
coincides  with  the  observed  Fig.  16  a.  The  eye  is  bdow  the  shaded 
square  in  the  figure.  Figures  15 d,  16b  were  constructed  by  Mr.  Joseph 
G.  Coffin. 


Fig.  16  a. 

2°.  If  ß is  negative,  the  projection  of  the  circle  z — a is  still 
within  that  of  z — ß,  for  since  a + ß > 0,  the  lower  circle  is  farther 


from  the  center  than  the  upper.  The  projection  of  the  path  is  also 
tangent  to  the  equator. 

The  angle  AOB  in  Fig.  15  a has  the  value 


69) 


—f- 

J (I*- 


cldz 


Z*)V$(z) 


Inserting  the  value  y = — " ^ 


9 (z)  — - 2g  (z  - «)  (z  - ß)  {z  - y) , 
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we  have 

®0O  — a+p(«  *)(*  +**+«/*}• 

Now  putting  z =1, 

writing 

B = Y(l  + a)  (Z  -f  ß)> 

we  have 

• - ABV 4 1 

70) 

jp  /*  lABdz 

In  Order 

to  find  limits  between  which  this  integral  lies 

for  all 

possible  values  of  a and  ß,  we  notice  that  the  coefficient  of  z in 
the  last  factor  is  positive,  and  that  the  value  of  the  factor,  varying 
always  in  the  same  sense  as  z,  necessarily  lies  between  the  two 
values  it  would  have  when  z had  its  extreme  values,  l and  — l . But 
these  are  B%  and  A*,  so  that 

B*  > z (a  + ß)  -f  l*  + aß  > A*. 

Substituting  in  the  radical  a value  that  is  too  great  or  too  small 
will  make  the  integral  have  an  error  in  the  opposite  sense,  therefore 


a 


A f ......  <W<B  f !dg 

The  polynomial  under  the  radical  being  now  of  only  the  second 
degree,  the  integral  can  be  easily  calculated,  as  follows. 


/, 


Idz 


a 


(!*  -*•)!/(«-«)(*- 


y (*+z)V< 


dz 


(•+*)  V(« -*)<*- ft 


1 /*  dz 

{z-T)Y(a-z)(z- 


ft 


= -( + - 

2 \y^+i  Vß+i  Voc^i  Yß^iJ 
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Accordingly  we  have 


f(l  + #)<y<T(l+l) 


therefore  *P*>  —>  as  above  stated.1) 

If  in  the  integral  70)  we  snbstitnte  for  the  factor 

[st(a  + ß')  + l*  + aß) 

the  greatest  and  least  values  t hat  it  takes  dnring  the  motion,  namely 
z = a and  z = ß,  we  shall  get  closer  Limits  between  whicjh  if>  lies. 
K we  then  make  a and  ß approach  l,  *P  will  approach  a right  angle, 
so  that  the  horizontal  projection  tends  to  be  a closed  cnrve. 

This  case  may  also  be  treated  directly.  Onr  equations  40)  were 


d*x 

~dt* 


= Xx, 


d*y  * 
dt*- 


dt* 


=*Xe  + g. 
1 


Now  we  have  z = Yl*  — (z?  4*  y5)  = l (l  — * and  developing 

by  the  binomial  theorem, 


0 = 1 |l  — 


«Hy* 

2Z* 


+ 


If  now  x and  y are  small  with  respect  to  l and  we  neglect  small 
qnantities  of  the  second  Order,  z is  constant.  Then  ^ = 0,  and 
from  the  third  eqnation  above, 

* l 

Inserting  this  value  of  A in  the  first  two  gives 

d*x  g 


dt * 


i 


d%y  g 

■d=~T  y> 


the  integrale  of  whioh  are 

* = a sin  t — «j, 

y = 68m(|/f  t~ß), 

where  a,  b,  a,  ß are  arbitrary  constants,  giving  elliptic  harmonic 
motion  of  the  same  period  as  that  of  the  small  plane  harmonic  motion. 

Another  important  case  is  that  in  which  the  two  roots  a and  ß 
are  eqnal.  We  then  have  z and  constant,  and 

z = z0  = a = ß. 


1)  This  treatment  is  taken  from  Appell,  MScamque  Rationelle.  The  proof 

* Ä ■ « a • 


that  > — is  due  to  Paiseuz. 
2 


CONICAL  PENDULUM. 
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The  condition  for  equal  roots  is  that  &(z)  and  #'(*)  have  a common 
root.  Now 


9{z)  = — 2gz*  — 2hz*  + 2gl*z  + 2hl*  — c2, 
Q'(z)  ■»  — 6 gz*  — Ahz  + 2 gl*. 


If  then  (*0)  = 0,  we  have 

2h-^rS9**' 

together  with 


Zr 


from  which 


9 (*0)  = 2 ( g zQ  + h)  (Z ! 8 - O - c2 = 0, 


c*  = 2 O*0  + Ä)  (Z ! 1 - *0*)  - g 21_£ü!L*, 

*o 

We  accordingly  have  for  the  value  of 


d<P  _ c , 

dt  Za-s*  — 


We  thns  obtain  for  the  time  of  revolution 


The  time  of  revolution  of  a conical  pendulum 
is  the  same  as  that  of  a complete  oscillation  of 
a plane  pendulum  of  length  zQ  performing 
small  vibrations. 

As  fr  approaches  a right  angle,  z0  and 
therefore  T approaches  zero,  that  is  the  velocity 
increases  without  limit.  We  have  in  this  case 


Now  the  centripetal  acceleration  in  the  circular 
motion  is  (§  10), 


V^-*o 


Zr 


= g tauft. 


An  acceleration  g directed  downward  together  Fig.  n. 

with  the  reaction  R directed  toward  the  center 
of  the  sphere  will  compound  into  an  acceleration  g tan  fr  in  a 
horizontal  direction  (Fig.  17).  Accordingly  if  the  particle  is  projected 
horizontally  with  the  velocity  v,  it  will  describe  a circle. 
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CHAPTEß  UI. 

GENERAL  PRINCIPLES.  WORK  AND  ENERGY. 

24.  Work.  If  a point  be  displaced  in  a straigbt  line,  under 
the  action  of  a force  which  iß  constant  in  magnitude  and  direction, 
the  product  of  the  length  of  the  displacement  and  the  componont 
of  the  force  in  the  direction  of  the  displacement,  that  is,  the  geometric 
product  of  the  force  and  the  displacement  § 4,  10),  is  called  the  work 
done  by  the  force  in  producing  the  displacement.  If  the  components 
of  the  force  F are  X,  Y,  Z,  and  those  of  the  displacement  s are 
sx,  sy,  s„  the  work  W is 

1)  sF  cos  {Fs)  = Xsx  + Ysv  + Zs,. 

It  is  at  once  evident  that  if  a force  is  resolved  into  components,  the 
sum  of  the  works  of  the  components  is  equal  to  the  work  of  the 
resnltant,  for  if 

X^  + X,, 

r=rx  +y%, 

Z = Zx  + z%, 

= Xi  sx  + Y\Sy  + Z\  sz, 

TV2  = Xgs*  + Y}SV  + Z%s„ 

W «=  (Xx  + X^sx  + (Yx  + Y2)sy  + {Zx  + Z2)s,  - Wt  + W2. 
Since  work  is  defined  as  force  xdistance,  we  have  for  its  dimensions, 

[Work]  = [L]  [^]  = [ML*T-*-\. 

The  C.  G.  S.  unit  of  work  is  the  work  done  when  a force  of 
one  dyne  produces  a displacement  of  one  centimeter  in  its  own 
direction.  This  unit  is  called  the  erg  = gm  • cm2  • sec~2. 

If  the  displacement  be  not  in  a straight  line,  and  the  force  be 
not  constant,  the  work  done  in  an  infinitesimal  displacement  ds  is 

2)  äW-(xaZ  + Y*  + zifiis, 

and  the  work  done  in  a displacement  along  any  path  AB  is  the 
line  integral 

A 

The  components  of  the  force  are  supposed  to  be  given  as  func- 

tions  of  s and  the  derivatives  ^ are  known  as  functions  of  s 

as  as  as 

from  the  equations  of  the  path. 
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U nderstandin g this,  we  may  write 


B 

W ab  ==^* -j-  Ydy  -f*  Zdz 


2 5.  Btatios.  Virtual  Work.  Snppose  that  we  have  a System 
of  n material  points.  If  they  are  entirely  free  to  move,  they  require 
3 n Coordinates  for  their  specification.  If  however  they  are  subjected 
to  geometrical  constraint,  as  explained  in  § 21  for  a single  particle, 
there  mnst  be  certain  relations  satisfied  by  their  Coordinates.  Let 
these  equations  of  condition  or  constraint  be 

<Pl  19  Vli  Z19  y%>  2*9  • * • xn9  Vn>  %n)  = 

9*2  fal 9 Vl 9 Z19  %t9  tf%9  * • • Kn)  Vny  £«)  = 0? 

5)  


9**  ( Pl9  Vl9  Z1 9 %29  V*  9 Z2  9 • * * X*9  V*9  Zn)  ® * 

Such  constraints  may  be  cansed  in  a great  variety  of  ways. 
Particles  may  be  caused  to  lie  on  certain  fixed  or  moving  surfaces, 
may  be  connected  by  inextensible  strings  which  may  pass  oyer 
pulleys,  or  by  rigid  links  variously  jointed. 

For  instance,  if  two  particles  1 and  2 are  connected  by  a rigid 
rod  of  length  l,  either  particle  mnst  moye  on  a sphere  of  radins  l of 
which  the  other  is  the  center,  and  we  haye  the  equation  of  condition 

•p  ^ («i  - «»)*  + 0i  — yty  + O - *»)*  - J*  = o. 

(W e might  haye  constraints  defined  by  inequalities,  e.  g.,  if  a 
particle  were  obliged  to  stay  on  or  within  a spherical  surface  of 
radins  l the  constraint  would  be  only  from  without,  and  we  shonld  haye 

{x  — a)2  + (jf  — b)9  + (z  — c)2  — Z2  < 0. 

We  shall  assnme  that  the  constraint  is  toward  both  sides,  and 
is  defined  by  an  eqnation.) 

If  any  particle  at  xr,  yr,  zr  is  displaced  by  a small  amonnt  so 
that  it  has  the  Coordinates 


xr  + Sxr}  yr  + 8yry  zr  + dzr , 

in  Order  that  the  constraints  may  hold  we  mnst  haye  for  each  <p9 

9*  (&rf  Vr9  &r>  • * •)  =ss  0, 

(p(Xr+  dxr,  yr  + Syn  zr  + <J zn  . . .)  = 0, 

and  if  be  a continnons  fhnction,  developing  by  Taylors  Theorem, 

o 

tp  Jfr  “I”  ^rj  %r  “i“  ■ • •)  ™ Vry  %ry  • • •)  “t"  ÖXr  “|“ 


6) 


dyr  57T  + ägr^jj  + 


<>y. 


+ i8a*?£.+ 
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Accordingly,  taking  account  only  of  the  terms  of  the  first  Order  in 
the  small  qnantities  8xr,  Syrf  8zr,  and  using  equations  6)  we  have 


If  a number  of  particles  are  displaced,  we  must  take  the  sum  of 
ezpressions  like  the  above  for  all  the  particles,  or 


as  the  conditions  which  must  be  satisfied  by  all  the  displacements 
8xr,  8yr , 8zr.  There  must  be  one  such  eqnation  for  each  fonction  <p. 
Such  displacements,  which  are  purely  arbitrary,  except  that  they 
satisfy  the  equations  of  condition,  are  called  virtual , being  possible, 
as  opposed  to  the  displacements  that  actually  take  place  in  a motion 
of  the  System.  If  the  equations  of  constraint  contain  the  time,  t is 
supposed  to  be  kept  constant  during  the  virtual  displacement. 

The  number  of  independent  Coordinates  possessed  by  a System 
is  called  the  number  of  degrees  of  freedom  of  the  System,  which  may 
be  otherwise  defined  as  the  number  of  data  necessary  to  fully 
specify  its  position.  Between  the  3 n changes  8x,  8y,  dz,  occurring  in 
an  equation,  there  are  h linear  equations,  hence  only  3w  — k of  them 
may  be  taken  arbitrarily,  and  this  is  the  number  of  degrees  of 
freedom  of  the  System. 

It  has  long  been  customary  to  make  a subdivision  of  the  subject 
of  Dynamics  entitled  Statics  which  deals  with  only  those  problems 
in  which  forces  produce  equilibrium.  A System  is  in  equilibrium 
when  the  impressed  forces  upon  its  various  particles  together  with  the 
constraints  balance  each  other  in  such  a way  that  there  is  no  tendency 
toward  motion  of  any  part  of  the  System.  The  Principle  of  Virtual 
Work  is  the  most  general  analytical  statement  of  the  conditions  of 
equilibrium  of  a System.  It  was  used  in  a very  simple  form  by 
Galileo,  but  its  generality  and  its  utility  for  the  solution  of  problems 
in  statics  was  first  recognized  by  Jean  Bemoulli,  and  it  was  made 
by  Lagrange  the  foundation  of  statics.1) 

If  the  System  consists  of  a single  free  particle,  in  Order  for  it 
to  be  in  equilibrium  the  resultant  of  all  the  forces  applied  to  it, 
whose  components  are  X = ZXr,  Y=  TYr,  Z=  TZr>  must  vanish, 

• 9)  x = r=z=o. 

1)  For  the  history  of  the  principle  see  Lagrange,  Mecanique  Analytique , 
Ie  Partie,  Section  1,  §§16  and  17. 
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If  we  multiply  these  eqnations  respectively  by  the  arbitrary  small 
quantities  dz,  Sy,  dz,  and  add,  we  get 

10)  Xdx  -f*  Ydy  -f-  Zäz  = 

which  states  that  the  work  done  in  an  infinitesimal  displacement  of 
a point  from  its  position  of  eqnilibrinm  vanishes.  The  equation  10) 
is  equivalent  to  the  eqnations  9),  for  since  the  quantities  dz,  äy,  dz 
are  arbitrary,  if  X,  Y,  Z are  different  from  zero,  we  may  take 
dz,  Sy,  dz  respectively  of  the  same  sign  as  X,  Y,  Z,  — each  product 
will  then  be  positive,  and  the  sum  will  not  vanish.  If  the  sum  is 
to  vanish  for  all  possible  choices  of  dz,  äy,  dz,  X,  Y,Z  must  vanish. 

If  the  particle  is  not  free,  bnt  constrained  to  lie  on  a surface 
<p  = 0,  dz,  dy,  dz  are  not  entirely  arbitrary,  bnt  must  satisfy 

7)  If  *y+ 

Let  us  multiply  this  by  a quantity  X and  add  it  to  10),  obtaining 

11)  (X  + X^jdx  + (r+X^jdy  + (z+  x~jdg  = 0. 

fc 

We  may  no  longer  conclude  that  the  coefficients  of  dz,  äy,  dz 
must  vanish,  for  dz,  äy,  dz  are  not  arbitrary,  being  connected  by 
the  equation  7).  Two  of  them  are  however  arbitrary,  say  äy  and  äz> 
X has  not  yet  been  fized  — suppose  it  determined  so  that 

z + »||-o. 

Then  we  have 

(r+1lf)4s'  + (i?+1§!)ä'-0’ 

in  which  äy  and  dz  are  perfectly  arbitrary,  it  therefore  follows  of 
necessity  that  the  coefficients  vanish. 

r+»j£-o,  z+ifj-o. 


By  the  introduction  of  the  multiplier  X we  are  accordingly 
enabled  to  draw  the  same  conclusion  as  if  dz,  dy,  dz  were  arbitrary. 
If  X,  Y,  Z refer  to  the  resultant  of  the  impressed  forces  only,  not 
including  the  reaction,  eqnations  9)  do  not  hold,  but  if  we  suppose 
10)  to  hold,  we  shall  obtain  the  conditions  for  equilibrium.  Elimin- 
atmg  X from  the  above  three  eqnations  we  get 


X 

dtp 

dz 


dtp 

dy 


z 

dtp 

de 


Now  the  direction  cosines  of  the  normal  to  the  surface  w = 0 

o o o r 

are  proportional  to  -^y  ^x  t~x  consequently,  the  components  X,  Y,  Z 
being  proportional  to  these  direction  cosines,  the  resultant  is  in  the 
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direction  of  the  normal  to  the  surface.  But  owing  to  the  constraint 
the  motion  can  be  only  tangential,  consequently  the  partide  cannot 
move,  and  the  applied  forces  together  with  the  reaction  prodnce 
equilibrium. 

The  Principle  of  Virtual  Work  is  as  follows.  If  any  System  of 
as  many  bodies  or  particles  as  we  please,  each  acted  upon  by  any 
forces  whatsoever,  is  in  equilibrium,  and  a small  arbitrary  virtual 
displacement  is  given  to  each  point  of  the  System,  the  work  done 
by  all  the  forces  will  vanish  (at  least  to  the  first  Order  of  small 
quantities).  For  instance  a particle  placed  on  a smooth  surface  under 
the  action  of  gravity  experiences  a force  mg  verticaüy  downward. 
If  we  displace  it  a distance  ds  the  work  done  by  the  force  will  be 
mgdZj  if  the  z coordinate  is  taken  positively  downward.  We  may 
write  this 

dW  = mgAdUs, 

and  if  this  vanishes  whatever  the  value  of  ds  for  all  directions  of 

dz  • 

displacement  on  the  surface  ^ must  be  zero,  that  is  the  tangent 

plane  to  the  surface  is  horizontal.  But  the  particle  is  in  equilibrium 
at  such  a point. 

Conversely,  if  the  surface  is  not  horizontal,  dW  wül  not  vanish 
for  all  possible  displacements,  neither  wül  the  particle  be  in  equili- 
brium. (It  is  to  be  noticed  that  in  the  neighbourhood  of  a point 
where  the  tangent  plane  is  horizontal  dz  is  proportional  to  ds*,  so 
that  the  work,  although  vanishing  to  the  first  Order,  does  not  vanish 
to  the  second,  £ is  in  this  case  a maximum  or  minimum.) 

Simple  illustrations  of  the  principle  of  virtual  work  are  furnished 
by  the  so  - called  mechanical  powers.  Consider  in  particular  the 
pulley.  The  mechanical  advantage  or  multiplying  power  as  regards 
force,  that  is  the  ratio  of  the  force  sustained  by  the  movable  block 
to  the  tension  on  the  cord,  is  equal  to  n,  the  number  of  cords 
coming  from  the  movable  block,  for  the  fundamental  assumption  is 
that  the  tension  of  the  cord  is  everywhere  the  same.  If  the  end  of 
the  cord  is  displaced  a small  distance  in  its  own  direction,  the  block 
is  displaced  l/nth  of  that  distance,  consequently  the  work  of  the 
two  equilibrating  forces  is  equal  in  absolute  magnitude,  but  one 
being  positive  and  the  other  negative,  their  sum  is  zero. 

By  means  of  this  principle  Lagrange  gave  a simple  general 
proof  of  the  principle  of  virtual  work.  He  supposed  each  force 
applied  to  a point  of  the  system  to  be  replaced  by  a pull  of  a block 
of  pulleys,  the  number  of  pulleys  in  each  block  being  so  chosen 
that  the  proper  force  could  be  produced  by  the  tension  of  a single 
cord  passing  over  all  the  pulleys  and  fastened  to  a weight  at  one 
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end,  the  other  being  fixed.  If  now  the  forces  are  in  equilibrium, 
an  arbitrary  small  displacement  of  all  the  blocke  will  neither  raise 
nor  lower  the  weight  at  the  end  of  the  string.  Thus  by  the  applica- 
tion  of  the  property  of  the  pulley  the  principle  was  proved.1) 

We  shall  not  here  undertake  to  give  a more  formal  proof  of 
the  principle,  which  may  be  given  by  an  analysis  of  the  yarions 
kinds  of  constraint,  such  a proof  is  found  in  Appell,  Tratte  de 
Mecanique  Rationelle,  Tom.  I,  Ghap.  7. 

If  the  forces  Xlf  Yt,  Zt  act  upon  the  particle  1,  X^,  Y2,  Z2  upon 
the  particle  2,  etc.,  the  condition  of  equilibrium  is 

12)  Xt  9xt  + Yx  6y1  + Zx  6zx  + Xa  öx2  + Y2  öy2  + Z2  Sz2  + • • • Zn6zn  = 0, 
or  as  we  may  write  it, 

13)  (JXöx  -j-  Ydy  -f“  Zdz)  = 0. 


Thi8  is  the  analytical  expression  of  the  Principle  of  Virtual  Work. 

If  the  particles  satisfy  the  equations  of  constraint  5)  the  dis- 
placements  must  satisfy  the  equations 


+ |a  * ,, + «x, + |a 


14) 


Öx1 

djPt 

dxx 


dzx 


das, 

dtp. 


dy. 


+ 


dz. 


Ix, 4a«  + iS 4*  + 


Ir4'--0- 

« 

dz  0Z"~V> 


n 


d9k 


8x1  + 


Multiplying  the  equations  14)  respectively  by  X1,  1,, . . . Xk,  and  adding 
to  12)  we  have 


Of  the  3n  quantities  dxlf...dzn,  only  3 n — k are  arbitrary,  we 
may  howeyer  determine  the  k multipliers  X so  that  the  coefficients 


1)  Ibid.  § 18. 
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of  the  h other  d’s  vanish,  then  the  coefficients  of  the  3n  — & arbitrary 
d’s  must  vanish,  so  that  we  get  the  3 n eqnations 


Xt+  Xx 


d<Pi  , 3 d<pt 
^ **  d a^ 


X2+  X 


1 dxt 


H — Xk 


d<pk 


+ 


dxl 

. d,pt 

XtJTt 


7 i j ^9*i 

Z’t+X'JT. 


Eliminating  from  these  the  Tz  quantities  X,  we  have  3 n — ft  equations 
expressing  the  conditions  of  equilibrium,  being  as  many  as  the  System 
has  degrees  of  freedom. 

The  eqnations  16)  were  given  by  Lagrange1),  to  whom  the 
principle  of  the  use  of  the  indeterminate  mnltipliers  X is  due.2)  One 
great  adyantage  of  the  principle  of  yirtual  work  is  that  it  enables 
ns  to  dispense  with  the  calculation  of  the  reactions,  for  in  a dis- 
placement  compatible  with  the  constraints  the  work  of  the  reactions 
yanishes. 

As  an  example  let  us  find  the  position  of  equilibrinm  of  two 
heavy  particles  of  mass  mx  and  connected  by  a rigid  bar  withoat 
weight,  of  length  l,  and  placed  inside  of  a smooth  sphere  of  radius  r. 
The  equations  of  constraint  are 

xi  + Vi  + 

x22  + V**  + V - r2  = 0, 

Oi  - «*)*  + Oi  - yty  + Oi  - **)*  - 1*  = o. 

The  equation  of  virtual  work  is 

mlg6z1  + tnigSei  = 0, 
where  dz1  and  Sz%  satisfy  the  eqnations 

3^6 xx  + ytSyt  + t19el  = 0, 
s,  4-  y,9yt  -f  = 0, 

Oi  - °°i)  0®i  - Sxi)  + Oi  - y»)  (ßyi  - 6Vt)  + Oi  - **)  OK  - <K)  = o. 

These  are  foor  linear  equations  between  the  six  quantities 

^!/l> 

We  may  therefore  take  any  two  of  them  arbitrarily.  Suppose  we 
assume  dyt  = Sy2  = 0.  We  then  haye  four  linear  equations  in 
Sx19  Sz19  Sx^y  dz2,  and  in  Order  that  they  may  be  satisfied  for  yalues 


1)  Lagrange,  Mtcanique  Anälytique , tom.  I,  p.  79. 

2)  See  Note  E. 
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of  the  8* s other  than  0,  the  determinant  of  the  coefficients  must 
vanish 


0‘  , 

»»1  ; 

0 , 

m, 

*1  , 

0 , 

0 

= 0 

0 , 

0 , 

> 

** 

| 

-Xt, 

*1  - 

g,  - Zi 

1 

or  reducing, 


+ m%x^)  - Z&)  = 0. 


The  solution  that  applies  is  given  by  the  yanishing  of  the  first 
factor,  that  is, 

. mlx1  + = Q. 


In  like  manner  if  we  had  assnmed  8xt  = = 0,  we  shoold  have 

obtained 

miVi  + ***!!%  = °- 

This  equation  with  the  preceding  gives  by  the  elimination  of  m1}  m%} 

xl xt 

Hence  the  points  lie  in  a vertical  plane  containing  the  center  of  the 
sphere.  The  two  equations  express  the  fact  that  a point  dividing 
the  line  connecting  the  particles  in  the  inverse  ratio  of  their  masses 
is  vertically  below  the  center  of  the  sphere.  The  azimuth  of  the 
plane  containing  the  particles  is  indeterminate  on  account  of  the 
symmetry  about  the  vertical. 


26.  D’Alembert’s  Prlnciple.  The  equations  of  motion  of  a 
particle  may  be  written 


17) 


d*xr 

Xr 

— mr 

dt* 

= 0, 

Yr 

— mr 

d*yr 

dt * 

= 0, 

Zr 

— mr 

r 

dt * 

= 0. 

Multiplying  these  equations  respectively  by  the  arbitrary  quantities 
9xry  Syr>  Szrj  adding,  and  taking  the  sum  for  all  values  of  the 
suffix  r,  belonging  to  the  different  particles  of  a System, 

+ (2,  - te, } = 0. 

This  equation  may  be  called  the  fundamental  equation  of  dynamics, 
and  is  the  analytical  statement  of  what  is  known  as  d’Älembertfs 
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Principle.  Lagrange  made  it  the  basis  of  the  entire  subject  of 
dynamics.1 2)  We  may  interpret  18)  in  terms  of  the  principle  of 
virtual  work  by  means  of  the  introduction  of  the  conception  of 
effective  forces  due  to  d’Alembert. 

If  a System  of  particles  is  not  free,  when  acted  on  by  certain 
impressed  forces  it  will  not  take  on  the  same  motion  as  if  there 
were  no  constraint,  the  reactions  causing  it  to  deviate  from  this 
natural  motion.  Having  found  the  actual  motion,  we  know  the 
System  of  forces  that  would  prodnce  it,  if  there  were  no  constraints. 
These  are  termed  the  effective  forces  and  if  we  represent  them  by 
XJ,  Yry  ZJ,  they  are  given  by  the  equations 

d'  x_ d*v_  d'z_ 

ZJ  = m. 


XJ  — mr  dtt ■> 


Y'-m  A'Vr 

jLf  — VYtf  .*  t 


rr  dt' ' ~r  — dt' 

The  equation  18)  accordingly  states  that  the  reversed  effective  forces, 
— X1,  — Y\  — Z'  together  with  the  impressed  forces,  X,  Yy  Z,  will 
form  a System  in  equilibrium. 

We  may  regard  the  principle  from  another  point  of  view. 
When  a body  is  set  in  motion  with  an  acceleration,  it  reacts  on  the 
agent  which  produces  the  motion,  and  this  kinetic  readion  has  the 
properties  of  any  force  whatsoever.  For  instance  if  the  accelerating 
agency  is  due  to  contact  with  a second  moving  body,  the  second 
body  is  retarded  by  a force,  and  this  force  is  the  reaction  of  the 
first.  This  kinetic  reaction  is  measured  by  the  components 


d'x 
— mdt*’ 


d'y. 

-mj, 


— tn 


d'z 

di*' 


and  is  thus  in  the  opposite  direction  to  the  acceleration  experienced 
by  the  body.  The  reaction  is  often  termed  the  Force  of  Inertia,  a 
very  expressive  term,  representing  in  tangible  form  the  fundamental 
property  of  inertia,  possessed  by  all  matter,  this  property  being  that 
matter  reacts  against,  or  in  ordinary  language  resists , being  put  in 
motion.  (By  the  use  of  the  term  resists  we  in  no  wise  mean 
prevention  of  motion  — the  use  of  the  term  has  been  objected  to, 
and  Maxwell9)  has  jokingly  remarked  that  we  might  as  well  say  that 
a cup  of  tea  resists  being  sweetened,  because  it  does  not  become 
sweet  until  we  add  sugar.  The  meaning  here  is  precisely  similar  — 
we  mean  that  matter  does  not  move  until  it  is  moved  by  some  agent 
exteraal  to  itself.  It  is  hardly  likely  that  confusion  can  be  caused 
by  the  use  of  such  common  phrases,  which  indeed  seem  to  attnbnte 
volition  to  matter  — we  shall  accordingly  make  no  attempt  to  avoid 
them.)  We  may  thus  define  matter  as*  that  which  ca/n  exert  forces  of 


1)  Lagrange,  Micantque  Analytique , 1. 1,  p.  267.  The  eqnation  18)  although 
first  explicitly  given  by  Lagrange,  will  be  referred  as  ud’Alembert,B  eqnation”, 
as  briefer  than  “Lagrange’s  equation  of  d’Alembert’s  Principle”. 

2)  Maxwell,  Scientific  Papers,  Yol.  II,  p.  779. 
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inertia.  This  is  the  only  universal  definition  of  matter  now  possible. 
(1t  is  to  be  noticed  that  this  definition  includes  the  luminiferous 
ether.) 

We  may  then  state  d’Alembert’s  Principle  in  these  words:  The 
impressed  forces,  together  with  the  forces  of  inertia,  form  a System 
in  equilibrium.  Thus  the  principle  is  not  new,  but  merely  expresses 
Newton’s  third  law  of  motion,  embodying  at  the  same  time  the  other 
two,  in  the  expression  of  the  forces.  The  great  service  done  by 
d’Alembert  was  in  reducing  the  statement  of  a problem  in  motion 
to  that  of  a statical  problem. 

A practical  advantage  freqnently  of  great  use  in  applications  is 
similar  to  that  possessed  by  the  principle  of  virtual  work,  namely, 
that  the  reactions  of  the  constraints  do  no  work,  and  may  therefore 
be  omitted  from  the  equation  18),  for  it  is  evident  that  the  reactions 
dne  to  all  constraints  between  bodies  act  equally  in  opposite  directions 
on  both,  so  that  the  work  done  in  the  motion  of  their  common 
point  of  application  vanishes. 

As  a simple  example  of  the  meaning  of  force  of  inertia  consider 
two  locomotives  pulling  in  opposite  directions  at  the  ends  of  a train, 
the  pulls  being  transmitted  by  spring  dynamometers.  If  the  train 
remains  at  rest,  the  pull  recorded  on  both  dynamorifeters  will  be  the 
same.  If  now  one  locomotive  be  given  more  steam,  so  that  the 
train  begins  to  move,  the  indications  of  the  dynamometers  will  be 
found  to  be  unequal,  the  greater  pull  being  that  of  the  locomotive 
on  the  side  toward  which  the  train  is  moving,  the  difference  being 
found  to  be  exactly  equal  (disregarding  friction)  to  the  product  of 
the  mass  of  the  train  by  the  acceleration  which  it  gains.  Thus  the 
difference  of  pull  is  balanced  by  the  force  of  inertia,  or  kinetic 
reaction. 

Again,  consider  a person  standing  in  a Street -car,  when  the  car 
starts.  An  acceleration  is  impressed  on  his  body  in  the  direction  of 
the  motion  of  the  car.  The  kinetic  reaction  is  thus  directed  horizont- 
ally  to  the  rear.  The  force  of  weight  of  the  person  being  vertically 
downwards,  the  remaining  force,  namely,  the  static  reaction  of  the 
floor  of  the  car,  must  be  such  as  to  equilibrate  these  two,  and  is 
found  by  the  triangle  of  vectors  to  be  directed  upwards  and  inclined 
forwards.  Thus  the  person  must  lean  forward  in  Order  to  preserve 
equilibrium.  Similarly  when  the  car  stops,  the  acceleration  being 
directed  the  other  way,  he  must  lean  backward.  This  application  of 
d}Alembert’s  Principle  is  a matter  of  common  knowledge,  where 
electric  railroads  are  common. 

27.  Energy.  Conservative  Systems.  Impulse.  If  in  the 

equation  of  d’Alembert’s  principle,  18),  we  put  for  dz,  Sy,  dz  the 
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displacements  which  take  place  in  t he  actual  motion  of  the  System 
in  the  time  dt, 

dx  dy  dz 

d%r  = ~djdt,  dyr  = -jjdt, 

we  obtain 


___ [ (dxx„dx„  dxy„dy9.  d*zw.  dzm\ 

19)  ^{mr  ^ 4-  ^ J) 


Now  since 


dt  = 0. 


dxxr  dxr 
mr~dt*  m = 


1 d 
2'  dt 


the  sum  of  the  first  three  terms  is  the  derivative  of  the  sum 

t2-4&)'+  (&)+ (£)*}’ 

and  the  equation  may  be  written;  omitting  the  factor  dt, 


20) 


^rl  x^\  + y*-k  + z’%- 


The  expression 

+ &)  + (dt)  | = 2 


Ä 

r } 


the  half- sum  of  the  products  of  the  mass  of  each  particle  by  the 
square  of  its  velocity,  is  called  the  Kinetic  Energy  of  the  system. 
It  is  one  of  the  most  important  dynamical  quantities.  If  we  denote 

J rp 

it  by  T,  equation  20)  has  on  the  left  • Since 

XfdXr  Yrdyr  -f*  Zrdzr 

is  the  work  done  upon  the  rih  particle,  the  terms  under  the  Summa- 
tion sign  on  the  right  denote  the  total  work  done  by  the  impressed 
forces  in  unit  time,  or  the  Activity1)  of  the  forces.  The  equation  20) 
is  called  the  equation  of  activity,  and  states  that  the  rate  of  increase 
of  kinetic  energy  of  the  System  is  equal  to  the  activity  of  the  im- 
pressed forces. 


1)  The  word  '■'‘actio"  is  used  by  Newton,  in  a scholinm  on  the  third  law, 
where  he  says,  “If  the  activity  of  an  agent  (force)  be  measured  by  its  amount 
and  its  velocity  conjointly ; . . . activity  and  counteractivity,  in  all  combinations 
of  xnachines,  will  be  equal  and  opposite.”  The  activity  will  sometimes  be  denoted 


dA 

dt 
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Integrating  equation  20)  with  respect  to  t between  the  limits 
and 

üsA&h  fö)‘+  (m: 

21) 


-sA 


dxr  dy„  dz\ 

Xr-^  + Yr^-+  Zr^)ät. 


dt 


dt 


dt 


The  square  brackets  with  the  affixes  t0,  \ denote  that  the  value 
of  the  expression  in  brackets  for  t=  t0  is  to  be  subtracted  from  the 
value  for  t =f  tv 

The  integral  on  the  right  of  21),  which  may  be  written 

Xrdxr  + Yrdyr  + Zrdzr} 

denotes  the  work  done  by  the  forces  of  the  System  on  the  partide  mr 
during  the  motion  from  tQ  to  t19  and  the  snm  of  such  integrals 
denotes  the  total  work  done  by  the  forces  acting  on  the  System 
during  the  motion.  The  equation  21)  thus  becomes 

22)  Th  — Tk  =^r J ( XrdXr  + Yrdyr  + Zrdzr). 

to 

This  is  called  the  equation  of  energy,  and  states  that  the  gain  of 
kinetic  energy  is  equal  to  the  work  done  by  the  forces  during  the 
motion. 

The  equation  of  energy  assumes  an  important  form  in  the 
particular  case  that  the  forces  acting  on  the  particles  depend  only 
on  the  positions  of  the  particles,  and  that  the  components  may  be 
represented  by  the  partial  derivatives  of  a single  function  of  the 
Coordinates, 

^ ( ph)  V\)  Vif 

v dU  v dT7  „ dü 
X'=Txr’  Yr=Wr  r = 


In  this  case  the  expression 


2r[Xrdxr  + Yrdyr  + Zrdzr)  =^\j^dxr  + ^ 


is  the  exact  differential  of  the  function  U}  and  the  integral 

fllr  (Xrdxr  + Yrdyr  + Zrdzf)  = TJtx  — Ut0, 

to 

that  is  the  work  done  in  the  motion,  does  not  depend  upon  the 
paths  described  by  the  various  particles,  but  only  on  the  initial  and 
final  configurations  of  the  System,  since 
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DtL  — UfafihfSi, ...)  and 
TJh  = U y,°,  ÜJ0; 


where  the  affix  0 denotes  the  yalue  of  the  coordinate  at  the  time  t0. 
The  equation  of  energy  then  is 

24)  Th  - Tu  - Utl  - Uto. 

The  function  U is  called  the  force -function,  and  its  negative 
. W = — U is  called  the  Potential  Energy  of  the  System.  Insert ing 
W in  24)  we  have 

25)  Th  + Wtl  = Tto  + Wk. 

The  sum  of  the  kinetic  and  potential  energies  of  a System  possessing 
a force -function  depending  only  on  the  Coordinates  is  the  same  for 
all  instants  of  time.  This  is  the  Principle  of  Conservaiion  of  Energy. 

Systems  for  which  the  conditions  23)  are  satisfied  are  accord- 
ingly  called  conservalive  Systems. 

The  potential  energy , being  defined  by  its  derivatives,  contains 

an  arbitrary  constant.  The  functions  T and  W have  one  essential 

dx  dy  de 

difference,  namely,  T contains  only  the  velocities,  r r r 


dt 


di  } dt 


while  W does  not  contain  the  velocities,  but  only  the  Coordinates. 
One  important  consequence  of  the  equation  of  Conservation  of  Energy 
is  that  if  at  any  time  in  the  course  of  a motion,  all  the  points  of 
the  System  pass  simultaneously  through  positions  that  they  have 
occnpied  at  a previous  instant,  the  kinetic  energy  will  be  the  same 
as  at  that  instant,  irrespective  of  the  directions  in  which  the  particles 
may  be  moving,  for  T + W is  constant  during  the  whole  motion, 
and  W depends  only  on  the  Coordinates,  consequently  when  all  the 
Coordinates  resume  their  former  values,  the  kinetic  energy  does  the 
same. 

In  other  words,  the  work  done  on  the  System  has  been  stored  up 
or  conserved , to  the  amount  W,  and  may  be  got  out  again  by  bringing 
the  System  back  to  its  former  configuration. 

For  instance,  a particle  thrown  vertically  upward,  or  a pendulnm 
swinging,  have  the  same  velocity  when  passing  a given  point  whether 
rising  or  falling. 

As  an  example,  consider  a particle  acted  upon  by  gravity.  We  have 

26)  X = 0,  Y = 0,  Z = — mg, 

so  that  U = — mgz  + const. 

The  equation  of  energy  is 

a 

27)  y m (®*  — V)  = - mg  (e  - z0), 


or  the  velocity  depends  only  on  the  vertical  height  fallen.  Accord- 
ingly  a particle,  descending  from  a point  A to  another  B,  constrained 
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to  follow  any  curve,  reaches  B always  with  the  same  velocity, 
although  the  time  occupied  in  the  descent  may  be  very  different 
from  one  curve  to  another. 

The  equation  27)  might  have  been  applied  to  immediately  give 
us  the  integral  equation  44)  § 21.  (In  that  equation,  the  Z-  axis  is 
drawn  positively  downward.) 

The  principle  of  virtual  work,  § 25,  may  evidently  be  expressed 
by  saying  that  for  equilibrium  the  potential  energy  of  the  System  is 
a maximum  or  minimum,  and  a little  consideration  shows  that  for 
stable  equilibrium  it  is  a minimum.1) 

For  instance  in  the  above  example  the  potential  energy 

W = mgz  + const, 


z being  measured  positively  upward.  If  the  particle  is  in  equili- 
brium on  a surface  concave  upwards,  z and  with  it  W is  a 
minimum,  the  equilibrium  being  stable.  If  the  concavity  is  down- 
wards,  the  equilibrium  is  unstable  and  W is  a maximum.2)  The 
question  of  stability  of  equilibrium  will  be  discussed  in  § 45. 

It  is  possible  to  have  a force -function  defined  by  eqfrations  23), 
which  contains  the  time  as  well  as  the  Coordinates.  The  System  is 
not  then  conservative,  and  it  is  not  customary  to  speak  of  its 
potential  energy.  We  have  now 


dl 7 dU  dl> 

dt  dt  ~^j£j\dx 


dü  dxr  dU  dyr  dU  dz 

r * *'/  i 


dt 


dy  dt  dz 


Udzr\ 


so  that  our  equation  of  activity  20)  is  in  this  case 


dT  = dU  dU 

dt  dt  dt 


In  certain  cases  we  may  be  able  to  assign  the  term 


dU 

dt 


to  a potential 


dW 

energy,  as  - 

If  the  forces  depend  on  the  velocities  or  on  anything  beside 
the  coordinates,  the  System  is  not  conservative.  Such  a case  is  that 
of  motion  with  friction,  where  the  friction,  being  a force  that  always 
tends  to  retard  the  motion,  not  only  changes  sign  with  the  velocities 
but  also  depends  upon  the  magnitudes  of  the  velocities  in  such 
resisting  media  as  the  air  and  liquide. 

The  dynamical  theory  of  heat  accounts  for  the  energy  that 
apparently  disappears  in  non -conservative  Systems. 


1)  Dirichlet , Über  die  Stabilität  des  Gleichgewichts. 
Bd.  32,  p.  86  (1846). 


2)  See  Kirchhoff,  Mechanik , p.  34. 


Crelle’s  Journal, 
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We  flhall  Bee  later,  that  whereas  positional  forces  are  usually 
conservative,  and  motional  forces  not,  there  are  certain  conservative 
motional  forces. 


Einetic  energy  being  defined  as  is  of  the  dimensions 

the  same  as  those  of  work.  Potential  Energy  is  defined  as 


work.  The  C.  GL  S.  nnit  of  energy  is,  therefore,  the  erg. 

We  have  in  this  chapter  been  concemed  with  the  line  integral 
of  the  force  exerted  on  a moving  point  resolved  in  the  direction  of 
the  motion  of  the  point  of  application.  This  has  been  called  the 
work  of  the  force,  and  is  physically  a qnantity  of  fdndamental 
importance.  We  have  occasionally  to  consider  the  time -integral  of 
a force,  that  is,  if  F be  a force  always  in  the  same  direction,  the 
qnantity 

J = 

*0 


which  has  received  the  name  of  the  impulse  of  the  force  during  the 
time  from  t0  to  t^.  The  effect  of  a force  may  be  measnred  either 
by  the  work  or  by  the  impnlse,  bnt  it  is  to  be  observed  that  the 
information  obtained  when  one  or  the  other  of  these  two  qnantities 
is  given  is  of  a quite  different  nature.  Supposing  the  force  is 
constant  in  magnitude  and  direction,  the  work  done  is  eqnal  to  the 
force  times  the  distance  moved,  and  a knowledge  of  the  work  teils 
us  how  far  the  point  of  application  will  be  moved  by  the  given  force, 
while  the  impnlse  is  equal  to  the  force  times  the  interval  of  time, 
and  teils  us  how  long  the  point  will  move  under  the  Application  of 
the  given  force.  If  the  force  is  variable,  considering  the  significa- 
tion  of  a definite  integral  as  a mean1),  we  may  say  that  the  work 
is  the  mean  with  respect  to  distance  of  the  force  multiplied  by  the 
length  of  the  path,  while  the  impnlse  is  the  mean  with  respect  to 
the  time  multiplied  by  the  duration  of  the  motion.  Thns  the  work 
answers  the  qnestion  "how  far”,  while  the  impnlse  answers  the 
question  "how  long”.  The  work  is  a scalar  qnantity,  its  element 
being  the  geometric  product  jf  the  force  and  the  displacement.  For 
the  element  of  impulse,  however,  we  have,  using  equation  7),  § 3, 

Fdt  = Xdt  cos  (Fx)  + Ydt  cos  (Fy)  + Zdt  cos  ( Fz ) 

thns  the  element  is  the  component  in  the  direction  of  the  force  of 
the  vector  whose  components  are 

dlx  = Xdt , dly  = Ydt}  dlt  = Zdt. 


1)  See  footnote,  § 84,  p.  98. 
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For  the  whole  impnlse  we  may  then  take  as  definitions 
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so  tliat  the  impnlse  is  a vector  quantity.  We  thns  lose  the  relation 
to  the  direction  of  the  path,  or  of  the  force,  in  the  case  of  a variable 
force,  but  on  comparing  with  eqnations  43),  § 13, 


dMx 

X 

dt 


dMt 

~tf  = 


we  have  by  Integration 

lx  = Mx(tx)  JH ly  ***  ^y(ßi)  ^y(fo)>  ^ Ä (ßo)> 

so  that  the  impnlse  of  a force  acting  on  a single  particle  for  a 
certain  interval  of  time  is  eqnal  to  the  vector  increase  of  momentnm 
during  that  interval. 

The  case  in  which  the  impulse  of  a force  is  of  most  importance 
is  that  of  what  are  known  as  impulsive  forces,  which  arise  where 
actions  take  place  between  bodies  in  such  a brief  interval  that  the 
bodies  do  not  appreciably  change  their  positions  during  the  action, 
although  sensible  changes  of  momenta  take  place.  If  in  the  equa- 
tions  above,  the  length  of  the  interval  tx  — t0  decreases  indefinitely, 
while  the  force- components  X,  Yy  Z increase  indefinitely,  the  integrale 
may  still  approach  finite  limits 

4=  lim  ( Xdt,  Iy  = lim 

*1  — A> 

A>  A»  A 

In  this  case  we  can  not  investigate  the  forces  in  the  ordinary  manner 
for  the  accelerations  have  been  infinite,  but  the  velocities  and  momenta 
have  received  finite  changes  in  the  vanishing  interval.  The  work 
done  is  in  like  manner  finite,  though  the  distance  moved  vanish. 
The  impulse  and  work  of  all  ordinary,  that  is  finite  forces  acting 
at  the  same  time  may  thus  be  neglected,  since  the  integral  of  a 
finite  integrand  over  a vanishing  ränge  of  integration  vanishes. 

On  account  of  the  third  law,  the  action  and  reaction  being 
equal  during  the  Operation,  the  impulses  of  the  forces  on  the  two 
bodies  are  equal  and  opposite,  so  that  what  one  gains  in  momentum 
the  other  loses.  It  is  in  this  manner  that  the  impact  of  two  billiard 
balls,  or  the  action  of  a shot  on  a ballistic  pendulum,  is  to  be  dealt 
with.  Many  instruments  used  in  electrical  measurements  act  on  this 
principle,  that  the  momentum  suddenly  communicated  to  a body  at 
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rest,  which  affcerwards  proceeds  to  execute  an  observed  swing, 
measores  the  time -integral  of  an  impulsive  force.1) 

In  Order  to  find  the  work  done  by  a given  impulse,  let  us  make 
use  of  the  equation  of  work  and  energy,  22),  which  says  that  the 
work  done  is  equal  to  the  increase  of  the  kinetic  energy.  The  latter 
may  be  written,  bearing  in  mind  the  definition  of  momentum , 

T=  * m (vl  + 1>*  + »*)  = -i-  (Mxvx  + M9vv  + 

Suppose  now  the  particle  set  in  motion  by  an  impulsive  force,  from 
rest.  The  kinetic  energy  acquired,  and  accordingly  the  work  done, 
is  then  one-half  the  geometric  product  of  the  impulse  and  the 
velocity  generated,  or  in  other  words,  the  geometric  product  of  the 
impulse  and  the  average  value  of  the  velocity  at  the  beginning  and 
the  end  of  the  impulsive  action.  This  may  be  otherwise  shown, 
whether  the  particle  start  from  rest  or  not,  by  the  following 
considerations.9)  Since  the  interval  of  time  and  the  distance  moved 
are  infinitely  small,  we  may  consider  the  motion  as  rectilinear. 
Suppose  the  initial  velocity  to  be  v0,  and  the  final  value  vt9  and 
let  s be  a parameter  which  during  the  interval  runs  rapidly  through 
all  values  from  0 to  1,  so  that  at  any  pari  of  the  interval 


v = v0  + «(>!  — v0). 


But  as  the  momentum  always  increases  at  a rate  proportional  to  the 
increase  of  velocity,  we  have  also 

M=M0  + b(M1-M0)  = M0  + b I , 


1)  Suppose  that  a body  which  Swings  according  to  the  law  of  the  pen- 
dulum , or  equation  8),  § 19,  receives , when  in  its  position  of  equilibrium , an 
impulse  I.  It  swinge  out  according  to  the  equation 


x — a sin  nt , 


dx 

dt 


an  cos  nt 


during  a time  t =*  it/2n  to  a maximum  excursion  a,  at  which  its  velocity 
vanishes,  and  it  turns  back.  If  its  mass  is  m,  the  momentum  communicated 
to  it  while  at  rest  was 


1 = 


= man 


so  that  if  we  know  w,  a,  and  n=  2?r/period,  we  can  measure  the  impulse  of 
the  impulsive  force.  This  is  the  mode  of  use  of  the  ballistic  galvanometer  and 
electrometer,  as  well  as  of  the  ballistic  pendtilum  formerly  used  in  gunnery. 
The  same  formula  applies  (see  Ghapter  X) , to  the  heeling  of  a ship  when  a shot 
is  fired  from  a cannon. 

2)  Thomson  and  Tait,  § 308. 
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where  I is  the  total  impulse.  From  the  equation  of  motion  we  have 


dM jds 

~dt  ==Jdt} 


so  that  we  obtain  for  the  work 


Thus  we  find  as  before  for  the  work  of  an  impulsive  force  the 
product  of  the  impulse  by  the  average  velocity  at  the  beginning  and 
end  of  the  action.  It  is  evident  that  the  same  is  true  for  the 
infinitesimal  work  done  by  an  ordinary,  that  is  finite  force,  during 
an  infinitesimal  interval.  This  conception  of  the  impulse  will  be 
useful  to  us  hereafter,  in  connection  with  the  following.  For  a 
System  of  particles,  we  have  for  the  kinetic  energy, 


T = 2 SmV*  = * ErVtrivlr  + vlr  + vlr)- 


Now  the  kinetic  energy  is  known  when  we  know  the  velocities  of 
every  particle  of  the  System,  as  well  as  their  masses,  no  matter  what 
their  positions.  If  we  consider  T as  a function  of  the  velocities, 
we  have  accordingly 

dT  dT  oT 

Mxr  = mrvxr  = fr  ->  Myr  = mrVyr  = 8 > M,r  = mrv,r  = g > 

uvxr  vvyr 


or  the  momentum  components  of  any  particle  are  the  partial 
derivatives  of  the  kinetic  energy  of  the  System,  considered  as  a 
function  of  all  the  velocities  of  the  particles,  by  the  respective 
velocity -components.  Thus  we  may  write 


T 1 ^1/  dT  VT  . ÖT\ 

T ~ 2 2 rxr  dv„ + s»yr+v'r  svj 

which  by  the  theorem  of  Euler  is  true  for  any  homogeneous  quadratic 
function. 


28.  Particnlar  Gase  of  Force -Amctioii.  The  conditions 
necessary  for  the  existence  of  a force-function  being  23),  we  must 
have,  since 


_ d'U 

d*u 

d'U 

d'U  _ 

d'U 

dxdy 

dydx 

II 

1 ** 
>> 

dzdy* 

ozdx 

dxdz’ 

dT 

r 

dX 

r 

dY 

r 

dxr 

dzr 

dx 

r 

V. 

<^> 

II 

II 

c^> 

r 

<2D 

II 

dxr 

It  will  be  shown  below  (§31)  that  these  conditions  are  also  sufficient. 
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In  the  particular  case  in  which  the  only  forces  acting  on  the 
System  are  attractions  or  repnlsions  by  the  several  particles  directed 

along  the  lines  joining  them 
and  depending  only  on  their 
mutual  distances,  a force- 
function  always  eiists. 

For  let  the  force  between 
two  particles  mr  and,  m«  at  a 
distance  apart  rrt  be 

F = (*>,)• 

It  will  be  convenient  to  consider 
F positive  if  the  force  is  a 
repulsion. 

Consider  now  the  force  FtW  acting  on  ms  and  acting  in  the 
direction  from  mr  to  ma.  Its  direction  cosines  are  those  of  the 
vector  rrs. 


30) 


X,(r) 

jp(r) 

I 

Y (r) 

i 

jp(r) 

* 

z(r) 

* 

j fr  (r> 


X — X 
9 r 


T9 


V.-Vr 


r# 


Z — Z 
9 r 


r§ 


Now  since 


Tr,  = (X,  — Xr )*  + («/.  — J/r)*  + (*,  — *r)*, 
differentiating  partially  by  x„ 

dr 

2 rr.~J  = 2 {x,-xr), 


dx. 


31) 

dr 

ri 

dx 

9 

x,-xr 

f 

rr9 

drr.  _ y.  -Vr 

dy.  rr. 

and  accord^ngly 

xjr) 

dr 

ri 

p(r) 

9 

dx . 

F,{r)  dy,  ’ 

xy)  = 

dr 


r * 


dz. 


Z{r) 


z — z 

9 r 

y 


r# 


dr 


T9 


dz. 5 


dr 


r9 

-l 

i 

9 
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If  we  put  ür.  such  a function  of  rr,  that 


dU 


r< 


dr 


= 9 


xp  = 


r.«  = 


= 


r* 

dt7  dr 

rt  rt 


drrt  dxt 
d*7  dr . 


r< 

~Wx^} 


rt  ^ rt 


dU 

rt 

-a  --} 


d*rt  dVi  dy. 

au ..  0r_.  ao^ 

'"TT 


rt  r* 

dr  ^ 

r#  * 


If  now  we  find  the  resultaut  jP,  of  all  the  forces  acting  on  m, 
due  to  the  repulsions  by  all  the  particles  mr,  we  ahall  have 


32) 


X,= 


r.= 


z,= 


duu 

dU. 

dü„_ 

du. 

dxt 

+ 

s # 

dxf 

+ • • 

’ + 

dUu 

du.. 

dünt 

dU, 

8y. 

+ 

9yt 

• + 

dy. 

~ dy. 

düt. 

3U,, 

dU„ 

dU, 

14 

' dz. 

+ 

at 

de. 

' + 

dz. 

t 

— ~BV 

t 

u + 1 

üu 

b TJnt 

1 • 

Thus 

U,  81 

— ^ w I ^ I w 71«  ’ — — — p*  V f WM 

ditions  for  a force -function  as  far  as  concems  the  point  ma.  In  the 
summation  s does  not  occur  as  the  first  index. 

It  is  evident  that  the  function  Urt  serves  the  same  purpose 
for  mr  sä  for  m9.  For  the  force  FJd  exerted  on  mr  by  m9  is  equal 
and  opposite  to  that  exerted  on  m9  by  mr.  But  rr9  is  the  same 
function  of  (—  xr)  that  it  is  of  x9J  therefore 


dr 


rt 


dr 


rt 


dx. 


di v. 


and 


TTW  8r-  SV 

XrW  = Vr.JT-  = 


du. 


rt 


Fx. 


dx. 


We  may  add  to  ü$  terms  independent  of  xSf  y9)  z97  without 
affecting  the  values  of  X9,  Y9,  Z9.  If  we  make  U a symmetrical 
function  of  all  the  Coordinates,  containing  xt}  y9}  za}  as  U9  does, 
then  U will  serve  as  the  force -function  for  all  the  Coordinates. 

In  particular,  let  the  force  of  repulsion  vary  according  to  the 
Newtonian  law  of  gravitation.  Then 


33) 


mrmt 

9\rrt)  = r-i  ’ ür. r 


mm, 
r t 


rt 


rt 
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34) 


Ut  = 


{ ”hm, 

-rU 


+ 


m%m 


f .] [_ 


Si 


m, 

71  9 


ns 


and  the  symmetrica!  function  U will  be 


U 


m,  m.  m,  m. 


li 


18 


»»1»»»« 


ln 


35) 


ni'tn, 

+ -^-L  + 


11 


>8 


H 1“ 


m.m.  nunu 


81 


81 


m%mn 

r2n 


mSmn 


Sn 


or  more  briefly, 


mA  m9 

n l n i 


nl 


flt 


mm  tn  - 

n — x 


»,  * — 1 


r-=»*=s*i 

tt  1 mrm* 

u~~  *>'22x7’ 


r=  1 f =1 


understanding  that  terms  in  which  r — s are  to  be  omitted. 

The  factor  is  introduced  becanse  in  the  above  summation 

M 


every  term  appears  twice.  But  in  U each  pair  of  particles  is  to 
appear  only  once. 

If  no  constant  be  added  to  U as  defined  above,  both  it  and  the 
potential  energy 


l 


r=n  *=n 

22 

r—  1 i=l 


mm, 

T 9 


rs 


will  vanish  when  every  rrt  is  infinite,  that  is  when  no  two  particles 
are  within  a finite  distance  of  each  other.  This  furnishes  a con- 
venient  zero  confignration  for  the  potential  energy,  and  is  the  one 
generally  adopted.  We  may  accordingly  define  the  potential  energy 
of  the  System  in  any  given  configuration  as  the  work  that  mast  be 
done  against  the  mutual  repulsions  or  attractions  of  the  particles  in 
Order  to  bring  them  from  a state  of  infinite  dispersion  to  the  given 
configuration.  In  the  case  of  attracting  forces  like  those  of  gravitation, 
we  shall,  with  the  notation  of  this  section,  put  y negative1),  so  that 
the  potential  energy  of  finite  Systems  is  negative,  or  in  the  terminology 
of  Thomson  and  Tait,  the  exhaustion  of  potential  energy,  — Wf  is 
positive. 


1)  For  the  reason  for  the  adoption  of  this  Convention  see  § 119. 
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28.  Oalcnlns  of  Variation«.  Braohlstoohrone.  The  question 
conceming  the  necessary  and  sufficient  conditions  that  a line  integral 

B 

J * [. Xdx  + Ydy  + Zdz) 

A 

shall  be  independent  of  the  path  of  integration,  depending  only  on 
the  terminal  points  A and  B,  though  porely  a qnestion  of  the 
calculus,  is  of  so  great  importance  in  various  parts  of  mathematical 
physics  that  it  will  be  considered  here.  For  the  purpose  of  this 
treatment  we  shall  make  nse  of  the  calcnlns  of  variations,  which  on 
account  of  the  great  nse  made  of  it  in  mechanics  will  now  be 
briefly  treated. 

In  the  differential  calculus,  we  haye  to  consider  questions  of 
maxima  and  minima  of  fhnctions.  A fnnction  of  one  variable  has 
a maximum  or  minimum  valne  at  a certain  value  of  the  variable  if 
the  change  in  the  fnnction  is  of  the  same  sign  for  any  change  in 
the  variable,  provided  the  latter  change  is  small  enough.  Since  if 
fix)  and  all  its  derivatives  are  continnons  at  x, 

f(x  + h)  = f(x)  + hf'  (x)  + *’  f"  (x)  + ••• 

f(x  + h)—  f(x)  = hf'  (x)  + y’  f"  (»)+•••• 

If  h is  small  enough,  the  expression  on  the  right  will  have  the 
sign  of  the  first  term,  which  will  change  sign  with  h.  Accordingly 
the  necessary  condition  for  a maximum  or  minimum  is 

f'(x)  = 0. 

Snppose  on  the  other  hand  that  we  change  the  form  of  the 
fnnction  — such  a change  may  be  made  to  take  place  gradually. 
For  instance  suppose  we  have  a curve  given  by  the  parametric 
representation , 

x=Fi(t),  y = s = Fs$), 

where  the  F’b  are  any  uniform  and  continuous  fnnctions  of  an 
independent  variable  t.  If  we  change  the  form  of  the  JF’s  we  shall 
change  the  curve  — suppose  we  change  to 

* — y = Gi(f)>  * = && (0- 

To  every  valne  of  t corresponds  one  point  on  each  curve,  con- 
sequently  to  each  point  on  one  curve  corresponds  a definite  point  on 
the  other.  Such  a change  from  one  curve  to  the  other  is  called  a 
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transformation  of  the  curve.  The  change  may  be  made  gradually, 
for  example, 

y = F%(f)  “I"  6 { ^2 (0  ~ 

* = F*(f)  + «{®»(0  - *U*)}- 

For  every  yalue  of  e we  shall  have  a particular  curve  — for 
« = 0 we  shall  have  the  original  curve,  for  6 = 1 the  final  curve, 
and  for  intervening  values  of  e other  curves.  A small  change  in  6 
will  cause  a small  change  in  the  curve,  and  if  s is  infinitesimal  we 
shall  call  the  transformation  an  infinitesimal  transformation.  The 
changes  in  the  values  of  x,  y,  z,  or  of  any  functions  thereof,  for  an 
infinitesimal  change  6,  are  called  the  variations  of  the  functions,  and 
are  denoted  by  the  sign  d. 

Suppose  we  denote  derivatives  by  the  independent  variable  t, 


dx  d*x 

— y ; 

dt  dt * 


drx 

~dt 


etc. 


by  the  letters 


.i 


jr 


X',  X",  X^k\ 


and  by  (p  any  function  of  the  independent  variable,  of  the  dependent 
variables,  and  of  their  derivatives  up  to  the  mth  Order 

<P  (i,  x,  y,  z,  x',  y\ z',...  x<k\  y<*>,  *<*>, . . . z(m>,  y W,  «W), 

and  consider  the  change  in  tp  made  by  an  infinitesimal  transformation, 
where  we  replace  x,  y,  z by 

x + e%(t), 

y + 

* + £?(0> 

where  £,  77,  £ are  arbitrcury  continuous  functions  of  t. 

rm  dx  f • i i i dx  dfc  j d^  ^x  i d x , d £ 

Then  — or  x is  replaced  by h £ — and  - by  — + e - * > 

dt  J dt  dt  dt  J dt  dt 


xw  + 


i.  e.,  by 

Hence  (p  becomes 

<p  (t,  x + 6|,  y + erj,  z + s g,  x'  + eg',  y1  + sy', . . . £(m)  + *£(m>), 

which  developed  by  Taylor’s  theorem  for  any  number  of  variables, 
gives  on  collecting  terms  according  to  powers  of  6 


?(*,  y,^,x\  • ■ •)  + «9>1  + 2!  + ■••> 


kl 


where 


_ ta  9*9» 


<p»  = £ 


dJ  + + + 2 ^ 


d*<p 

dxÖy 


••+r 


*11?  4. 
dx ,Ä  ' 
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The  terms  eq>l}  e*  <pi9  £k<pk  are  called  the  first,  second  and 
kth  variations  of  ep  and  are  denoted  by 

£*(p2  = d*<p,  ek(pk  = Sk(p. 

If  for  fp  we  put  successively  x,  y,  z,  x\  y\  z1,  . . . we  get 

dx  = £%f  Sy  = £r\,  Sz  = £%,  S*x  = Say  = S2z  =0, 
Sx'  = si?y  Sy ' = b rj',  Sz ' = «£',  S9x*  = S*y ' = dV  = 0, 

SxM=s&k\  SyM=sr}W,  d*(*)=  *£(*>,  6*xW=  S*yW=  S*zW=  0. 

We  thus  see  that  the  variations  of  x,  y,  z are  infinitesimal  arbitra/ry *) 
functions  of  t,  the  independent  variable,  and  firom  the  last  equation 


that  is,  the  Operation  of  differentiation  by  the  independent  variable  t 
and  Variation  are  commutative,  for  the  variables  z,y,  z. 

If  we  consider  q>  as  a function  of  the  variable  e,  the  develop- 
ment by  Taylor’s  theorem  for  one  variable  shows  that  we  have  for 
all  values  of  Je 


so  that 

**’'“'*  (!?),_„ 

Now  the  two  variables  € and  t are  totally  independent  of  each  other, 
which  may  be  indicated  when  necessary  by  writing  the  derivatives 
with  respect  to  t as  partial  derivatives.  Now  since  we  may  (subject 
to  the  usoal  limitations  as  to  continuity)  permute  the  Order  of 
differentiation,  we  have 

3®  3*  cp 3*  3*qp 

37  77  ~ 3e*  Jf 


Multiplying  by  £k 
becomes 


after  having  put  s = 0 afber  differentiation,  this 
de  y d? 


so  that  the  operations  of  differentiation  by  the  independent  variable, 
and  • of  Variation,  are  commutative  for  any  function.  (It  is  to  be 
distinctly  noted  that  this  holds  only  for  derivatives  by  the  independent 
variable,  that  is  the  one  whose  Variation  is  assumed  to  be  zero.  If 


1)  The  functions  are  arbitrary  because  the  functions  6rn  6?,,  6rs  are  quite 

independent  of  2^,  Ff,  Fs  being  taken  entirely  at  pleasure. 
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some  of  the  variables  x,  y,  z, . . .,  should  depend  on  others,  we  might 

require  the  Variation  of  some  of  their  derivatives,  for  instance  d • 

We  must  then,  since  both  functions  x and  y are  varied,  introduce 
the  independent,  or  unvaried  variable  t,  writing 

dy  __dy  dx  _ y' 
dx  dt  dt  x' 9 

and  performing  the  Operation  of  Variation  on  the  quotient  y'/x\ 

But  for  derivatives  by  t we  have 

so  that  we  may  write 

fdy\ vddy  j dx  dy  d&x  ( dx\ 2 


•Wri 


\dt) 


dt  j dt  <fyt  dt 
or,  once  more  removing  t from  explicit  appearance, 

S -dld*x 

\dx)  dx  dx  dx 

If  x is  the  independent  variable,  dx  = 0,  so  that  we  have  the  same 
formula  as  before.) 

Let  us  now  find  the  Variation  of  the  integral 

y,  »,  y',  e', . . .)  dt. 

Changing  x to  x + dx,  y to  y + dy,  x1  to  x'  + dx',  etc., 

1+  dl+  yda/H + d<p  + * d*gp  H )dt, 


and  the  variations  are 


dl 


= J* $q>dt, 


dkI 


-J* 5kq>dt, 


that  is,  the  operations  of  Variation  and  integration  are  commutative. 
(The  limit8  have  been  supposed  given,  that  is  unvaried.)  These,  two 

principles  of  commutativity  of  d with  d and  J* 

the  subject  of  the  Calculus  of  Variations. 

(As  in  the  case  of  derivatives,  it  may  happen  that  we  wish  to 
examine  the  integral  with  respect  to  a variable  whose  Variation  does 


form  the  basis  of 


VARIATION  OF  INTEGRAL. 


29] 

not  vanish. 
writing 


81 


We  must  as  before  introduce  the  independent  variable, 

dj* ^ Ä J (ß9  • + <pdxr)dt 

-/(«»  • dx  + (pddx ). 

It  may,  on  occasion,  be  more  convenient  to  nse  these  more  general 
formulae,  not  snpposing  tbe  Variation  of  any  variable  to  vanish.) 

If  the  limits  are  varied,  we  have,  indicating  the  part  of  the 
change  in  I due  to  the  change  in  either  limit  by  a snffix, 

9XI  = J <p  dt  — I <p dt  = f (pdt  — <p(t^)dtlf 

to  to  tt 

#1  tj  to 

d2  J = J* pdt  — J = J* pdt  = — J pdt  = — <p(tQ)dt0, 

to  t0 

which  are  to  added  to  the  part  already  found. 

In  the  application  of  the  calculns  of  variations,  we  often 
encounter  problems  involving  a nnmber  of  independent  variables,  so 
that  we  deal  with  partial  derivatives,  and  multiple  integrale.  The 
principles  here  given  will  however  suffice  for  the  treatment  of  all 
the  usual  questions. 

As  a celebrated  mechanical  example  of  the  use  of  the  Calculus 
of  Variations  let  us  consider  the  question:  What  is  that  curve  along 
which  a particle  must  be  constrained  to  descend  under  the  influence 
of  gravity  in  Order  to  pass  from  one  point  to  another  in  the  least 
possible  time? 

Since  v = — > we  have  for  the  time  of  descent  t 
dt 

making  nse  of  the  equation  of  energy  § 27,  27), 

t=  C ds 

J yVo*-2g(z-z0) 

Let  us  take  for  the  independent  variable  corresponding  to  t above 
the  verticai  coordinate  z.  We  suppose  the  motion  to  take  place 
in  a verticai  plane.  We  have  then 


C ds 

= I —7  or 

J « 


ds  = t/1  + x ' * • dz,  x ' = 


dx 

dz 


If  now  we  make  an  arbitrary  infinitesimal  Variation  of  the 
curve,  if  t is  to  be  a minimum  we  must  have  the  term  of  the  first 
order  in  s vanish, 

dt  = 0. 

WEBSTEB,  Dynamics.  6 
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Now 


t=  /V  * + *a 


dz. 


For  any  particular  curve  x is  a given  function  of  z.  Giving  it  a 
Variation  dx  we  have 


dt  = 


x'  dx' de 


V(i + **)  (f.  - o - *„]) 


Making  nee  of  dx'  = and  integrating  by  parto1). 

x'  dx 


ät  = 


1/(1  + *")(*’.>* [*-*«])  / 


~ßxä,( 


X 


dz  \l^  + *'^(V-20  [*-*©]) 


- «»])) 


dz. 


If  the  ends  of  the  curve  are  fixed  dx  vanishes  for  both  limits  z0 
and  z19  hence  the  integrated  part  vanishes.  Consequently  for  a 
minimnm  the  integral  mnst  vanish. 

Now  since  the  fiinction  dx  is  purely  arbitrary  if  the  other  factor 
of  the  integrand  did  not  vanish  for  any  points  of  the  curve  we 
might  take  dx  of  the  same  sign  as  that  factor  at  each  point.  Thus 
the  integrand  would  be  positive  everywhere  and  the  integral  would 
not  vanish,  consequently  the  factor  multiplying  dx  must  vanish 
for  each  point  of  the  curve,  or 

-(V  -4-  - — )=°- 

This  is  the  differential  equation  of  the  curve  of  quiekest  descent, 
or  brachistochrone. 

Integrating  we  have 

txf 

: — -■  -■  — - = c,  an  arbitrary  constant. 

ya+ *<7  [*-*.]) 

Squaring  and  solving  for  x'1  we  obtain 

«*(«.*-* 


l-c‘(V-20[> -*<,]) 


Let  us  put  cl  = ~i  -f-  Zq,  b = ^ — z0  (6  is  arbitrary,  since  it 

involves  c),  then  we  have 

, dx  l/a~e 

x=di  = ±Vs+y 

1)  The  bar  / signifies  that  we  are  to  Bubtract  the  value  of  the  expression 

before  it  at  the  lower  limit  z0  from  the  value  at  the  upper  limit  zl. 
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If  we  introduce  a new  variable  # such  that 


we  have 


a — b 


a-f  b 
2 


COS#, 


dz  = — sin  frdfr, 


a — = + COS#), 

6 + z = (1  — cos  #). 


Thns  our  differential  eqnation  becomes 

dx *i /1  + cos# 1 -f  coa  # 

dz  V 1 — cos  fr  sin  fr 

Consequently 

dx  = f rin»  *)  ”■ C1  + 008  *) 

Integrating, 

z + d = — (#  + sin  fr), 

where  d is  an  arbitrary  constant. 

Combining  this  with 

8 + b = “ (1  - cos  »), 


we  have  the  equations  of  the  curve  in  terms  of  fr,  a parameter 
which  may  be  eliminated  from  the  two  equations. 


If  a vertical  circle  of  radius 


a^  = A roll  nnder  a horizontal 


straight  line  (Fig.  19),  and  fr  be  the  angle  made  with  the  downward 
vertical  by  a radius  fixed  in  the  rolling  circle,  the  distance  moved 


Fig.  19. 

by  the  center  of  the  circle  from  the  position  in  which  fr  = 0 is 
equal  to  the  arc  rolled  over,  Afr.  A point  at  the  extremity  of  the 
given  radius  lies  then  at  a horizontal  distance  Asm#  farther,  so 
that  its  horizontal  coordinate  is 

x = A(fr  + sin#). 

Its  vertical  coordinate  measured  from  its  initial  position  fr  = 0 is 

z = A(l  — cos#). 


6* 
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The  curve  described  by  a point  on  the  circumference  of  the 
rolling  circle  is  called  a cycloid.  Obviously  from  the  symmetry  of 
the  case  the  curve  is  symmetrical  about  a vertical  axis  on  which  the 
point  lies  when  # = 0.  Thus  our  equations  of  the  brachistochrone 
show  that  it  is  a cycloid  with  vertical  axis. 

The  arbitrary  constants  of  Integration,  b and  d,  are  determined 
by  the  two  points  throngh  which  the  curve  iß  to  pass.  The  discovery 
that  the  cycloid  is  the  brachistochrone  for  gravity  is  due  to  Jean 
Bernoulli. 


30.  Dependenoe  of  Line  Integral  on  Path.  Stokes’s 
Theorem.  Curl.  Gonsider  now  our  line-integral, 

B 

I—J* [Xdx  + Ydy  + Zdz ). 

A 

We  have  first  to  introduce  an  independent  variable  corresponding  to 
the  t of  the  previous  section,  Variation  of  which  shall  cause  the  point 
of  integration  to  move  along  a given  curve.  Let  us  call  thi«  s, 
which  to  fix  the  ideas  may  (thfyugh  this  is  unnecessary)  be  considered 
as  the  distance  measured  along  the  curve  from  the  point  A.  Thus 
we  write 

I-f(xi;  + r st  + 43*- 

A 


The  functions  X,  Y,  Z}  being  given  for  every  point  z,  y,  0,  the 
integral  I will  in  general  depend  on  the  form  of  the  curve  AB.  If 
we  make  an  infinitesimal  tranBformation  of  the  curve,  the  integral 
will  change,  and  we  shall  now  seek  an  expression  for  the  Variation. 
We  have 


61 


-ß 


dXp  + X6p+dY 

as  as 


3* 


Now 


and 


6 


dx d(dx) 

ds  ds 


We  may  perform  upon  the  term 


A 
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an  integration  bj  parts, 

B 


f 


X*V*±ds  = XSx  / 


ds 


/ 


-ß 


ft  dX  , 
dx-y-ds. 


ds 


Xow  we  have 


dX dX  dx  , dX  dy  , dX  de 

ds  dx  ds  ' dy  ds  ' de  ds 


Performing  similar  operations  on  the  other  terms  we  have 

B 

II  - {Xtx  + Ti,  + ZS.)  j +/[(H  »*  + |f  »*  + |f  >•)  £ 


A 

dY 


• / &Y  ft  , SY«,  3Yft  \ dy  /d#*,  , \ ds 

+ **  + ^ **  + HI dg)  5?  + \HI  8x  + + HI  äe)  di 


dZ  \ de 


fdX  dx  dX  dy  , dX  d*\ 


nz  4.  rzr  'i*-  j 

x\dxds  ' dy  ds  ' de  ds) 

_Sv(^-  + ^^+^dg\ 

* \3*  ds  ^ Hy  ds  ^ Hs  ds) 

fdZdx  dZ  dy  , dZds\ 

“ de  \HI  di  + Hi  dl  + HI  ds)]  ds ■ 

Now  if  in  the  Variation  the  ends  of  the  curve  A and  B are 
fixed,  dx,  dy,  dis  vanish  for  A and  B,  and  the  integrated  part 

B 

Xdx  + Ydy  -f  Zdz  j vanishes.  Collecting  those  terms  under  the 

A 

sign  of  integration  that  do  not  cancel,  and  removing  the  factor  ds 
we  have, 

dI=f[(dydz  - 8zdy)(™-d£)  + {8zdx-8xdz)(^- §|) 

+ (< Sxdy  - dydx)  (U-  |*)]  • 

Now  the  determinant 
dydz  — dzdy 

is  the  area  of  the  parallelogram  in 
the  YZ-  plane  the  projection  of  whose 
sides  on  the  Y-  and  Z-axes  are 
dy,  dz,  dy,  dz.  That  is,  if  we  con- 
sider  the  infinitesimal  parallelogram 
whose  vertices  are  the  points  s,  s + ds, 
and  their  transformed  positions,  the 
above  determinant  is  the  area  of  its 
projection  on  the  FZ- plane.  If  the 
area  of  the  parallelogram  is  dS  and  n 
is  the  direction  of  its  normal,  we  have 


Fig.  SO. 
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and 


dydz  — dzdy  = dS  cos  ( nx ), 
dzdx  — äxdz  = dSco&(ny), 
dxdy  — 8ydx  ~ dSeoß(nz), 


dZ 

dy 


dY\  , v , tdX  dZ\  t x 

- äjj C0B  («*)  + (?;--&) cos  (*s0 


+ (U  - |f)  008  M } dS, 


Fig.  21. 


which  is  in  the  form  of  a surfacc 
integral  over  the  strip  of  infinite- 
simal  width  bonnded  by  the  two 
curves  of  Integration. 

If  we  again  make  an  infinite- 
simal transformation,  and  so  continue 
nntil  the  path  has  swept  oyer  any 
finite  portion  of  a surface  S,  and 
sum  all  the  yariations  of  /,  we  get 
for  the  final  resnlt  that  the  difference  in  I for  the  two  extreme 
paths  1 and  2 is  the  surface  integral 

lim  2ÖI  =1,-1,  =JJ  ( (f  | - |f ) cos  (nx) 


- 4f) cos  + (41  - 4f) cos  m 1 


taken  oyer  the  portion  of  the  surface  bounded  by  the  paths  1 and  '2 
from  A to  B.  Now  — It  may  be  considered  the  integral  from  B 
to  A along  the  path  1,  so  that  J2  — It  is  the  integral  around  the 
closed  path  which  forms  the  contour  of  the  portion  of  surface  *s. 
We  accordingly  get  the  following,  known  as 

Stokes’s  theorem.1 * *)  The  line  integral;  around  any  closed  contour 
of  the  tangential  component  of  a vector  jß,  whose  components  art 
X,  Y}  Z,  is  equal  to  the  surface  integral  oyer  any  portion  of  surfsue 
bounded  by  the  contour,  of  the  normal  component  of  a vector  o. 
whose  components  17,  £ are  related  to  X,  Y9  Z by  the  relations 


t _ dZ  dY 

* dy  dz 7 

dX  dZ 
^ dz  dx ’ 

. dY  _dX 

* dx  dy 


1)  The  proof  here  given  is  from  the  author’s  notes  on  the  lectures  •>* 

Professor  von  Helmholtz.  A similar  treatment  is  given  by  Picard  t Trait* 

d' Analyse,  Tom.  I,  p.  73. 
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The  normal  must  be  drawn  toward  that  side  of  the  surface  that 
shall  make  the  rotation  of  a right -handed  screw  advancing  along  the 
normal  agree  with  the  direction  of  traversing  the  closed  contour  of 
Integration. 

37)  J* E cos  (B,  ds ) ds  Xdx  + Ydy  + Zdz  ü C0B  (j°n)  dS 

-//«  cos  (nx)  + rj  cos  ( ny ) + £ cos  (w*)}  dS. 

The  vector  cd  related  to  the  vector  point -function  R by  the  differ- 
ential equations  above  is  called  the  rotation , spin  (Clifford),  or  cu/rl 
(Maxwell  andHeaviside)  of  R.  Such 
vectors  are  of  frequent  occurrence  y 
in  mathematical  physics.  (See 
Part  UI.) 

The  signiflcance  of  the  geo- 
metrical  term  curl  can  be  seen 
from  the  physical  example  in 
which  the  vector  R represents 
the  velocity  of  a point  instant- 
aneously  occupying  the  position 
x,  y,  z in  a rigid  body  tuming 
abont  the  Z-  axis  with  an  angular 
velocity  cd.  Then  the  vector  R = cop  is  perpendicular  to  the  radius  p 
and  its  components  are  (Fig.  22), 

X = R cos  (Rx)  = — R sin  (qx)  = — R = — y cd, 


Fig.  22. 


9 

X 


Y = R cos  (Ry)  = 22cos(p#)  = R = 


xco 


where  cd  is  constant,  and 


9 


dY  dX  0 

* O = 2 CD. 

dx  oy 


So  that  the  £-component  of  the  curl  of  the  linear  velocity  is  twice 
the  angular  velocity  about  the  Z-  axis.  Further  examples  are  presented 
to  ns  in  the  theory  of  fluid  motion. 


81.  Lamellar  Vectors.  In  finding  the  Variation  of  the  integral  I 
in  the  previous  section,  since  the  variations  dx,  dy,  dz  are  perfectly 
arbitrary  functions  of  s , if  the  integral  is  to  be  independent  of  the 
path,  dl  must  vanish,  which  can  happen  for  all  possible  choices  of 
ix,  dy,  dz,  only  if 


38) 


dz 

dy 


dY 

dz 


__  dX  dZ  _dY  SX_n 

— ßz  z.. 


dx  dx  dy 

that  is  if  the  curl  of  R vanishes  everywhere.  In  case  this  condition 
is  satisfied,  I depends  only  on  the  positions  of  the  limiting  points  A 
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and  B,  and  not  on  the  path  of  Integration.  Consequently,  as  stated 
without  proof  in  § 28,  the  conditions  38)  are  sufficient  as  well  as 
necessary. 

If  A is  given,  I is  a point-function1)  of  its  npper  limit  B,  let 
ns  say  gp.  If  B is  displaced  a distance  $ in  a giyen  direction  to  Br, 
the  change  in  the  function  gp  is 


b' 


gps'  — <Pb=J* [Xdx  + Ydy  + Zds), 


and  the  limit  of  the  ratio  of  the  change  to  the  distance, 

dq>  dx  dy  _de 


38a) 


lim 

j=0 


s 


dw  dx  dy 

+ YdF  + ZdV 


is  the  derivative  of  gp  in  the  direction  s. 

If  we  take  s successively  in  the  directions  of  the  axes  of  Coordinates, 

38b>  fl"*  W,-Z- 

A vector  whose  components  are  thus  derived  from  a single  scalar 
function  gp  is  called  the  vector  differential  parameter  of  gp. 

Accordingly  the  three  equations  of  condition  38),  äquivalent  to 
curl  R = 0,  are  simply  the  conditions  that  X,Y,  Z may  be  represented 
as  the  derivatives  of  a scalar  point-  function.  In  this  case  the 
expression 

Xdx  + Ydy  + Zdz  — ^dx  + + %jdz  = dtp 

is  called  a perfect  differential . 

From  the  definition  of  the  parameter  of  a scalar  point-function 
38  b),  we  see  that  the  components  of  the  vector  R at  any  point  are 
proportional  to  the  direction  cosines  of  the  normal  to  the  surface 
(p  = const . passing  through  the  point  in  question,  that  is  R is 
perpendicular  to  the  surface.  A surface  for  which  a scalar  point- 
function  is  constant  is  called  a levd  surface  of  that  function.  Since 


dx 

ds’ 


dy  dz 
ds 9 ds ’ 


are  the  direction  cosines  of  the  tangent  to  the  arc  ds,  we  see  that 
equation  38  a)  states  that  the  derivative  of  gp  in  any  direction  is  the 
projection  of  its  vector  parameter  on  that  direction.  Since  a vector 
is  the  maximum  value  of  any  of  its  projections,  we  see  that  the 
direction  of  the  normal  to  the  level  surface  of  gp  at  any  point  is  the 
direction  of  fastest  increase  of  gp  at  that  point.  Also  if  we  take 
for  gpy  and  g pB  in  38a)  the  constant  values  belonging  to  two  infinitely 


1)  A function  of  the  Coordinates  of  a point. 
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near  level  snrfaces,  we  see  that,  the  numerator  being  constant,  the 
derivative  in  the  direction  of  the  normal,  that  is  the  value  of  the 
vector  panimeter  B,  i s inversely  proportional  to  the  normal  distance 
between  the  two  infinitely  near  level  snrfaces  of  the  fanction  tp. 

Sach  a pair  of  snrfaces  will  be  called  a thin  level  sheet  or  lamina. 
For  this  reason  a vector  point-function  that  may  be  represented 
everywhere  in  a certain  region  as  the  vector  parameter  of  a scalar 
point -fanction  will  be  called  a laminar,  or  lamdlar  vector  (Marwell). 

The  scalar  fanction  (p  (or  its  negative)  will  sometimes  be  termed 
the  potential  of  the  vector  R. 


32.  Kotion  of  the  Center  of  Maas.  Sappose  that  a System 
of  partides  is  ander  the  inflaence  only  of  forces  acting  between  the 
particles  and  depending  on  their  matual  distances,  and  that  the 
constraints,  if  there  be  any,  are  sach  as  to  permit  of  a virtnal  dis- 
placement  which  is  represented  by  eqnal  vectors  for  all  the  particles. 
Then  in  oor  equation  of  d’Alembert’s  principle  (18)  let  as  pat  each 
dxr  eqnal  to  the  same  qoantity  A,  each  Syr  eqnal  to  p,  and  each  äer 
equal  to  v. 

Snpposing  the  System  to  be  conservative,  and  nsing  eqnations  23) 
we  have 


Now  as  the  forces  depend  only  on  the  matual  distances  of  the 
particles,  and  therefore  only  on  the  differences  of  their  Coordinates, 
if  we  pat 

li  — xt  xnf  — yx  yn,  = &i 

S*  = ^2  Vi  ~ Vn>  =*  Z%  Zn, 


\n — 1 — &n — 1 *£n  > Ijn — 1 — yn  — 1 Vny  Sn — 1 1 

we  shall  have 

U ==  Sli  • • • Sn — l)* 

Accordingly 


dü  dü  djx 

dxx  d£x  dxx 

and  likewise 


, dU  dit  düdr\x 

cxx  'Wrixdx j 

dü  _ dü 

dx,  es,’ 


dU  dU 
dx«-t  ~ dSn_i 
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On  the  other  hand 


40) 

Consequently 


dü 

dx 

n 


dU  du 


dU 


8ii 


dU  + ¥ + 


dxl  dx t 


Thus  39)  becomes 


d‘x. 


+ 


«fit  ««.-i 

du  ’V  du  0 

dxn  ~2j  8xr  ~ ’ 

<*lyr 


^ 4t* 


+ V2mr  Sf*r“°- 


41)  X^rmr  I r/i 

But  8ince  X,  p,  v are  perfectly  arbitrary  this  is  equivalent  to  the 
three  equations 

— _ d*x  _ — . d*«  d*z 

42)  = 2Wr<*<*r  = 0’  2Wr^-r=°- 

Since  the  m’s  are  independent  of  the  time,  we  may  differentiate 
outside  of  the  Summation  and  write  the  above 


43)  ~ 2rtnrXr  = 0,  2rmryr  = 0. 


dfi  2rmr0r  = 0. 

If  we  define  the  Coordinates  of  a point  x7y7~z  by  the  equations 


xSrmr  = 2Jrnirxry  y2Jrmr  = 2Jrmrt/r,  z£rmr  = 2Jrmrzr 
and  if  we  consider  a mass  m tö  consist  of  m particles  of  unit  mass. 


x = 


lrmrxr 
2 m 

r r 


being  the  sum  of  the  x- Coordinates  of  the  whole  number  of  unit 
particles  divided  by  their  number  is  the  arithmetical  mean  of  the 
x- Coordinates.  If  m is  not  an  integer,  by  the  method  of  limits  we 
extend  the  motion  of  the  mean  in  the  usual  manner.  The  point 
x,  y,  z,  the  mean  mass  point  thus  defined  is  called  the  center  of  mass 
of  the  System.  (The  common  term  center  of  gravity  is  poorly  adapted 
to  express  the  idea  here  involved  and  had  better  be  avoided.  We 
shall  see  in  the  chapter  on  Newtonian  Attractions  that  bodies  in 
general  do  not  possess  centers  of  grayity.) 

The  equations  43)  thus  become 


0 d*z 

dt * ““  K)f  dt*  V>  dt* 


0. 


Therefore  the  center  of  mass  of  a System  whose  parts  exert  forces 
upon  each  other  depending  only  on  their  mutual  distances  moyes 
with  constant  yelocity  in  a straight  line.  This  is  the  Principle  of 
Conseryation  of  Motion  of  the  Center  of  Mass.  It  evidently  applies 
to  the  solar  System.  What  the  absolute  yelocity  of  the  center  of 
mass  of  the  solar  system  is  or  what  its  yelocity  with  respect  to  the 
so -called  fixed  stars  we  do  not  at  present  know. 
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Retaming  to  the  equations  39),  whether  there  is  a force -function 
or  not,  X,  [i,  v , being  the  same  for  each  term  of  the  snmmation, 
may  be  taken  out  from  under  the  summation  sign  and  being  arbitrary, 
the  equation  39)  is  equiyalent  to  the  three 

d*x  d*y  _ - . d*z 

46)  = 27rXr,  2mrdJ-XYn  ^rtnr  dftr  = 2rZr, 

or  as  before 


d*z 
dt * 


Zrmr  = 2rZr} 


that  is:  The  center  of  mass  of  any  System  of  the  kind  specified 
moves  as  if  all  the  forces  applied  to  its  various  parts  were  applied 
at  the  center  of  mass  to  a single  particle  whose  mass  is  eqnal  to 
the  mass  of  the  whole  System. 

This  principle  of  the  motion  of  the  center  of  mass  reduces  the 
problem  of  the  motion  of  the  System  to  that  of  finding  the  motion 
of  a single  particle  together  with  that  of  the  motion  of  the  parts  of 
the  system  with  respect  to  the  center  of  mass. 

A rigid  body  is  a System  of  particles  coming  ander  the  case 
here  treated,  since  the  only  constraints  are  such  as  render  all  the 
mntual  distances  of  individual  points  constant.  Therefore  the  only 
new  principles  required  in  Order  to  treat  the  motion  of  a rigid  body 
are  such  as  determine  its  motion  relatively  to  its  center  of  mass. 

If  the  center  of  mass  is  to  remain  at  rest  or  move  uniformly, 
we  must  have 

47)  2rXr  = 0,  2rYr  = 0,  2JrZr  = 0. 

This  will  always  be  the  case  as  shown  above  for  mutually  attracting 
particles,  since  to  every  action  there  is  an  equal  and  opposite 
reaction.  The  three  equations  47)  fumish  three  necessary  con- 
ditions  for  the  equilibrium  of  a rigid  body. 

If  we  introduce  the  relative  Coordinates  of  the  particles  with 
respect  to  the  center  of  mass  into  the  expression  for  kinetic  energy 
it  assumes  a remarkable  form.  Let  us  put 

Xr  = X + gr,  yr  = y + T)r,  Zr  = Z + Zn 

then 


dxr 

dx 

+ 

dir 

dt  ~ 

= dt 

dt ’ 

dyr  _ 

dy 

+ 

d' Ir 

dt 

~ dt 

dt  ’ 

dz„ 

dz 

dSr 

§ 

dt 

= dt 

+ 

dt 
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48) 


da;\8  . (dy\*  , fdz\* 
di)  + (dt)  + (di) 


, 9dX  A*r  , 9dV  d%  9 ä**Sr 
dt  dt  ' * dt  dt  + £ dt  dt 


+ 


( 


S)  + (£)'+ 


m 


and  taking  outside  of  the  sign  of  summation  the  factors  common  to 

11  11  i • i • dx  dy  dz 

all  the  terms  involving 


*»)  + (©  + (©)*<* 

+2-» (£)'+  ®) 


+ 2 


dx 

dt 


2 


d*r  . dV 

m'Hi  + 2 dt 


dl\r 

rm-  dt  + 2 


— — 1 

dt^jmr  dt J 


Now  in  the  last  three  terms  we  may  write 


2 


mr 


dl 


d 


= ~rt  Xrmr\r  = j-t  (|  2rmr), 


dt  dt 


if  % is  the  a;-coordinate  of  the  center  of  mass  in  the  £,  r\y  g System. 
Bnt  since  the  center  of  mass  is  the  origin  of  the  relatiye  Coordinates 
£,  7j,  g,  this  is  equal  to  zero.  Similarly  for  the  terms  in  i?r  and  gr. 
Thus  we  haye  remaining  if  we  write  M for  the  mass  of  the  whole 
System, 

“)  T-iJf{(l?’),+  (S) + («)’) 

©*+(©’}• 

The  first  term  is  the  kinetic  energy  of  a particle  whose  mass  is  equal 
to  the  total  mass  of  the  system  placed  at  the  center  of  mass,  while 
the  second  is  the  relatiye  kinetic  energy  of  the  system  with  respect 
to  the  center  of  mass.  Thus  the  absolute  kinetic  energy  is  always 
greater  than  its  relatiye  kinetic  energy  with  respect  to  the  center  of 
mass  (unless  the  center  of  mass  be  at  rest).  The  center  of  mass  is 
the  only  point  for  which  such  a decomposition  of  the  kinetic  energy 
is  generally  possible. 

If  the  principle  of  the  conseryation  of  motion  of  the  center  of 
mass  holds  we  haye 

dx  dy  , dz 

di  = a>  dt  = b>  di  = c> 
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and  inserting  these  in  the  equation  of  energy  for  a conservative 

System,  T + W=h, 

6>)  » 2m'{ (£) + (£) + ©’)+  W=h  - !*<«*+  ”’+ 

In  this  case  accordingly  the  principle  of  Conservation  of  energy  holds 
also  for  the  relative  kinetic  energy,  the  constant  A being  changed. 
Inasmnch  as  we  know  of  no  absolntely  fixed  System  of  axes  of 
reference  it  is  obvious  that  the  kinetic  energy  of  any  System  contains 
an  indeterminate  part.  Bnt  in  virtue  of  the  above  principle  if  we 
consider  the  center  of  mass  of  the  solar  System  to  be  at  rest  all  onr 
conclusions  with  regard  to  energy  will  hold  good.  The  effect  in 
general  of  referring  motions  to  Systems  of  axes  which  are  not  at 
rest  will  be  dealt  with  in  Chapter  VII. 

As  a simple  example  of  the  above  principle  let  us  consider  the 
case  of  a rigid  sphere  or  circular  cylinder,  with  axis  horizontal, 
rolling  withont  sliding  down  an  inclined  plane  under  the  action  of 
gravity.  If  the  distance  that  the  center  of  the  body  has  moved 

parallel  to  the  plane  be  s,  the  first  part  of  T is  * M • If  the 

angle  that  a plane  through  the  horizontal  axis  parallel  to  the  inclined 
plane  makes  with  the  normal  to  the  inclined  plane  be  & (Fig.  23), 

the  velocity  of  a particle  with  respect  to  the  center  is  where  r 

is  its  distance  from  the  horizontal  axis.  The  relative  kinetic  energy 
is  thus 

. de* 

or  since  the  angular  velocity  of  rolling  is  the  same  for  all  terms 
of  the  summation, 

52)  T'  = \ [^fsrmrrl. 


The  factor  2rmrt$  is  called  the  mommt  of  inertia  of  the  System  about 
the  horizontal  axis  through  the  center  of  mass  and  will  be  denoted 
by  K.  Thus  we  have 


If  the  rolling  takes  place  without  sliding  we  have  the  geometrical 
condition  of  constraint, 

■p  dfr ds 

dt  dt’ 


where  R is  the  radius  of  the  rolling  body. 
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The  loss  of  potential  energy  is  Mg  times  the  vertical  distance 
fallen,  s sincc,  where  a is  the  angle  of  inclination  of  the  plane  to 
the  horizontal.  Our  equation  thus  becomes 


54) 

ds 


l { ■»  © + i ©S(  - m9*  sina  = const. 


If  ^ = V when  s = 0,  determining  the  constant  we  have 


2 Mgs  sin« 

m+» 


Thus  the  motion  is  the  same  (cf.  § 18)  as  that  of  a partide  falling 


freely  with  the  acceleration  diminished  in  the  ratio 


sin  a 


■ ■ ■ '<■  • 

K 

MR* 


Thus  by  increasing  2T, 
which  may  be  done 
by  symmetrically  attach- 
ing  heavy  masses  to  a bar 
fastened  to  the  cylinder 
in  such  a way  as  not  to 
interfere  with  the  rolling 
of  the  cylinder  (Pig.  23), 
we  may  make  the  motion 
as  slow  as  we  please  and 
thus  study  the  laws  of 
constant  acceleration. 


33.  Moment  of  Momentnm.  Under  the  supposition  that  the 
equations  of  constraint  were  compatible  with  the  displacement  of 
the  System  parallel  to  itself  and  that  the  force -function  was  thereby 
unchanged  we  obtained  the  principle  of  the  Conservation  of  motion 
of  the  center  of  mass.  We  will  now  suppose  that  the  equations  of 
constraint  are  compatible  with  a rotation  of  the  System  about  the 
axis  of  X and  that  the  force -function  is  thereby  unaffected.  This 
will  be  the  case  in  a rigid  System  or  in  a free  System  left  to  its 
own  internal  forces  (if  conservative). 

If  we  put 

yr  = rr  cos  a>r, 
zr  = rr  sin  &r, 

such  a displacement  is  obtained  by  changing  all  the  <Dr’s  by  the 
same  amount  d cd,  leaving  the  r’s  unchanged.  We  have  then 

Sxr  ==  0,  öyr  = — rr  sin  G)rdco  — — zrdm , 

dzr  = rr  cos  or  do  ==  yrdo. 


57) 
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Iiiserting  these  values  in  d’Alembert’s  eqnation  we  obtain 

___  f d*y  d*z  ) 

58)  S (O^rntr  | — Br-gjf  + Vr  = S (D  2r(yrZr  — grYr)  = SU. 

If  U depends  only  on  the  mutual  distances  of  the  particles  of 
the  System  it  is  unchanged  in  the  displacement,  dü  = 0. 

We  then  have 

59) 

As  was  mentioned  in  § 11  the  quantity  within  the  parenthesis 
is  an  exact  derivative,  so  that 


or  differentiating  outside  of  the  sign  of  summation 


d 

dt 


dzr 

dt 


Integrating  we  obtain 

60)  ^ !Wr  (*  W w)  = H*’ 


an  arbitrary  constant. 


The  expression  = ymvs  — zmvy  is  the  moment  of 

momentum  [42),  § 13]  about  the  X-axis  of  the  mass  m,  or  it  is  the 

dS 

product  of  twice  the  mass  by  the  sectorial  velocity  (§  8).  The 

theorem  consequently  States  that  the  moment  of  momentum  of  the 
whole  system  with  respect  to  the  X-axis  is  constant. 

Under  similar  conditions  for  the  other  two  axes  we  obtain 


The  vector  H , whose  components  are  Hx,  Hyy  Hz,  is  the  resultant 
moment  of  momentum  of  the  whole  system,  and  if  the  above  equa- 
tions  60)  hold  it  is  constant  both  in  magnitude  and  direction.  This 
is  the  case  for  the  solar  system  and  we  accordingly  have  an  unvary- 
ing  direction  in  space  characteristic  of  the  system.  This  direction 
was  called  by  Laplace  that  of  the  Invariable  Axis  and  the  plane 
through  the  sun  perpendicular  to  it  the  Invariable  Plane.  It  may 
be  defined  as  that  plane  for  which  the  sum  of  the  masses  of  each 
particle  multiplied  by  the  projection  of  its  sectorial  velocity  on  that 
plane  is  a maximum.  Such  a plane  fumishes  a natural  plane  of 
Coordinates  for  the  solar  system. 
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The  principle  expressed  by  equations  60)  will  be  referred  to  as 
the  Principle  of  Conservation  of  Moment  of  Momentnm.  On  account 
of  the  connection  with  the  sectorial  velocity  it  has  received  the 
shorter  and  more  euphonious  title  of  the  Principle  of  Areas. 

In  case  8U  does  not  vanish,  going  back  to  equation  58),  we  may 
divide  out  dco  and  instead  of  60)  now  obtain 


dH, 

dt 


dH 


v 


dt 

dH z 

dt 


2r(fjrZr  — erYr), 
XrZf), 
2Jr(xrYr  — yrXr), 


where  Hx,  Hy,  Ht>  have  the  same  meaning  as  the  left-hand  members 
of  equation  60) , but  are  not  now  constant.  Stating  in  words:  The 
time  derivative  of  the  moment  of  momentum  of  any  System  with 
respect  to  any  point  is  equal  to  the  resultant  moment  of  all  the 
forces  of  the  System  about  the  same  point. 

The  equations  46)  and  61)  fumish  us  the  six  equations  of 
motion  of  a rigid  body.  Geometrically,  we  may  say  that  the  r&dius 
vector  of  the  hodograph  (§  6)  of  the  vector  moment  of  momentum  of  a 
System  is  parallel  to  the  resultant  moment  of  the  forces  acting  on 
the  System  at  each  instant  of  time,  this  statement  being  the  com- 
plement  to  the  statement  that  the  radkts  vector  of  the  hodograph  of 
the  velocity  of  the  center  of  mass  is  parallel  to  the  resultant  of  the 
forces  acting  on  the  System. 

The  three  principles  which  we  have  now  treated,  the  Principle 
of  Energy,  the  Principle  of  Motion  of  the  Center  of  Mass,  and  the 
Principle  of  Moment  of  Momentum,  in  the  cases  of  Conservation,  give 
us  the  first  integrals  of  the  equations  of  motion,  and  suffice  for  the 
treatment  of  all  mechanical  problems.  In  the  next  chapter  we  shall 
deal  with  a principle  which  is  more  general  than  any  of  these  in 
that  it  enables  us  to  deduce  the  equations  of  motion  and  thus 
embraces  a statement  of  all  the  laws  of  Dynamics. 
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CHAPTEB  IV. 


PRINCIPLE  OP  LEAST  ACTION. 
GENERALIZED  EQUATIONS  OF  MOTION. 


34.  Hamilton’s  Prinolple.  We  shall  now  consider  a principle 
that  differs  from  those  of  the  last  chapter  in  that  it  does  not 
immediately  fornish  us  with  an  integral  of  the  equations  of  motion. 
On  the  other  hand,  like  d’Alembert’s  principle  it  enables  ns  to 
embody  the  laws  of  motion  in  a simple  mathematical  expression 
from  which  we  can  deduce  the  equations  of  motion,  not  only  in  the 
simple  form  hitherto  nsed  employing  rectangnlar  Coordinates,  but  also 
in  a form  inyolving  any  Coordinates  whatsoever.  This  statement, 
employing  the  language  of  the  calcnlus  of  variations,  permits  us  to 
enonciate  the  principle  in  the  convenient  form  that  a certain  integral 
is  a minimum.  The  so  - called  Principle  of  Least  Action  was  first 
propounded  by  Maupertuis1)  on  the  basis  of  certain  philosophical  or 
religious  arguments,  quite  other  than  those  upon  which  it  is  now  based. 

We  shall  first  treat  it  in  the  form  given  by  Hamilton.  If  in 
d’Alembert’s  equation 


2{(*  £ - x) >x + (”$  - r) ** + (*?.■' + ^ **}  - . 

we  consider  dt r,  Sy,  Sb  arbitrary  yariations  consistent  with  the  equa- 
tions of  condition,  we  haye 


d*x  * d 
Wäx  = Tt 

_d_ 

dt 

= d^ 
dt 


Id  x * 


\dt 


m- 


ÖH 

fdx 


dx 

dt  dt 
dx  ddx 


dt 


dt 

dx\ 2 


1 


Treating  each  term  in  this  manner,  taking  the  sum,  and  remoying 
the  sign  of  differentiation  outside  that  of  summation, 

» «2{-Ö >+%*»+»] 

- * t2{"  ©’+  (5)’+  (w)1  ) + ^.+W,+ ZS,). 


1)  M&n.  de  l’Acad.  de  Paris , 1740.  Also:  Bes  lois  de  mowcement  et  de 
repos  dtduites  d’un  principe  metaphysique , Berlin,  M6m.  de  l’Acad.  1746,  p.  286. 
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If  there  is  a force  -function  U we  have 


Z(X8x  + Y8y  + Z8z ) = 8 U, 


consequently  the  right-hand  member  of  1)  is 

8T+  8U. 


The  left-hand  member  being  an  exact  derivative  we  may  inte- 
grate  with  respect  to  t}  between  any  two  instants  t0  and  tu 

*■’))! 


2) 


h h 

= J8(T+U)dt  = 8 J(T+U)dt. 


If  the  positions  are  given  for  tQ  and  tlf  that  is  if  the  variations 
8x,  8y , 8z  vanish  for  t0  and  tlf  then  the  integrated  parts  vanish;  and 

d j (T+  TJ)dt  = 0, 

to 

or 

3)  $f(T-W)dt  = 0. 

to 

This  is  known  as  Hamüton’s  Principle  *)  It  may  be  stated  by 
saying  that  if  the  configuration  of  the  system  is  given  at  two 
instants  t0  and  tlf  then  the  value  of  the  time -integral  of  T + U is 
stationary  (that  is  less  or  greater)  for  the  paths  actually  described  in 
the  natural  motion  than  in  any  other2)  infinitely  near  motion  having 
the  same  terminal  configurations. 

Gonsidering  the  signification  of  a definite  integral  as  a mean3 
we  may  state  equation  3)  in  words  as  follows:  The  time  mean  of 


1)  Hamilton.  On  a General  Method  in  Dynamics.  Phil.  Trans.  1834. 

2)  It  is  understood  that  both  the  natural  and  the  varied  paths  are  smouth 
curves,  that  is  without  sharp  corners. 

3)  The  arithmetical  mean  of  a number  of  quantities  is  defined  as  their 
sum  divided  by  their  number.  A definite  integral  is  defined  as  the  limit  of  a 
sum  of  a number  of  quantities  as  their  number  increases  indefinitely.  If  we 
divide  the  interval  ab  into  » parts  of  length  8g  and  if  we  denote  by  f9  the 
value  of  a function  f{x)  when  x lies  at  some  pofnt  within  the  interval  we 
define 


t 

f' 


f{x)dx 


34,  35] 
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the  difference  of  kinetic  and  potential  energies  is  a minn£3fh  for  the 
actual  path  between  given  confignrations  as  compared  with  infinitely 
near  paths  wbich  might  be  described  (for  instance  nnder  constraints) 
in  the  same  time  between  the  same  confignrations;  or  more  freely: 
Nature  tends  to  eqnaiize  the  mean  potential  and  kinetic  energies 
during  a motion. 

Hamilton’s  principle  is  broader  than  the  principle  of  energy, 
inasmuch  as  U may  contain  the  time  as  well  as  the  Coordinates.  It 
is  true  even  for  non-conservative  Systems  (where  a force -function  U 
does  not  exist  or  where  U contains  the  time),  if  we  write  instead 
of  dU, 

2{Xdx  + Ydy  + Zdz). 

We  have  then 

h 

4)  J{6T  + 2{XSx  + Ydy  + Zdz))dt  = 0. 

35.  Principle  of  Least  Action.  It  is  to  be  noted  that  in 
the  statement  of  Hamilton’s  principle  the  infinitely  near  motion  with 
which  the  actual  motion  is  compared  is  perfectly  arbitrary  (except 
that  it  satisfies  the  equations  of  condition),  so  that  to  make  the 
System  actnally  moye  according  to  the  supposed  varied  motion  might 
require  work  to  be  done  upon  it  by  other  forces.  The  paths  described 
by  the  various  particles  are  not  necessarily  geometrically  different 


It  is  proved  in  the  integral  calcnlns  that  the  manner  of  subdivision  into  the 
intervals  dt  is  immaterial.  We  may  accordingly  put  them  all  equal  so  that 

Ö = - — — i then  dividing  by  (b  — a)  we  have 
* n 


b 


f(x)dx  — lim  V 

B=»  b-a^j 
1 


b — a 
n 


ft  = lim 

n = » 


that  is  the  definite  integral  of  a function  in  a given  interval  divided  by  the 
magnitude  of  the  interval  represents  the  limit  of  the  arithmetical  mean  of  all 
the  values  of  the  function  taken  at  equidistant  values  of  that  variable  throughout 
the  interval  when  the  number  of  values  taken  is  increased  indefinitely.  The 
specification  of  the  variable  with  respect  to  which  the  values  are  equally 
distributed  is  of  the  first  importance.  For  instance  suppose  that  we  change  to 
a new  variable  such  that  # = qp(y),  y = qp_1  (x)  then 


b y_1(ö) 

Jfix)  dx  =Jf(x)  qp'  (y)  dy. 

a y"1  («) 


The  integral  may  now  be  interpreted  as  the  mean  of  the  function  f(x)  cpr  (y) 
multiplied  by  the  interval  through  which  y varies , for  equally  distributed  values 
of  y.  Tims  we  deal  above  with  time  means  and  space  means. 
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from  those  of  the  actual  motion,  but  if  not  tbey  are  traversed  with 
different  velocities,  so  that  at  any  rate  the  Coordinates  of  the  yarions 
points  are  different  fonctions  of  the  time  in  the  varied  and  in  the 
actual  motion. 

In  case  the  System  is  conservative,  Hamilton’s  principle  is 
equivalent  to  another,  less  general,  but  historically  older.  In  this 
form  of  Statement  of  the  principle,  we  compare  two  infinitely  near 
motions,  but  the  second  is  not  completely  arbitrary,  for  instead  of 
associating  together  pairs  of  points  x,  y,z,  x + Sx , y + Sy,  z + dz, 
reached  at  the  same  instant  in  the  two  motions,  and  making  Sx,  Sy,  dz 
perfectly  arbitrary,  we  assume  that  the  Variation  takes  place  in 
accordance  with  the  equation  of  energy, 

5)  T +W  =*h, 

so  that  we  are  to  put 

SW ST. 

But  if  the  equation  of  energy  is  to  hold  on  the  varied  path  as  well 
as  on  the  unvaried,  the  kinetic  energy  of  the  System  in  any  con- 
figuration  is  determined,  and  thus  the  System  may  not  be  in  that 
configuration  at  any  time  we  please,  as  that  would  involve  arbitrary 
velocities,  and  there  is  a restriction  on  the  velocities  due  to  the 
determination  of  the  kinetic  energy  for  every  configuration  in  the 
motion.  We  will  therefore  give  up  the  assnmption  that  pairs  of 
points  compared  are  reached  at  the  same  instant  of  time,  in  other 
words  we  shall  no  longer  assume  that  St  — 0.  No  matter  what  the 
independent  variable  may  be,  as  functions  of  which  we  may  express  t 
and  all  the  Coordinates,  so  as  to  compare  the  motions  point  by  point 
we  may  use  the  principles  explained  in  parenthesis  on  p.  80,  which 
will  cause  a certain  modification  of  our  result.  If  St  is  not  zero, 
we  can  no  longer  put  in  the  preeeding  demonstration, 

ddx * dx 

dt  6 dt’ 


but  must  write,  as  explained  on  p.  80, 


ddx 

dt 


*dx 

= 3 dt  + 


dx  ddt 
dt  di 


ddy 

dt 


+ 


dy  ddt 
dt  dt 


f 


ddz j.de  , dz  ddt 

dt  dt  dt  di 


We  have  thus  to  add  to  the  right -hand  member  of  equation  1), 
the  term 
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so  ihat  instead  of  2)  we  have 


Although  the  times  of  arriving  at  corresponding  configurations  are 
not  the  same,  so  that  t0  and  ^ are  not  the  same  as  before,  the 
terminal  positions  are  still  given,  so  that  the  integrated  parts  still 
vanish.  Now  introducing  onr  new  assumption,  of  Variation  according 
to  the  eqnation  of  energy,  we  obtain 


SU dW=ÖTf 


v 

ihat  is, 

8) 

* 


d 

C 


ij 2Tdt  = 0. 


The  integral  A =J  2Tdt,  which  is  twice  the  mean  kinetic 


energy  for  equal  intervals  of  time  multiplied  by  the  time  occupied 
in  the  motion,  is  called  the  Action . 

Accordingly  the  principle  stated  in  eqnation  8)  is  known  as  the 
Principle  of  Least  Action. 

The  definition  of  action  is  usnally  given  otherwise,  for  since 


w-dT 


which  exhibits  the  action  as  a sum  of  line  integrals  of  the  momentum 
of  the  partides.  We  may  thns  dehne  the  action  as  the  sum  for  all 
the  particles  of  the  mean  momentum  for  equal  distances  multiplied 
by  the  distance  traversed  by  each  particle. 

In  the  enumeration  of  the  conditions  there  is  now  a difference 
— the  initial  and  final  configurations  of  the  System  (positions  of  all 
the  points)  are  given  as  before,  but  instead  of  prescribing  the  dura- 
tion  of  the  motion,  tt  — t0,  we  prescribe  the  initial  energy  h.  Thus 
in  the  Variation  of  the  paths  the  energy  is  supposed  to  be  unchanged. 
In  forming  the  integral  t is  supposed  tog  be  eliminated  and  all  the 
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velocities  to  be  expressed  in  terms  of  the  Coordinates  alone.  To 
effect  this  we  make  nse  of  the  equation  of  energy, 


from  which 

10) 


2rmrds* 

2(Ä-lPj 


and 


j i/2  (h-W) 


2Jrmr  d$l- 


In  Order  to  fix  the  ideas  we  may  explicitly  introdnce  a new 
independent  variable  in  the  integral,  supposing  the  equations  of 
motion  to  have  been  integrated  and  all  the  Coordinates  to  be  expressed 
as  functions  of  a single  parameter  g,  which  for  example  may  be  one 
of  the  Coordinates.  That  is  for  each  value  that  is  assigned  to  the 
parameter  q we  snppose  the  position  of  every  point  in  the  System 
completely  known. 


Writing  now  dsr  = 


dsr 

dq 


dq  the  integral  is 


?i  _ 

12) 

7o 

The  proper  statement  of  the  principle  of  least  action  then  is  that 
the  Variation  of  this  integral  vanishes,  given  the  initial  and  final 
configurations  and  the.  total  constant  energy.  We  have  now  com- 
pletely get  rid  of  the  variable  t,  and  are  not  embarassed  by  the 
qnestion  whether  its  Variation  is  zero  or  not. 

As  the  simplest  possible  example  consider  the  case  of  a single 
free  particle  acted  on  by  no  forces,  then  W = 0 and  the  action  is 


*0  *0 


and  the  action  is  proportional  to  the  distance  traversed. 

If  this  is  a minimum  the  path  will  be  a straight  line,  the 
principle  of  least  action  accords  with  Newton’s  first  law. 

Snppose  that  the  particle  instead  of  being  free  is  constrained  to 
lie  on  a given  surface.  The  path  described  must  then  be  an  arc  of 
a shortest  or  geodesic  line  of  the  surface.  The  calculus  öf  variations 
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enables  ns  to  find  the  differential  equations  of  such  a line.  Suppose 
the  snrface  is  a sphere,  then  if  the  particle  is  started  from  a 
point  P (Fig.  24)  with  a given  velocity  v 
in  any  direction,  it  may  be  made  to  arrive 
at  Q by  the  introdnction  of  certain  con- 
straints,  for  instance,  snppose  it  obliged 
to  move  on  a plane  passing  throngh  P 
and  Q.  The  principle  of  least  action  says 
that  in  the  natnral  or  nnconstrained  motion 
it  will  go  from  P to  Q along  the  shortest 
path,  that  is,  an  arc  of  a great  circle. 

Of  all  possible  paths  there  are  two  natnral 
ones  by  which  the  particle  travels  from 
P to  Q along  a great  circle,  but  leaving  P Fig.  u. 

in  opposite  directions.  It  is  only  for  the 

shorter  of  the  two  paths  that  the  action  is  a minimum.  This  is  an 
example  of  a frequent  occurrence  in  the  calculus  of  variations, 
namely,  that  an  integral  possesses  the  minimum  or  maximum  property 
only  when  its  limits  are  sufficiently  close  together. 

We  will  illustrate  this  by  a less  simple  example.  Consider  the 
problem  of  shooting  at  a target,  or  the  ideal  case  of  a single  particle 
acted  on  only  by  gravity,  which  has  been  treated  in  § 18. 

Suppose  the  particle  projected  from  the  point  x0 , z0  with  the 
velocity  v0,  so  as  to  reach  the  point  x1}  z1.  If  t be  the  time  of 
flight,  we  have  by  § 18,  3) 


from  which 


(*i  - ^o)*  + (*1 


or  otherwise 


13)  ~ + {g  (zt  - z0)  - y02}  t*  + (xt  - x0)*  + - ^0)*  = 0, 


a qnadratic  in  t2  to  determine  the  time  of  transit  in  terms  of  the 
given  constants  x0,  xiy  z0,  zt,  v0.  Introducing  the  following  letters  for 
the  ränge,  its  horizontal  and  vertical  projections, 

r = yr(x1  — x0)‘  + (X  - zoy,  l = xt  — x h = zx-  z0, 
and  solving  the  quadratic, 

14)  <*  = jt{v0*  — gh±  vH2  - ghf  - $rV}. 

If  the  radical  is  real  — which  will  be  the  case  if  the  initial 
velocity  is  great  enongh  — since  the  absolute  value  of  the  term 
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outside  the  radical  is  greater  than  that  under  it,  both  Yalues  of  t* 
will  be  positive,  even  if  the  lower  sign  is  used,  therefore  there  will 
be  two  real  possible  positive  values  of  t. 

To  determine  a,  the  angle  of  elevation,  we  have 

v, 

Vx  — v0  cos  a,  V2  = v0  sin  a,  tan  cc  = ~ = = ? 

and  inserting  the  two  values  of  t we  get  two  possible  elevations. 
Thus  we  find  that  the  aim  is  completely  determined  (though  not 
uniquely  in  this  case)  by  the  terminal  positions  and  the  velocity  of 
projection. 

For  the  action  we  obtain 

t t 

15)  %Tdt  s=mJ^ vo*  + 2 <7  — z))  dt 

o o 

t 

= m J{vtt  + g*t*  — 2gVj}dt 
0 

Using  the  values  of  Vz  and  t found  above  we  obtain  two  values  of 
the  action  different  for  the  two  paths.  Thus  there  are  two  possible 
natural  paths,  differing  from  each  other  by  finite  distances,  for  only 
one  of  which  is  the  action  least.  Both  however  have  the  property 
that  between  two  points  sufficiently  near  together  the  action  is  less 
than  for  any  infinitely  near  path. 

In  case  the  radical  in  14)  vanishes,  that  is 

16)  W ~9  (*i  - *o)}8  ~ ~ XoY  + (*i  - *<>)*}  = 0, 

9i  (*i  — *0)*  + 2örvo2  («i  - zo)  ~ V = °> 

the  two  roots  t-  are 
equal  and  there  is 
only  one  course. 
The  terminal  point 
^i,  then  lies  on 
a parabola  whose 
vertex  is  vertically 
above  the  point  of 
projection  (Fig.  25). 
It  is  easy  to  see 
that  this  parabola  is 
the  envelope  of  all 

possible  paths  in  this  vertical  plane  starting  from  the  same  initial 
point  x0 , z0  with  the  same  velocity  v0.  For  it  is  the  locus  of  the 


or 
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intersection  of  courses  whose  angles  of  elevation  a differ  infinitely 
little.  If  the  second  point  x19  y1  lie  without  this  envelope  it  cannot 
be  reached  under  the  given  conditions.  If  upon  it  it  can  be  reacbed 
by  one  path,  and  if  within  it  by  two  paths.  In  that  case  the  course. 
that  reaches  yx  before  toncbing  the  envelope  bas  the  less  action. 
A point  at  which  two  infinitely  near  courses  from  a given  point 
with  equal  energy  intersect  is  called  a kinetic  focus  of  the  starting 
point,  and  if  on  any  course  the  terminal  configuration  is  reached 
before  the  kinetic  focus  on  that  course,  the  action  will  be  a minim  um. 
If  the  kinetic  focus  is  first  reached  it  will  not. 

Thus  in  the  problem  of  motion  on  a sphere  under  no  forces, 
the  point  diametrically  opposite  the  initial  point  is  a kinetic  focus. 
Evidently  a particle  may  reach  the  kinetic  focus  starting  in  any 
direction  from  the  original  point,  for  all  great  circles  through  a 
point  intersect  in  its  opposite  point.  The  envelope  of  all  the  great 
circles  or  courses  from  a point  in  this  case^  reduces  to  a point,  which 
is  the  kinetic  focus. 

For  the  treatment  of  the  difficult  subject  of  kinetic  foci,  which 
belongs  to  the  calculus  of  variations,  the  reader  is  referred  to 
Thomson  and  Tait,  Principles  of  Natural  Philosoph y,  § 358,  and 
Poincare,  Les  Meihodes  Nouvettes  de  la  Mecanique  Celeste,  Tome  DI, 
p.  261,  also  to  Eneser,  Lehrbuch  der  Variationsrechnung. 

From  the  principle  of  least  action  we  may  deduce  the  equations 
of  motion.  Of  course  the  principle  was  itself  derived  from  these 
equations,  therefore,  as  is  always  the  case,  we  obtain  by  mathematical 
transformations  no  new  facts.  It  is  however  instructive  to  see  how 
by  assuming  the  principle  of  least  action  as  a general  principle  we 
may  obtain  the  equations  from  it. 

Let  us  put  in  equation  12) 


dsl  = do?r  + dyl  + ds?r, 


dxr 

dq  Xn  dq 


dVr  , der 


= Vn 


dq  ~ 


givrng 


17)  S 

9o 

If  we  put 

18) 


lJV2(h-W)[2r 


mr (x'r*  +y'r*  + «;*)}  dq  = 0. 


2(h-W)  = M, 

2rmr  {x'r*  + y'r*  + e'r*)  = N,  Y MN  = P, 


since  P involves  all  the  Coordinates  and  velocities  xr,  yr,  zr,  x'n  y'n  z'n 
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Now  the  term 


dP  ddxr 
dx'r  dq 


may  be  integrated  by  parts,  giving 


dP 

dx'r 


The  terms  in  dt//,  and  dzfr  are  to  be  treated  in  like  manner.  Since 
the  variations  of  the  Coordinates  vanish  at  the  limits  the  integrated 
terms  disappear,  leaving 


d 

dq 


Now  in  virtue  of  18)  since  N does  not  contain  the  Coordinates 

dP  1 -i/N  dM  __  -i/N  dW 
dxr  = '2  r M dxr~~  V M dxr' 

Also  since  M does  not  contain  #/, 


cP  l -\fM  dX  -\/M  , 

dxr  *V-N3x--y-Nm'X'’ 

and  consequently 

cP  d (dP\  _ _ -i/X  dW  _ d ( -i  fM  dxr\ 

dxr  dq  \cxfr)  V M cxr  dq  \ *r  V N dq) 

The  equation  of  energy, 


glVQ3 


1 mr  (*;8  + + *;*)  (J)  - 2 (h  - w), 

or  according  to  18), 

K'f-  M’ 

dq  — y^dl. 


from  which  we  get 
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Inserting  this  value  of  dq  gives 

dP  d (dP\  -i/N  dW  d ( dx\ 

f')  V M dxr  dq  \Wr  dt) 


dxr  dq  \dxlf 


1 /N  (dW  . r, 

V M \ dxr  + m"  dt * )' 


Accordingly  we  have 


20)  SA  = / SPdq  = 


ß 


Qo 


+ m 


d*x 


r dt * 
d*z 


r)  9 x , 


+ (wr + m-^)  ** + (lTr + m^)  sAd<i = °- 

In  Order  that  this  may  vanish  for  arbitrary  variations,  öxr,  dyn  dzn 
the  coefficient  of  each  Variation  must  vanish.  so  that  we  must  have 


d*x9. 

dW 

= 0, 

d*xr 

dW 

Xr: 

mr 

dt * 

+ 

1 

II 

or  vnr 

dt * " 

II 

8" 

1 

d*yr 

+ 

dw 

= o, 

d*yr 

dw 

mr 

dt* 

8yr  ~ 

mr 

dt*  == 

II 

l 

d*z 

dw 

d*zr 

dW 

mr 

T 

dt* 

+ 

II 

= o, 

mr 

~dt*  ^ 

~^r  = 

Zr, 

which  are  the  ordinary  equations  of  motion  for  a free  System. 

The  variations  dxr,  öyr)  Szr  are  arbitrary  only  if  all  the  particles 
are  free.  If  there  are  constraints  the  variations  must  be  compatible 
with  the  equations  of  condition. 


= 0> 

= 0, 


• • • • 

9>*  = 0, 

that  is  we  must  have  the  k linear  relations  between  the  <5 ’s,  Chapter  III 
equations  14).  We  may  then  as  in  § 25  multiply  the  equations 
between  the  d’s  by  undetermined  factors  Xl7 X27  . . . Xk  and  add  them 
to  the  integrand.  We  shall  then  have 


We  may  now  determine  the  k factors  X17  X2, . . . Xkf  so  that  k of 
the  factors  multiplying  the  variations  vanish  identically.  Then  the 
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coefficients  of  the  remaining  3 n — k arbitrary  yariations  being  put 
eqnal  to  zero  with  these  k give  the  differential  eqtiations 


ntr 


d*xt 
dt * 

*'Vr 


d<Pi 


= Xr+K^-b^  + 


dx . 


Y + i £*  + i£?ü  + 
£r  + Xl  dyr  + 3yr  + 


-l-l  a,>t 

+i,^, 

3yr 


dq> 


k 


From  the  3 n eqnations  23)  we  may  eliminate  the  k multipliers 
Xl,  . . . Xk  and  obtain  3 n — k eqnations  of  motion,  which  is  the 
nnmber  of  degrees  of  freedom  of  the  System. 

The  eqnations  23)  are  known  as  Lagrange’s  differential  eqnations 
in  the  first  form.  They  can  evidently  be  dednced  from  equations  16) 
of  Chapter  HI  by  d’Alembert’s  principle,  replacing  Xr  by 


d*xr 
dt * ’ 


etc. 


36.  Ctoneralized  Coordinates.  Lagrange’s  Eqnations.  In 

many  investigations  in  dynamics  where  constraints  are  introduced, 
instead  of  denoting  the  positions  of  partides  by  rectangnlar  Coordinates 
(not  all  of  which  are  independent)  it  is  advantageous  to  specify  the 
positions  by  means  of  certain  parameters  whose  nnmber  is  jnst  equal 
to  the  nnmber  of  degrees  of  freedom  of  the  System,  so  that  they 
are  all  independent  variables.  For  instance  if  a particle  is  constrained 
to  move  on  the  snrface  of  a sphere  of  radins  l,  we  may  specify  its 
Position  by  giving  its  longitnde  tp  and  colatitnde  #,  as  in  § 23. 
These  are  two  independent  variables. 

The  potential  energy  depending  only  on  position  will  be  expressed 
in  terms  of  <p  and  #.  The  kinetic  energy  will  depend  npon  the 
expression  for  the  length  of  the  arc  of  the  path  in  terms  of  qp  and 
Now  we  have,  if  l be  the  radins  of  the  sphere, 

ds*  = l*(d&*  + sina4M<pa). 

' = we  have 
dt 

24)  T — J-  mV  («■'  * + sin*  » <p'  *). 

The  parameters  # and  qp  are  Coordinates  of  the  point,  since  when 
they  are  known  the  position  of  the  point  is  folly  specified.  Their 
time -derivatives  fi*',  qpf  being  time-rates  of  change  of  Coordinates  may 
be  termed  velocities,  and  when  they  together  with  # and  qp  are 
known,  the  velocity  of  the  particle  may  be  calcnlated.  The  kinetic 


dfr 


Dividing  by  dt*  and  writing  fr'  = g > (p 
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energy  in  this  case  involves  both  the  Coordinates  fr  and  and  the 

velocities  fr1  and  dp . Inasmuch  as  the  particle  in  any  given  position 
may  have  any  given  velocity,  the  variables  fr,  dp,  fr',  dp’  are  to  be 
considered  in  this  sense  as  independent,  although  in  any  given 
actual  motion  they  will  all  be  fanctions  of  a single  variable  t. 

The  form  of  the  function  T is  worthy  of  attention.  It  is  a 
homogeneons  qnadratic  function  of  the  velocities  fr1  and  dp',  the 
coefficients  of  their  sqoares  being  fanctions  of  the  Coordinates  fr,  dp, 
the  prodnct  term  in  fr1  dp'  being  absent  in  this  case.  We  may  prove 
that  if  a point  moves  on  any  snrface  the  kinetic  energy  is  always 
of  this  form. 

In  the  geometry  of  snrfaces  it  is  convenient  to  express  the 
Coordinates  of  a point  in  terms  of  two  parameters  qx  and  qr  Snppose 

y = fi (iu 9t) > * = /i (su ?>)> 


from  these  three  equations  we  can  eliminate  the  two  parameters  qt,  q%, 
obtaining  a single  eqnation  between  x,  y,  z,  the  eqnation  of  the 
snrface.  The  parameters  qx  and  q2  may  be  called  the  Coordinates  of 
a point  on  the  snrface,  for  when  they  are  given  its  position  is 
known.  If  qx  is  constant  and  & is  allowed  to  vary,  the  point  x,  y,  z 
describes  a certain  cnrve  on  the  surface.  This  cnrve  changes  as  we 
change  the  constant  value  qx.  In  like  manner  putting  q2  constant 
we  obtain  a family  of  cnrves.  The  two  families  of  curves, 


qx  — const,  q%  = const, 

may  be  called  parametric  or  coordinate  lines  on  the  snrface,  any 
point  being  determined  by  the  intersection  of  two  lines,  for  one  of 
which  qx  has  a given  value,  for  the  other,  q2. 

We  may  obtain  the  length  of  the  infinitesimal  arc  of  any  cnrve 
in  terms  of  qx  and  q2.  We  have 


dx 


, de  j de  , 
dz=  — dqx  + z^dq2. 


' dq, 

Sqnaring  and  adding, 

26)  ds*  = dz*  + dy*  + dz*  = Edq * + 2Fdqxdq2  + Gdq *, 

B - (©  + «)‘+  & 


rr_  dx^  dx  dy  dz_  dz 

dqt  dq , "**  dqt  dqt  + 09,  dqt 

« - ©'+  (Uh  ©’ 


27) 
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of  tangency.  Before  taking  up  the  discußsion  of  this  result,  as  given 
by  Poinsot,  we  will  consider  the  analytical  method  of  establishing 
the  resnlt. 


84.  Buler’s  Dynamical  Eqnatiozia.  If  HJy  HJy  HJ  represent 
the  angular  momentum  about  the  fized  Xf,  Yly  Z'- axes,  L'y  M'y  N\ 
the  moment  of  the  applied  couple,  the  equations  of  § 67,  49)  are 


dHJ 

dt  —L> 


dHJ 

- -*-  = Mf 
dt  9 


dHJ 

dt 


where  (cf.  § 76) 

HJ  Hx  + ßxHy  + yx  Bzy 
27)  HJ  = a^Hx  -f  ß^Hy  + y^HZf 

HJ  = a^Hx  + ß$Hy  + y^Hz. 


Differentiating  we  haye,  after  making  use  of  § 77,  130), 


28) 


dH' 

X 


dt  — dt  ' ™ dt  ' r » dt 

+ Ex  (ßx  r-y1q)  + Hy  (yxp  -axr)  + Ht(ctxq  — ßtp). 


dH  dH  dH 
* + ß^  + Yi  * 


If  we  now  choose  for  fized  azes  the  instantaneous  positions  of  the 
moving  azes,  we  have  = ß%  = y3  = 1,  all  other  cosines  zero,  and 
the  equations  28)  become  simply 


dt 

dH> 

dt 


dH 

3 

dt 


+ qH,  — rHy  = L, 
+ rHx  — pH,  = M, 
+ pHy  — qHx  = N. 


We  may  obtain  the  same  results  by  the  use  of  the  equations  § 77, 
128).  Let  us  take  for  the  point  x,  y,  z the  end  of  the  vector  H 
Its  Coordinates  with  respect  to  the  moving  azes  being  Hxy  Hyy  He, 
substituting  them  in  equations  § 77,  128)  we  obtain  for  their  velocities 
resolved  along  the  Xy  Yy  Z-  azes  the  ezpression  on  the  left  of  29). 

We  must  now  put  for  Hxy  Hyy  Hg  the  ezpressions  § 79,  134). 
If  now  the  moving  axes  are  taken  at  random,  the  moments  and 
products  of  inertia  of  the  body  with  respect  to  them  will  vary  with 
the  time,  so  that  their  time -derivatives  enter  into  the  dynamical 
equations,  which  are  thus  too  complicated  to  be  of  any  use.  It  is 
therefore  immediately  suggested  that  we  choose  for  the  moving  axes 
a set  of  axes  fized  in  the  body,  and  moving  with  it.  The  quantities 
A,  By  Cy  j D,  Ey  F are  then  constants.  If  in  addition  we  take  as  axes 
the  principal  axes  at  the  origin  of  the  moving  axes,  Dy  Ey  F vanish, 
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dg, 

dt 


we  find  for  the  kinetic  energy, 

29)  (Eq?  + 2Fq[q'i  + Qqfi. 


This  is  a typical  example  of  the  employment  of  the  generalized 
Coordinates  introduced  by  Lagrange,  qt  and  q2  being  the  Coordinates, 
q[y  q2  the  velocities  corresponding,  and  T being  a homogeneous 
qnadratic  function  or  quadratic  form  in  the  velocities  q[7  q'27  the 
coefficients  of  the  sqnares  and  prodncts  of  the  velocities  being 
functions  of  the  Coordinates  alone.  We  shall  show  that  this  is  a 
characteristic  property  of  the  kinetic  energy  for  any  System  depending 
upon  any  nnmber  of  variables. 

In  the  case  of  a single  free  particle  we  may  express  the  Coor- 
dinates x7y7z7  in’  terms  of  three  parameters  qlr  q2,  qz,  and  we  shall 
then  have  as  in  25)  and  26) 


where 

31) 


ds * = En  dqt2  + JE22  dq22  + Ed3  dq s2  + 2E12dqt  dq2 

■f  % E22dq2dq2  ■+■  2E2 \dq2dq^7 

F cy  dy  . dz  dz 

rt  dqr  dq,  dqr  dq,  ^ dqr  dq,' 


Thns  the  kinetic  energy  has  the  same  property  as  before. 

Proceeding  now  to  the  general  case  of  any  number  of  partides, 
whether  constrained  or  not,  let  ns  express  all  the  Coordinates  as 
fnnctions  of  m independent  parameters,  q17  qi}  . . . qmf  the  generalized 
Coordinates  of  the  System, 

xr  = xr  ^ 7 q2 , . . . q^n) , 

Vr  = Vr  (ft , qt,  ■ ■ ■ qm), 

Zr  = Zr  f ft ) • • • qm)  • 

Differentiating  we  have 


32) 


dXr^dq1  + d^dqs+...+  ^dqm, 

dyr  = Jq, dqi  + S di*  + ' ' ■ + jqm  d9m • 

dz  P 2 dz 

dZr  = ^ql  + ^dqi+...+  ^dqm. 


The  derivatives 


dxr 

Hi 


are  all  functions  of  all  the  q9 s.  Squaring 


and  adding  we  obtäin 
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where 

34) 


dsl  = E[?dq]  + Egdql  + ■■■  + Ekldql 
+ 2Endq1dqt  + 2Ei[^dqldqi  H , 

at  %%  + + ÖQt 


Thus  the  square  of  each  infinitesimal  arc  is  a quadratic  form  in  the 
differentials  of  all  the  Coordinates  q.  Dividing  by  dt*,  denoting  the 

time  derivatives  by  accents  as  before,  multiplying  by  and 

taking  the  sum  for  all  the  particles,  we  obtain 

35)  T = — Qtlq[*  + y ftatfa2  H H 2 QmmqJ 


where 

36) 


Qr.  =^mpE<?. 

P=*  1 


(In  the  double  sum  the  factor  ~ is  introduced  because  there  occur 

both  a term  in  Qrt  and  one  in  Qar,  both  being  equal.)  Thus  the 
kinetic  energy  possesses  the  characteristic  property  mentioned  above 
of  being  a quadratic  form  in  the  generalized  vdodties  q1,  the 
coefficients  Qrt  being  functions  of  only  the  generalized  Coordinates  q. 
They  must  satisfy  the  conditions  necessary,  in  Order  that  for  all 
assignable  values  of  the  qn s T shall  be  positive.  Of  the  form  of 
these  functions  no  general  statement  can  be  made.  They  are  linear 
functions  of  the  masses  of  the  particles  of  the  System  and  depend 
upon  the  choice  of  the  parameters  q used  to  denote  the  configuration. 
We  may  call  them  coefficients  of  inertia.  It  is  evident  from  36)  that 
every  is  positive,  for  is  a sum  of  squares.  If  no  product 
terms  occur  we  may  by  analogy  with  28)  call  the  Coordinates 
orthogonal. 

It  is  sometimes  convenient  to  employ  the  language  of  multi- 
dimensional geometry.  This  signifies  nothing  more  than  that  when 
we  speak  of  a point  as  being  in  m dimensional  space  we  mean  that 
it  requires  m parameters  to  determine  its  position.  Inasmuch  as  in 
motion  along  a curve,  that  is  in  a space  of  one  dimension  we  have 
for  the  length  of  arc 

*■  - (£)  V. 

on  a surface,  that  is  in  a space  of  two  dimensions, 
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ds 2 * * * = Edqt%  + 2Fdq1dqi  + Gdq2*, 
in  space  of  three  dimensions, 

r=3  «==8 

ds*  = ^ J?Ertdqrdq„ 

r=l  i=l 

so  by  analogy,  in  space  of  m dimensions, 

r=iw  a=m 

37)  ds*  = V y'Er, dqr dq,. 

r=  1 i = l 

That  is  to  say  a quadratic  form  in  m differentiale  may  be  interpreted 
as  the  square  of  an  arc  in  m dimensional  space.  Thus  we  may 
assimilate  our  System  depending  upon  m Coordinates  to  a single  point 
moving  in  space  of  m dimensions,  characterized  by  tbe  expression 
for  the  element  of  arc, 

r=  m a=m 

ds*  = ^2  2 d4rdq.. 

r=l  #=  1 

To  each  possible  position  of  this  point  corresponds  a possible  con- 
figoration  of  our  System.  No  matter  what  be  taken  as  tbe  mass  of 

the  point , M,  its  kinetic  energy,  * M (^j  > is  equal  to  the  kinetic 

energy  of  our  System,  the  coefficients  in  the  quadratic  form  for  ds 8 
and  T being  proportional.1)  The  advantage  of  this  mode  of  speaking 
(for  it  is  no  more)  may  easily  be  seen  from  the  many  analogies 
that  arise,  connecting  the  dynamical  theory  of  least  action  with  the 
purely  geometrical  theory  of  geodesic  lines.  This  method  is  adopted 
by  Hertz  in  his  Prinzipien  der  Mechanik  and  is  worked  out  in  a 
most  interesting  manner  by  Darboux  in  his  Theorie  des  Surfaces , 
Tom.  H.  The  ideas  involyed  were  first  set  forth  by  Beltrami.2) 

1)  Since  by  the  nature  of  the  above  transformation,  we  have 

r=n 

ds * = V mr  dsj 

r r> 

r = 1 

if  as  in  § 32  we  consider  each  mass  m to  be  the  sum  of  m unit  mass -points,  and 

r=n 

M = 

r = 1 

then  ds  is  the  quadratic  mean,  or  sqnare  root  of  the  mean  square  of  the  dis- 
placements  of  all  the  particles. 

2)  Beltrami,  Sulla  teorica  generale  dei  parametri  differenziali  (Memorie 

della  Accademia  delle  Scienze  dell’  Istituto  di  Bologna,  Serie  2,  t.  VIÜ, 

p.  549;  1869. 

WEBSTER,  Dynamics. 
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In  virtue  of  the  homogeneity  of  T as  a function  of  the  ^'’b,  we 
have  by  Euler’s  theorem  for  homogeneous  functions, 

38)  2q'H==2T> 

r= 1 

a property  of  which  frequent  use  will  be  made. 

The  potential  energy,  if  the  System  is  conservative , on  the  other 
hand,  depends  only  on  the  configuration  of  the  System,  that  is  on 
the  Coordinates  q}  the  qn s not  appearing.  For  instance  in  the 
problem  of  § 23, 

W = — mgz  = — mgr  cos 


Whether  the  System  is  conservative  or  not  the  element  of  work 


r—n 


39)  dA  = (Xrdxr  + Yrdyr  + Zrdzr ) 

r=>l 


dx„  _ __  dyr  _ _ dz. 


r—n  M=m 

= S*  S(  Xr  Tq]  <lq‘  + Yr  Fq,dq‘  + ZrJqdq> 

r=s  1 i=l 


is  a homogeneous  linear  function  in  the  dq* s which  we  will  write 

40)  dA  = Pldql  + H 1"  Pmdqm. 

By  analogy  with  rectangular  Coordinates  we  shall  call  Pr  the 
generalized  force  - co  mponent  corresponding  to  the  coordinate  qr  and 
velocity  q'r. 

If  the  System  is  conservative,  since 


41) 

and  in  any  caee 

42) 


<lW=-dA,  P,= 


dW 

dq’ 


r = n 


F-2(x't 

r= 1 


__  dyr  _ czf 

“I”  Yr  « “f*  Zr  j* 


We  may  now  make  use  of  Hamilton’s  Principle  to  dednce  the 
equations  of  motion  in  terms  of  the  generalized  Coordinates  q. 

Performing  the  Operation  of  Variation  upon  the  integral  occurring 
in  Hamilton’s  Principle,  both  the  q* s and  qn s being  varied,  we  obtain 

h 


43) 


Am- 


and  since 


—W)  . . d(T-W)x  ,1 

**+  - dq>.  8*\ 


da.  d 

i J| 


<ft  = 0, 


36, 37] 
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we  may  integrate  the  second  term  by  parts.  Since  the  initial  and 
final  configuration  of  the  System  is  supposed  given,  the  dq1 s vanish 
at  t = t0  and  t = t19  so  that  the  integrated  part  vanishes,  and 


44) 


/BPS®- 


£ (HT-W) 

dt  \ dq'. 


)}*«■ 


dt  = 0. 


Now  if  all  the  dq’s  are  arbitrary,  the  integral  vanishes  only  if 
the  eoefficient  of  every  dq9  is  eqnal  to  zero.  Therefore  we  mnst  have 


45) 


d(T-W)  _ d /d(T - 
dq9  dt  \ dqfa 


W) 


M 


or  if  we  write  L for  the  Lagrangian  fonction  T — Wf 


d l dL\  = dL 
dq9 


i 


cW 


Sincö  the  potential  energy  depends  only  on  the  Coordinates, 
= 0,  and  we  may  write  the  eqnation  45) 


d_  tdT\  __  ar  __  dW  _ p 
dt\dq±)  dq9  dq9  * 


There  are  m of  these  equations,  one  for  each  q.  These  are  Lagrange’s 
equations  of  motion  in  generalized  Coordinates,  generally  referred  to 
by  German  writers  as  Lagrange’s  equations  in  the  second  form. 
Their  discovery  constitntes  one  of  the  principal  improvements  in 
dynamical  methods  and  we  shall  refer  to  them  simply  as  Lagrange’s 
equations.1) 

ff  the  System  is  not  conservative,  by  § 34,  4)  we  must  write 


+ Z9P9dq9)  dt  = 0 


from  which  we  easily  obtain  47),  except  that  P9  is  not  now  derived 
from  an  energy  function. 


37.  Ijagrange’s  Bqnatlons  by  direct  Transformation. 
Varions  Beaottons.  On  account  of  the  very  great  importance  of 
Lagrange’s  equations,  it  is  advantageous  to  consider  them  carefully, 
from  as  many  points  of  view  as  possible.  The  deduction  from 
Hamilton’s  principle  is  one  of  the  simplest,  but  does  not  perhaps 
appeal  as  strongly  to  our  physical  sense  as  is  desirable.  Of  course 
as  Hamilton’s  principle  is  completely  equivalent  to  d’Alembert’s,  and 
that  to  the  equations  of  motion  of  Newton,  we  might  have  derived 

1)  Lagrange,  Miccmique  Analytique , Tom.  I,  p.  334. 
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the  equations  from  either.  This  we  will  now  do.  It  is  important 
every  time  that  a new  quantity  appears  in  dynamics,  to  have  a clear 
conception  of  its  physical  nature.  We  shonld  make  free  use  of  all 
analogies  that  our  Science  may  offer  ns,  and  here  geometry  aids  ns 
readily.  The  notion  of  the  geometric  prodnct  and  the  terminologr 
of  multidimensional  geometry  here  furaish  us  valuable  aid  The 
geometric  product  of  two  vectors  in  three  dimensional  space,  defined 
by  their  components  X,  Y,  Z,  Xr,  Y1 *,  Z\ 

XX ' + YT  + ZZ', 


is  a scalar  quantity,  symmetrical  with  respect  to  both  vectors,  such 
that  the  geometric  product  of  the  resultants  of  two  sets  of  com- 
ponents is  the  arithmetical  sum  of  the  products  of  all  the  pairs  of 
corresponding  components.  If  one  of  the  vectors  is  an  infinitesimal 
displacement  dx,  dy , dz,  the  geometric  product  is 


Xdx  -f-  Y dy  -j-  Zdz, 

and  the  multiplier  of  the  change  dx  is  called  the  component  of  the 
vector  in  the  direction  of  the  coordinate  x.  In  like  mann  er 
let  us  speak  of  a quantity  defined  by  components  P17  Ps, . . . Pm  as 
a vector  in  w-  dimensional  space.  The  geometric  product  of  two 
such,  of  which  the  second  is  an  infinitesimal  displacement  compatible 
with  the  constraints,  and  defined  by  the  quantities  dqt,  dq%, . . . dq^. 
may  be,  by  analogy,  defined  as 

^\dqx  + P^dq^  H 1-  Pmdqm. 


If  now  the  vector  Plf . . . Pm  is  equivalent  to  the  System  of  vectors 
Xr,  Yr,  Zr,  we  have  equations  39),  40),  42),  and  the  latter, 


r =7/i 

*-2 


+ Zr 


dzr 


serves  to  define  the  component  of  the  vector -System  with  reference 
to  the  coordinate  qt.  Thus  we  have  spoken  of  P,  as  the  force- 
component  of  the  System  for  the  coordinate  q9.  It  is  to  be  observed 
that  we  do  not  insist  here  on  the  idea  of  direction,  and  that  our 
terminology  is  merely  a convenient  mode  of  speaking.  Nevertheless. 
the  notion  of  work  gives  a means  of  realizing  by  the  senses  the  ^ 
meaning  of  our  term  component,  for,  if  we  move  the  system  in  such  j 
a way  that  all  the  q7 s except  one  q,  are  unchanged  the  work  done  | 
in  a change  of  the  coordinate  dq , will  be  Padqt}) 

Let  us  now  find  the  component  of  our  velocity -System  according 
to  our  generalized  Coordinates.  We  have,  according  to  our  equation 


1)  For  a further  elucidation  of  the  nature  of  the  geometric  product,  in 

connection  with  multidimensional  geometry,  see  Note  Iü. 


GENERALIZED  VECTOR- COMPONENT. 
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of  definition  42),  for  the  component  of  the  velocity  of  the  rth  particle 
according  to 

dx„  . dy^  dz„ 

49>  + 

Now  we  have  by  32),  dividing  by  dt, 


50) 


fix  fix 

xr  = j^-<i[  + }dr&  + 
o?i  oqt 

r ^Vr  r , ^Vr  t . 

yr  ~ + fin  2*  + 


+ 


fix 


H 


r 

Q.mj 


m 


fiqt 


, dVr  , 


dq, 


m 


Zr  = ö 
fix. 


dzr  , dz 

9-1  « * 


9i  + ^f9'%  + --  + 


dzt 


a«,*1  ‘ a& 

Tbe  derivatives  contain  only  the  Coordinates  q,  not  the  velocities  q'} 
which  we  see  enter  linearly,  accordingly 


51) 


dx’r 


fix 


r Cy’r 
; 


dz; 


0Zr 


dq\  dq9  fiq',  dqa  dqft 

Making  use  of  this  relation,  the  expression  49)  becomes 

x1  — r + v*  — 4-  z ' — -r  — - — (x’ 2 4-  f/' 2 4-  z' *) 

*rov  4-  Vr  4 Zr  9 \%r  4“  Jfr  4 *r  J* 


dq\  ' 


2 dq[ 


Thus  we  find  that  the  component  of  the  velocity  of  any  particle 
according  to  the  coordinate  qM  is  equal  to  one-half  the  rate  of  change 
of  the  sqnare  of  its  velocity  as  we  change  the  velocity  g«.1).  This 
resnlt  is  not  of  itself  of  great  physical  importance,  but  leads  ns  to 
one  that  is.  Inasmnch  as  the  momentnm  is  the  important  dynamical 
qnantity,  mnltiplying  by  the  mass  of  the  particle  we  find 


m 


rX’rw.  + mry’r  I J + m’*'  w. = u,  [\m-^  + y'^  + o] 


or  the  component  of  the  momentum  of  a particle  according  to  any 
coordinate  is  the  rate  of  change  of  its  kinetic  energy  as  we  change 
the  corresponding  velocity.  Summing  for  the  whole  System, 


52)  ^ (W^;  fqt  + Fq,  + ^ Ff) 


Za'  5*T  2 mr(Zr*+  3 fr*  + <V*)  — 


that  is,  the  component  of  the  momentum  of  a System  according  to 
any  generalized  coordinate  q,  is  the  rate  of  change  of  kinetic  energy 


1)  It  is  to  be  observed  that  this  “component”  is  not  what  we  have  called 

the  velocity  q'g. 
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with  respect  to  the  corresponding  velocity.  The  equation  38)  now 
says  that  the  kinetic  energy  is  one-half  the  geometric  product  of  the 
velocity  and  momentum  Systems.  Thns  we  have  perfect  analogy  with 
the  last  two  eqnations  of  § 27. 

We  shall  hereafber  denote  the  momentnm  belonging  to  q,  by  p, 
and  effecting  the  differentiation  of  35)  we  have 

53)  jp*  = = QuQi  + Q%* 2*  H h 

or  every  generaiized  momentum -component  is  a linear  function  of 
the  velocities,  the  coefficients  being  the  inertia- coefficients  Qrs. 

Let  us  now  find  the  component  of  the  effective  forces  according 
to  qt}  the  effective  forces  being  defined  by  the  System  of  products, 
for  each  parti  cle,  of  mass  by  acceleration, 


We  have 


m, 


da r; 
~dtl 


dy'r 

mr  dt , 


dzfr 


Wir  T 


dt 


to  transform  which  we  make  use  not  only  of  51),  but  of  a relation 
obtained  as  follows.  Differentiating  50)  by  qt) 


dx'r  d*xr  t f d*xr  t j d*xr  f ^ d /dxr\ 

dqa  + dqtdq**  ”*  ^ dqmdq$  dt  \dq)' 

Using  these  results  in  54),  we  obtain  for  the  right -hand  member, 


and  with  similar  results  for  y and  £,  summing  for  all  the  particles, 
we  have  for  the  component  of  the  effective  forces  of  the  System, 


Ö5)  2{ 


d'x  dx  d'yr  dy 

dt'  + m 


dtzr  dzr 
dt'  Wq,  +mr  dt'  W. 


d 

dt 


jmr(x'ri  + yri+ 


d fdT\  _ ST 
dt\dq'J  dqt' 


Patting  the  effective  force  equal  to  the  applied  force  we  have 
Lagrange’s  equation  47)  by  direct  transformation.  The  equation  of 
d’Alembert’s  principle  thus . becomes  in  generaiized  coordinates 


56) 
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If  we  had  begnn  with  d’Alembert’s  principle  we  should  evidently 
have  gone  throngh  precisely  the  same  process  that  we  have  here 
followed,  and  assuming  all  the  displacements  Sx,  Sy , dz  to  be  virtual, 
all  the  Sq9 s wonld  have  been  independent;  so  that  from  the  trans- 
formed  eqnation  56)  wonld  have  followed  the  individnal  eqnations  47). 
This  was  in  fact  the  mode  of  deduction  followed  by  Lagrange. 

We  have  a noteworthy  difference  between  generalized  and 

rectangnlar  Coordinates , in  that  the  effective  force  - component  is  not 

dp 

generally  eqnal  to  the  time -derivative  of  the  momentum  > but 

^ T 

contains  in  addition  the  term  — ^ • This  we  may  accordingly  call 

the  non-momental  part  of  the  effective  force.  Thns  in  general;  even 
though  the  momentum  pg  is  unchanging;  a force  P,  must  be  impressed 

dT 

in  order  to  balance  the  kinetic  reaction  y--  As  an  example,  let  ns 

take  the  case  of  polar  Coordinates  in  a plane.  We  then  have  for  a 
single  particle;  for  the  Coordinates  q17  q%  the  distance  r from  the 
origin;  and  the  angle  <p  snbtended  by  the  radius  vector  and  a fixed 
radins.  The  kinetic  energy  is 


m 


(rt2  + r2{p'*), 


from  which  we  have  the  momenta, 

P<p 


dT  , 
Pr  — fcr  = mr  ; 


dT 

dy' 


= mr2(pr. 


Thns  if  the  momentum  pr  is  constant;  which  is  the  case  when  the 
radial  velocity  r is  constant;  we  still  have  to  impress  a radial  com- 
ponent of  force 

p &T  , r j 

fr  = — -gr  = “ mr(P  * 

The  kinetic  reaction  — Pr  — mrtp2  is  called  the  centrifugal  force , a 
name  to  which  it  is  as  mnch  entitled  as  any  sort  of  reaction  is  to 
the  term  force. 

By  analogy  we  might  in  general  call  the  non-momental  parts  of 
the  reversed  effective  forces  or  forces  of  inertia  the  centrifugal  forces 
of  the  system.  These  non-momental  parts  may  be  absent  for  some 
Coordinates.  For  instance  in  the  present  example  tp  does  not  appear 
in  the  kinetic  energy,  but^mly  its  velocity  q)'.  We  have  then 

^ - = 0;  so  that  force  need^be  impressed  to  change  q>  only  to  change 

the  momentum  pv.  Accordingly  if  no  such  force  is  impressed,  the 
momentum  • pv  is  conserved.  Thns  in  the  case  of  a central  force, 
the  momentum  pv  = mr2q>f  is  constant.  But  this  is  the  theorem  of 
areas,  or  of  Conservation  of  moment  of  momentum.  In  fact  we  see 
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that  the  generalized  component  of  momentum  with  regard  to  the 
angular  coordinate  <p  is  the  moment  of  momentum  of  the  particle 
[cf.  § 8,  23),  24)].  Systems  in  which  there  are  Coordinates  having 
the  property  that  their  non.- momental  part  of  the  kinetic  reaction 
vanishes  have  peculiar  properties,  and  are  treated  in  § 48. 

If  we  perform  the  differentiation  of  pt  by  the  time,  differentiating 
equation  53),  and  remembering  that  the  Q’s  depend  only  on  the  qJ s, 
we  find  for  the  momental  part  of  the  effective  force 


dp* 

dt 


QuQl  + QisQt  H + Qms 


4-  ^l*a*  4-  4- 

^ + Tal  «*  + •••  + 


4L 

Wu 


dq. 


i%-\ 1- 


dQ, 


cq 


mt  t 

Qm 


m 


f 


of  which  the  first  line,  which  we  will  call  Ft^\  is  a linear  function 
of  the  generalized  accelerations  q".  Here  again  our  generalized 
Coordinates  differ  from  rectangular,  in  that  there  is  a part  of  the 
momental  force  which  is  independent  of  the  accelerations  q” , but 
which  is  a homogeneous  quadratic  function  of  the  velocities, 


Consequently  if  at  any  instant  of  the  motion  we  can  change  the  signs 
of  all  the  velocities,  and  at  the  same  time  of  all  the  accelerations, 
the  accelerational  part  of  the  momental  force  FgW  will  change  its 
sign,  while  the  non -accelerational  part  F,W  will  be  unchanged.  We 
may  thus  experimentally  discriminate  between  the  two. 

Effecting  the  differentiation  in  the  case  of  the  non -momental 
force,  we  find 


1 

2 


r=m  t = 

'S! 


m 


r=l  t=  1 


*_Qrt 


QrQt  = FP, 


which  is  also  a homogeneous  quadratic  function  of  the  velocities, 
and  thus  possesses  similar  properties  to  Fa&\  Thus  it  is  difficult  to 
discriminate  experimentally  between  these  two,  unless  we  have  some 
experimental  means  of  recognizing  when  the  momentum  pt  remains 
constant.  In  the  simple  example  which  we  have  used  above,  since 

dt  = = w(rV  +2 r-r  <p) 

the  non- accelerational  part  of  the  momental  force  belonging  to  r 
disappears,  while  the  centrifagal  or  non -momental  does  not,  while  for  tp 
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although  the  non-momental  part  F^  = ^ disappears,  we  have  the 


dT 


non-accelerational  part  F^  = 2 mr  • r ' qp\  Experimentally  this  means 
that,  if  a particle  move  with  constant  radial  and  angular  velocities, 
we  shall  haye  to  apply  to  it  not  only  a radial  force  F}s^  = — mrtp'* 
to  balance  the  centrifugal  force,  but  also  a tuming  force  2mr  • rf  tpf. 
This  may  be  done  by  means  of  a varying  constraint,  say  by  making 
a particle  move  upon  a rod  tuming  with  angular  velocity  cp.1)  The 
particle  will  then  react  upon  the  rod,  to  which  the  tuming  moment 
2 mr  • rr  qpr  must  be  applied,  for  if  it  were  not  applied,  owing  to  the 
conseryation  of  angular  momentum,  as  the  particle  got  farther  from 
the  center  its  angular  yelocity  would  be  less.  To  keep  it  constant 
the  particle  must  be  pushed  around. 

We  have  now  carefully  analysed  the  effective  forces,  when 
expressed  in  terms  of  our  generalized  Coordinates.  It  is  to  be  care- 
fully bome  in  mind  that  all  these  parts  come  from  real  accelerations 
impressed  on  the  particles  of  the  System,  although  the  accelerations 
of  the  generalized  Coordinates  may  disappear.  This  will  depend  on 
our  choice  of  such  Coordinates.  The  analysis  that  we  have  made  is 
however  by  no  means  devoid  of  physical  significance,  as  we  can  not 
usually  observe  all  the  bodies  with  which  we  have  to  do  so  as  to 
find  their  real  motions  and  determine  their  accelerations,  but  are 
obliged  to  become  acquainted  with  them  in  a more  or  less  round- 
about  way,  through  the  reactions  that  they  present  to  various 
operations  upon  them.  From  this  point  of  view  it  is  of  interest  to 
catalogue  the  various  reactions  that  we  meet  in  dynamics.  In  our 
equation  of  d’Alembert’s  principle  56),  we  have  called  the  P’s  which 
are  equated  to  the  effective  forces,  the  impressed  forces,  or  forces 
of  the  System.  If  the  System  is  conservative,  the  forces  of  the 
System  are  derivable  from  a potential  energy,  as  we  have  assumed 
in  47),  while  if  not,  part  of  the  forces  may  still  be  derived  from 
snch  a function.  It  will  be  useful  to  consider  not  the  forces  of  the 
System,  but  the  forces  which  must  be  impressed  from  outside  in 
Order  to  counterbalance  all  the  reactions  of  the  System.  In  other  words, 
if  we  write  FtW  for  the  non -conservative  part  not  yet  dealt  with, 


Ft  = FJH  + F,W  + FW  + FW  + FW 


dpt  dT 
dt  dqa 


+ FtW  + 


dW 


Ft  is  the  force  necessary  to  be  impressed  on  the  System  from  outside 
under  any  circumstances  whatever,  or  — Ft  is  the  reaction  of  the 
System,  exerted  through  the  coordinate  qt. 


1)  The  centrifugal  force  may  be  balanced  by  a spring. 
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If  the  gysiem  is  left  to  itself,  uninfluenced  by  other  Systems, 
then  every  Fa  is  zero,  and  we  have  eqnation  47)  with 


- Fp\ 


If  two  Systems  are  coupled  together,  so  that  any  change  of  the 
coordinate  qa  is  aecompanied  by  an  eqoai  change  of  the  corresponding 
coordinate  of  another  System,  then  the  Fa s of  the  two  Systems  are 
eqoai  and  opposite,  which  is  the  law  of  action  and  reaction.  Accord- 
ing  to  what  happens  to  the  System,  the  effect  of  Fa  is  of  different 
kinds.  For  instance,  if  the  System  is  at  rest,  or  moves  very  slowly, 
all  the  jF,(r)  terms  vanish  except  the  last,  and  we  have  the  static 
reaction 


The  work  that  is  then  done  by  the  external  forces, 

is  stored  np  as  potential  energy  in  the  System.  If  there  is  no 
possibility  of  statical  storage,  and  if  there  is  no  non-conservative 
reaction,  we  haye  only  the  kinetic  reactions  already  dealt  with. 

As  a simple  example  of  what  is  meant,  snppose  the  System  to 
consist  of  a mass  attached  to  a spring  tending  to  draw  it  to  the 
right.  If  the  mass  is  at  rest,  it  must  be  held  by  a force  applied 
from  ontside,  to  keep  the  spring  stretched,  and  the  static  reaction 
of  the  spring  Pa  is  toward  the  right.  If  the  mass  is  let  go,  it 
begins  to  moye  toward  the  right,  and  the  kinetic  accelerational 
reaction  is  toward  the  lefk,  balancing  the  static  reaction,  or  internal 
impressed  force  of  the  System,  according  to  d’Alembert’s  principle. 

If  there  is  no  inertia,  so  that  the  effectiye  forces  yanish,  and  no 
storage,  the  work  done  npon  the  System  is  not  stored,  bat  is  said  to  be 
dissipated.  The  reaction  — does  not,  in  the  cases  that  exist  in 
nature,  appear  except  when  there  is  motion,  that  is,  the  reaction 
— FaW  is  a kinetic  reaction,  though  not  due  to  inertia.  This  work 
dissipated, 

2,FaWdqa 


is  always  positive,  in  other  words,  non-eonservative  reactions  are 
always  such  as  to  oppose  the  motion.  A case  of  frequent  occurrence 
is  that  where  there  are  non-conservative  forces  proportional  to  the 
first  powers  of  the  velocities  q',  so  that  any  F^  = xaqj.  We  may 
then  form  a function  F which  is,  like  T,  a homogeneous  quadratic 
function  of  the  velocities, 

4 
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dF 


and  since  in  this  case  the  work  dissipated  in  unit  time  is 


F represents  one-half  the  time  rate  of  loss,  or  dissipation  of  energy. 
F iß  called  the  Dissipation  Function,  or  the  Dissipativity.1)  It  was 
introduced  by  Lord  Rayleigh,  and  is  of  nse  in  the  theory  of  motions 
of  viscous  media,  and  in  the  dynamical  treatment  of  electric  currente. 
Beeide  this  case  we  have  dissipative  forces  not  capable  of  representa- 
tion  of  by  a dissipation  function. 

We  will  now  place  our  varions  reactions  in  a table  showing 
their  grouping  in  varions  classes  and  sub-classes. 


Reactions  \ 


Positional  FW 


( Inertial 


Motional 
[or  Einetic 


Momental 


Accelerational  FW 
Non-accelerational  FW 

Non- momental 


or  Centrifugal 


FW 


Non  - conservative 
FW 


Having  Dissipation -function 
Others 


The  advantage  of  this  complete  Classification  is  as  follows. 
Suppose  that  a certain  System  or  apparatus  is  presented  to  us  for 
dynamical  examination.  Its  parts  are  concealed  from  our  view  by 
coverings  or  caaes,  bat  at  certain  points  there  protrude  handles,  cranks, 
or  other  driving  points , upon  which  we  may  operate,  and  which  will 
exert  certain  reactions.  All  that  we  can  leam  of  the  System  will 
become  known  to  ns  by  a study  of  the  reactions.  Maxwell2)  compares 
such  a System  to  a set  of  bell-ropes  hanging  from  holes  in  a roof, 
which  are  to  be  pulled  by  a number  of  bell  ringers.  If  when  one 
rope  is  pulled  none  of  the  others  are  affected,  we  conclude  that  that 
rope  has  no  Connection  with  the  others.  If  however,  when  one  rope 
is  pulled,  a number  of  others  are  set  in  motion,  we  conclude  that 
there  is  some  sort  of  Connection  between  the  corresponding  bells. 
What  the  connection  is  we  can  find  out  by  studying  the  motions. 
ln  general,  if  when  we  move  one  driving  point,  and  let  it  go,  it 
remains  where  we  put  it,  we  conclude  that  it  is  not  attached  to 
anything,  but  is  a mere  blind  member.  If  when  we  push  it,  it 


1)  A case  of  perhaps  equal  importance  is  one  in  which  the  dissipation 
function  contains  the  sqnares  of  differences  of  the  velocities. 

2)  Maxwell,  Scientific  Papers , Toi.  II,  p.  78S. 
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retums  to  its  former  position,  we  infer  that  it  is  connected  with 
something  of  the  natnre  of  a spring,  and  that  the  System  can  störe 
potential  energy.  If  when  we  push  it  it  keeps  on  going  after  we 
release  it,  we  conclude  that  it  is  connected  with  a System  possessing 
inertia,  and  capable  of  storing  kinetic  energy.  If  its  motion  dies 
away,  we  conclude  that  there  is  dissipation,  and  so  on.  By  experi- 
menting  in  tum,  or  simultaneously,  on  all  the  driving  points,  we 
may  conclude  how  many  degrees  of  freedom  the  System  has,  how 
the  inertia  is  distributed,  and  how  the  parts  of  the  System  are 
connected.  The  means  of  doing  this  will  w&~discussed  later,  and  we 
shall  find  that  in  this  manner  w.e  may  leam  much  of  a System,  bat 
that  our  knowledge  will  not  always  be  complete.  This  is  the  nature 
of  the  process  by  which  the  physicist  proceeds  in  the  attempt  to 
explain  recondite  phenomena,  such  as  those  of  heat  or  electricitv, 
by  reducing  them  to  the  simpler  phenomena  of  motion.  The  parts 
of  the  Systems,  be  they  made  of  molecules  of  matter,  or  of  the 
ether,  are  concealed  from  him,  but  he  may  operate  upon  them  in  . 
certain  experimental  ways,  and  draw  definite  condusions  from  the 
results.  One  of  the  greatest  triumphs  of  this  method  was  Maxwell’s 
dynamical  theory  of  electricity. 

Impulsive  forces  are  dealt  with  by  Lagrange’s  equations  in  the 
usual  manner.  Integrating  equations  47)  with  respect  to  the  time 
throughout  a vanishing  interval  ^ — t0f  since  the  velocities  are  finite, 

finite,  so  that  the  integral 

of  the  second  term  vanishes,  and  we  have  ^ 

h 

p(k)  _ pm = üm  r P'dt 

A> 

Thus  the  momentum  generated  measures  the  impulse,  as  in  the  case 
of  rectangular  Coordinates,  § 27. 

As  a further  example  of  the  use  of  Lagrange’s  equations  let  ns 
take  the  problem  of  the  spherical  pendulum,  which  we  used  to 
introduce  the  subject.  We  had 


oT 


the  non-momental  forces  — are  by  58) 


1 + sin^.9)f2}, 

W=  — mgl  cos#. 


We  have  for  the  momenta  p # and  p9 

Pv  = §£  = Bin*  & ■ <p', 


62) 
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and  our  differential  eqnations  are 


63) 


Tt  W* ) - n 


dW  7 . . 

— - mgl  am», 

d , 72  . 0T  0IP  A 

WO  • 9 ) ~ ^ - 0. 


Now  since  m and  2 are  constant  the  eqnation  for  fr  becomes 


64) 


d*# 

~d? 


— sin#  cos  fr  • q> 2 = — y sin  #, 


in  which  the  centrifagal  force -component  according  to  fr  is 

mP  sin  fr  cos#  • qp'2 

The  eqnation  for  cp  (9  has  no  centrifagal  part), 

65)  ^ (i l 2 sin2  fr  • q>’)  = 0 

may  at  once  be  integrated,  giving 

66)  P sin2  fr  • 9/  = c, 

which  is  the  integral  eqnation  50),  § 21. 

Snbstitnting  in  64)  the  value  of  cp'  derived  from  the  integral 
equation  66),  we  obtain  the  differential  eqnation  for  fr,  which  is  the 
same  as  the  derivative  of  eqnation  51),  § 21.  The  remainder  of  the 
solution  is  accordingly  the  same  as  in  § 21. 


38.  Eqnation  of  Activity.  Integral  of  Energy.  Let  ns 

multiply  each  of  Lagrange’s  eqnations  by  the  corresponding  velocity  q’r, 
and  add  the  resnlts  for  all  values  of  r,  obtaining 


The  expression  on  the  right,  otherwise  written 


represents  the  time- rate  at  which  the  applied  forces  do  work  on  the 
System.  The  eqnation  67)  is  accordingly  the  eqnation  of  activity, 
§ 27,  20),  in  generalized  Coordinates. 

By  means  of  the  property  of  T expressed  in  eqnation  38),  § 36, 
we  may  transform  the  left-hand  side  of  the  eqnation,  for,  since  T 
depends  upon  both  the  g}s  and  qn s,  both  of  which  in  an  actnal 
motion  depend  npon  t,  differentiating  totally, 

dT dqr  dT  dq'\ 
dt  J—J  \8qr  dt  dqfr  dt) 


68) 
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Now  differentiating  38)  totally 

dT  ^ [ dT  dq' 


69) 


2-tt  = 


dt 


-2 


, d (dT 
\dq’r  dt  d t \c) q 


Dl- 


Subtracting  equation  68)  from  69)  tbe  terms 
have  left 


dT  dq<r 
dq'r  dt 


But  this,  exactly  the  left-hand  member  of  the  equation 
Thus  if  the  System  is  conservative,  since 


cancel  and  we 


of  activity  67). 


dA  = __dW  dT  _ dW 
dt  dt i * * * * *  7 dt  dt  7 


so  that  the  equation  of  Conservation  of  energy  is  always  an  integral 
of  Lagrange’s  equations. 


39.  Hamilton’s  Oanonical  Equations.  Although  the  equa- 
tions of  Lagrange  are  by  all  odds  those  most  frequently  used  in 
dynamical  problems,  yet  in  many  theoretical  investigations  a trans- 
formation  introduced  by  Hamilton  is  of  importance. 

The  kinetic  energy  being  a quadratic  form  in  the  velocities  q 
[equation  35)],  the  momenta  pr  being  the  derivatives  of  T by  the 
ql's  are,  as  we  have  seen,  linear  forms  in  the  q^s. 

Pl  = ()nf  ~ QilO-l  4"  4"  ’ * * 4"  QlmQm> 

53)  ;;;;;;  ;;;;;;;;;;  ! 

3 T 

Pm  = ö r ==  QmlQl  + H b 

These  linear  equations  may  be  solved  for  the  q” s,  obtaining  any  qr 
as  a linear  function  of  the  pr's,  say, 

71)  qfr  — RrlPl  + -RrSjP*  4 b RrmPm ; 

the  IV s being  minors  of  the  determinant, 

Qll>  Qlif  * • • Qlm  j 


i Qmif  Qmif  • • • Qmm  1 

divided  by  D itself. 

The  i?’s  accordingly,  like  the  Q’s,  are  functions  of  only  the 

Coordinates  q.  Maxwell  calls  them  coefficients  of  mobüüy . The 

solution  of  the  equations  assumes  that  the  determinant  jD  does  not 

vanish.  This  is  always  the  case,  being  one  of  the  conditions  that  T 

is  an  essentially  positive  function. 
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Let  us  now  introduce  into  T the  variables  p in  place  of  the 
variables  qr,  so  that  T is  expressed  as  a fanction  of  all  the  q’s 
and  p’ s.  Since 

38)  2 

inserting  the  values  of  ql  in  terms  of  the  p’ s gives 

r — m »=m 

72)  T-  * 2 2*r.prp., 

r = 1 «=1 


that  is  T is  now  expressed  as  a quadratic  form  in  the  p* s.  We  will 
distingnish  T when  expressed  in  terms  of  the  p'a  by  the  suffix  p7  Tp. 
We  now  have  by  Euler’s  Theorem, 


Since  Tp  is  identically  eqnal  to  T,  comparing  with  equations  38), 
above  we  have  by  symmetry, 


74) 


qr  = 


dT 

p 


dp/ 


thus  the  q/*  are  linear  forms  in  the  j^s  given  by  71). 
identically  equal  functions,  T,  Tp,  having  the  properties 


The  two 


are  said  to  be  reciprocal  functions.1) 

The  expressions  for  the  forces  and  potential  energy  are  left 
unaltered.  Let  as  now  make  use  of  Hamilton’s  principle  with  this 
choice  of  variables.  Before  performing  the  Variation  it  will  be 
advantageous  to  introduce  in  the  integral  to  be  varied  instead  of  the 
Lagrangian  fanction,  L=  T—W,  the  Hamiltonian  fanction,  j ET=  T+W, 
by  means  of  the  relation 
76)  L==2T-Ä. 

T and  H are  both  to  be  expressed  as  functions  of  the  variables  q 
and  jp,  both  of  which  depend  upon  the  time  t in  a manner  to  be 
found  by  integrating  the  differential  equations  of  motion. 

Hamilton’s  principle  then  takes  the  form 


1)  Webster,  Theory  of  Electricity  and  Magnetism,  § 63,  64. 
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d 


The  term  pr8ql  ==jPr being  integrated  by  parts  and  the  öqs 
put  equal  to  0 at  the  limits,  we  have 


78>  fs {(«;-£)**-( 


dpr  dH 


dt 


^ dgyjdtf  = 0 


Now  since  W does  not  depend  upon  the  momentum  pr, 

dH  dT 
<h>r 


fl».  — ir> 


dp 

therefore  the  coefficients  of  the  dp’ s all  vanish.  If  the  dq’a  are  all 
arbitrary,  their  coefficients  nrast  accordingly  vanish  so  that  we  have 


78) 


V dPr 

*)  diT 


dH 

h: 


da  dH 


dt  dpr 


the  first  equation  being  the  equation  of  motion,  the  second  defining 
dqr 

Qr  = -fam  These  equations  78)  were  introduced  by  Hamilton  and  on 

account  of  their  peculiarly  simple  and  symmetrical  form  they  are 
often  referred  to  as  the  canonical  equations  of  dynamics.  In  practical 
Problems  they  are  generally  not  more  convenient  than  Lagrange's 
equations. 

We  may  recapitulate  Hamilton’s  method  as  follows: 

Form  the  Hamiltonian  function  H,  representing  the  total  energy 
of  the  System  as  a function  of  the  2m  independent  variables  q and  p, 
the  Coordinates  and  momenta.  Then  the  time  derivative  of  any  co- 
ordinate  q is  equal  to  the  partial  derivative  of  H with  respect  to 
the  corresponding  momentum  p,  while  the  time  derivative  of  any 
momentum  is  equal  to  minus  the  partial  derivative  of  H with  respect 
to  the  corresponding  coordinate.  A direct  deduction  of  the  eqnationß 
of  Hamilton  without  the  use  of  Hamilton’s  Principle  will  be  found 
in  the  author’s  Theory  of  Eledricity  and  Magnetism  § 64. 

The  equation  of  activity  is  most  simply  deduced  from  Hamilton  s 
equations, . for  by  cross  multiplication  of  equations  78),  after  trans- 
posing  and  summing  for  aU  the  Coordinates  we  get 


79) 


^(dHdj  dH  dp, 
2l\dir  dt  +dpr  dt  ) ~ U' 


But  this  is  equal  to  the  total  derivative  of  H by 

dH 


dt 


= o, 


which  being  integrated  gives 

H = h, 

a constant.  But  since  H = 1 + W,  this  is  the  equation  of  energy. 
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If  the  System  is  not  conservative,  there  may  be  still  some  forces 
which  are  derivable  from  a potential  energy  function.  In  that  case 
the  Hamiltonian  function  is  to  be  formed  with  that  energy,  but  we 
must  add  to  the  right  of  equation  78  a)  the  non-conservative  force 
— FrM.  Thus  our  equations  become 


dpr  dH  da  dH  #N 

dt  dqr  r } dt  dpr  ' 


The  equation  of  activity  then  becomes 


or 


2j\dqr  dt  + 


d*d£)  = -yrFMdJr. 

dpr  dt)  r dt 


if  there  is  a dissipation  function. 


39  a.  Varying  Constraint.  It  may  happen  that  the  equations 
of  constraint  contain  the  time  explicitly,  that  is 


9*i  ( ty  x19  y19  #l9 . . . xn9  yn9  SSt*)  — 0, 
9*2  (ff  &lf  Vif  &i>  • • • ft**  y*>  &n)  = 


9**  (ff  Vif  &if  • • • jfny  &n)  — 9. 

Such  a case  is  that  of  a particle  constrained  to  move  on  a surface 
which  is  itself  in  motion,  say  a sphere  whose  center  moyes  with  a 
prescribed  motion.  The  constraint  is  then  said'to  be  variable,  and 
the  work  done  by  the  constraint  no  longer  vanishes,  for  the  surface 
has  generally  a normal  component  in  its  motion,  which  causes  the 
reaction  to  do  work.  The  variability  of  the  constraint  has  an 
important  effect  on  the  equations  of  motion.  We  can  then  no  longer 
determine  the  position  of  the  System  by  means  of  a set  of  in- 
dependent parameters,  but  must  give  not  only  their  values,  but  also 
the  time.  We  may  put 

Xr  ===  Xr  (ff  Qu  Q$f  • • * dm)f 

83) 

%r  — ßr(ft  i\t 

from  which,  by  the  elimination  of  the  qr s,  we  may  obtain  equa- 
tions 82). 


1)  cf.  § 37,  60). 
WBBSTEB,  Dynamics. 
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Differentiating  now  totally,  we  have 


dx  dx  dx„ 

did&  + + '■  • + 

dyrj  ,dyr,  , xdyrj, 

d&  + v^dq* + • " + 

dzr  dz  der 

F^d&  + F^d&  + ■ ■ ■ + V£d&» 


or  on  dividing  through  by  dt, 


We  have  now  in  each  z* , y\ z\  beeide  the  linear  fonction  of  q[,  gj, . . . Qm, 
a term  independent  of  the  gf,s,  but  which  may  be  expressed 
in  terms  of  the  Coordinates  q and  t.  On  squaring  there  are  accord- 
ingly  not  only  quadratic  terms  in  the  qn s,  but  also  terms  of  the 
first  and  zero  ordere.  On  forming  the  kinetic  energy 


86) 


Wj?  föxr  ^Xr 


, VVr  dVr  , dgi 

i o _ 2 _ "r* 


V dq9  dqt  ^ dqt  dqt  dq,  dq{ 

*=1  t—1 


dz  \ 

r r\  f f 

V 2*  2‘ 


+ 2 


we  accordingly  find  that  instead  of  being,  as  before,  a homogeneoos 
function  of  the  gMs,  it  contains  not  only  quadratic  terms,  but  also 
terms  linear  in  and  others  independent  of  the  gMs.  The  effect  of 
these  linear  terms  in  the  kinetic  energy,  whatever  be  their  origin, 
will  be  discussed  in  § 50. 


40.  Hamilton’s  Prinoiple  the  most  general  dynamtcal 
principle.  We  have  seen  in  this  chapter  how  by  means  of 
Hamilton’s  Principle  we  may  deduce  the  general  equations  of  motion, 
and  from  these  the  principle  of  Conservation  of  Energy.  As 


40, 41] 
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Hamilton’s  Principle  holds  whether  the  system  is  conservative  or 
not,  it  is  more  general  than  the  principle  of  Conservation  of  Energy, 
which  it  indudes.  The  principle  of  energy  is  not  sufficient  to 
dednce  the  equations  of  motion.  If  we  know  the  Lagrangian  func- 
tion  we  can  at  once  form  the  equations  of  motion  by  Hamilton’s 
Principle,  and  without  forming  them  we  may  find  the  energy.  For 
we  have 

L = T — W, 

E=T+W. 

Accordingly 

87)  E-iT-L-^ql^-L-^q^-L, 

so  that  the  energy  is  given  in  terms  of  L and  its  partial  derivatives. 
If  on  the  other  hand  the  energy  E is  given  as  a funetion  of  the  Co- 
ordinates and  velocities,  the  Lagrangian  funetion  must  be  found  by 
integrating  the  partial  differential  equation  87),  the  Integration 
involving  an  arbitrary  funetion.  In  fact  if  F be  a homogeneous 
linear  funetion  of  the  velocities,  the  equation  87)  will  be  satisfied 
not  only  by  L but  also  by  L + F.  For,  F being  homogeneous,  of 
degree  one, 


Consequently  a knowledge  of  the  energy  is  not  sufficient  to  find 
the  motion,  while  a knowledge  of  the  Lagrangian  funetion  is.  The 
attempt  has  been  made  by  certain  writers  to  found  the  whole  of 
physics  upon  the  principle  of  energy.  The  fact  that  the  principle 
of  energy  is  but  one  integral  of  the  differential  equations,  and  is 
not  sufficient  to  deduce  them,  should  be  sufficient  to  show  the 
futility  of  this  attempt.  It  is  the  infinite  Order  of  variability  of  the 
motion  involved  in  the  variations  occurring  in  Hamilton’s  Principle 
that  makes  it  embrace  what  the  Principle  of  Energy  does  not. 

41.  Principle  of  Varying  Action.  We  shall  now  deal  with 
a principle,  likewise  due  to  Hamilton,  somewhat  broader  than  that 
which  we  have  hitherto  called  Hamilton’s  Principle  or  Principle  of 
Least  Action,  and  fumishing  a means  of  integrating  the  equations 
of  motion.  In  the  principle  of  least  action  a certain  integral,  belong- 
ing  to  a motion  naturally  described  by  a system  under  the  action 
of  certain  forces  according  to  the  differential  equations  of  motion, 
has  been  compared  with  the  value  of  the  same  integral  for  a slightly 
different  motion  between  the  same  terminal  configurations,  but  not 
a natural  motion  and  therefore  violating  the  equations  of  motion. 
Under  these  circumstances  the  principle  states  that  the  integral  is 

9* 
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less  for  the  natural  motion  than  for  the  other.  The  new  principle, 
on  the  other  hand,  compares  the  integrals  always  tdken  for  a ncUurcU 
motion  satisfying  the  differential  equations,  but  the  terminal  con- 
figurations  are  yaried  from  one  motion  to  another.  The  principle  is 
therefore  known  a s the  Principle  of  Varying  Action. 

In  the  process  of  § 34  equation  2)  we  cannot  now  put  the 
integrated  part  equal  to  zero,  but  instead  of  2)  we  shall  have 

88)  17  *»,+  % **)}£-  >j J- yrtdt- 

The  integrated  part,  which  is  thevsum  of  the  geometric  products  of 
the  momenta  and  the  variations  of  the  corresponding  positions  at 
the  end  of  the  motion  minus  the  corresponding  sum  at  the  begin- 
ning,  may  now  be  transformed  into  generalized  Coordinates.  The 
integral  u 

S- f{T- W)dt, 


where  T and  W are  expressed  as  functions  of  the  time,  appropriate 
to  any  given  motion  (whether  natural  or  not)  depends  upon  the 
terminal  configurations,  and  is  called  by  Hamilton  the  Principal 
Function.  The  terminal  configurations  being  given  we  had  SS  — 0. 
Let  us  now  find  an  expression  for  SS  in  generalized  Coordinates 
corresponding  to  the  expression  above  in  rectangular  Coordinates. 

Proceeding  as  iri~§  34  equation  43)  we  obtain 


89) 


t9  t0 


Since  the  various  motions  are  all  natural  ones  satisfying  the  differ- 
ential equations  of  motion,  the  factor  of  every  Sq  in  the  integrand 
vanishes,  so  that  the  integral  vanishes  of  itself,  and  SS  is  accord- 
ingly  expressed  as  a linear  function  of  the  variations  of  the  initial 
and  terminal  Coordinates.  Since  W is  independent  of  the  qn s and 


= pr,  making  use  of  the  affixes  0 and  1 for  the  limits  tQ  and  (lt 


we  may  write 


90)  iS  = SrP'rSql  - Zrp0rSq°r, 

an  equation  which  could  have  been  obtained  from  the  considerations 
regarding  geometric  products  at  the  beginning  of  § 37.  This 


41] 
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expression  for  the  Variation  of  S is  of  great  importance,  for  by 
means  of  it  we  can  obtain  a method  of  integrating  the  equations  of 
motion,  and  obtaining  the  Coordinates  q and  .momenta  p at  any 
time  As  we  are  now  to  consider  the  npper  limit  t±  as  variable 

it  will  be  convenient  to  drop  the  subscript  1, 

Snppose  we  have  integrated  the  differential  equations  of  motion 
completely  so  as  to  obtain  every  coordinate  as  a function  of  the 
time  t , involving  2m  arbitrary  constants,  q,  . . . Cgm,  the  number 
necessarily  introduced  in  integrating  the  m Lagrangian  equations  of 
the  second  Order  or  the  2 m Hamiltonian  equations  of  the  first  Order. 
Let  the  integrals  be 

ti  = fl  (ßf  ^8;  • • • ^2m)> 
ffa  ~ fi  (ßt  9 

91)  


qm  — fmißy  ^2;  • • • ^2m)« 

Differentiating  these  by  t we  obtain 

df%  dfm 

dt*  ~~  dt’  * * * 2m  ““  dt  f 

from  which  by  equation  53)  we  may  find  the  p’ s as  functions  of  t, 

93)  pr  = <pr  (t7  Cg,  . . . <?2m)> 

These  equations  with  91)  constitute  2m  integral  equations  of  the 
System, 

Inserting  the  particular  value  tQ  in  our  integral  equations  we  have 

91  ) (£r  ==s  fr  (ßoj  ^1?  * • * ^2m)y 

93  ) pr  = <pr  C| , Cj,  . . . tfgjn)  • 

We  accordingly  have  the  4 m + 1 variables, 

^7  2l7  • * * ?m>  Ply  • • • Pmj  Qi  y • • • Qm 7 P\  y • • • Pmy 

connected  by  2 m integral  equations.  We  may  thus  choose  any 
2m  + 1 of  them  as  variables  in  terms  of  which  to  express  the 
remaining  2m. 

For  instance  in  the  problem  of  shooting  at  a target  § 35  we 
saw  that  the  motion  was  completely  determined  by  the  Coordinates 
of  the  initial  and  final  positions  and  the  initial  velocity.  The  latter 
determined  the  time  of  transit  t,  so  that  it  together  with  the  initial 
Coordinates,  ;t°, . . . q^,  and  the  final  Coordinates,  qu  . . . qm9  may  be 
taken  as  independent  variables  in  terms  of  which  everything  may 
be  expressed. 
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Thus  the  integral 

i 

94)  S=  J(T-W)dt 

is  supposed  to  be  expressed  in  terms  of  these  2m  + 1 variables. 
Now  if  the  initial  and  final  Coordinates  are  varied  without  varying 
the  time  of  transit  t — (t  the  npper  limit  of  the  integral)  we  have 


We  have  however  proved  that  nnder  these  conditions  we  have 
90)  ÖS  = 2JrprÖqr  — UrPrÖQr- 

Since  these  expressions  must  be  equal  for  arbitrary  variations  of 


the  q’e  and 

2°’s 

we  must  haye 

96) 

dS 

dS 

dS 

Wi 

~Pi>  äg,  ' • • 

— Pm> 

97) 

dS 

o 3S  o 

dS  o 

= - Pi>  04j.=  v, 

• • • 

We  may  now,  if  we  please,  regard  the  initial  Coordinates 
9i°>  * • ■ Qm,  and  the  initial  momenta,  p®, . . . p£,  as  2 m arbitrary 
constants  replacing  the  q,  c^, . . . c%m  of  equations  91)  and  93).  Then 
the  equations  97)  will  be  the  general  integrals  of  the  equations  of 
motion,  for  if  the  form  of  the  function  S is  known  in  terms  of 
t,  q1}  • • . qn gj0, . . . qm,  the  equations  97)  are  m equations  involving 
qlf . . . qm  without  their  derivatives,  which  may  be  solved  to  obtain 
the  q1  s as  functions  of  t and  2 m arbitrary  constants  q t°, . . . qm,Pi°,  • • . pi , 
as  in  equations  91). 

It  has  appeared  as  if  in  Order  to  find  S it  were  necessary  to 
integrate  the  equations  of  motion,  so  to  obtain  T — W as  a function 
of  the  time,  which  being  integrated  would  give  S.  If  this  were  so 
the  statement  just  made  would  be  of  little  interest.  But  this  is  not 
necessary,  for  Hamilton  showed  that  the  function  S , which  he  called 
the  Principal  Function,  satisfies  a certain  partial  differential  equation, 
a solution  of  which  being  obtained,  the  whole  problem  is  solved. 

The  function  S is  a function  of  the  variables  q,  the  constants  q° 
and  the  time  t , which  thus  occurs  explicitly  and  implicitly.  Differen- 
tiating  by  t we  have  therefore 


dS  dS 
dt  dt 


T dS_  dq, 
[ dqr  dt 


Differentiating  94)  by  t,  the  upper  limit,  gives  however 


dS 

dt 


T-W. 
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Eqoatmg  the  two  values, 


dS 


T~W=Ydl  + 2rPri’r, 

^ 8 I ft/TT 

— dt  + 

by  38). 

Transposing  and  writing  T + W = H, 

dS 


dt 


+ JT=0. 


The  fonction  Hy  the  sum  of  the  energies,  depends  upon  the  co- 

ds 

ordinates  qr  and  the  momenta,  pr  = If  the  force -fonction  depends 

opon  the  time  H will  also  contain  t explicitly.  Thus  we  have  the 
partial  differential  eqoation 


d S - „/.  dS 

dt  + 11 Y’  $qi> 


The  eqoation  is  of  the  first  Order  since  only  first  derivatives  of  S 
appear,  and,  from  the  way  in  which  T contains  the  momenta  [equa- 

Jy-  Since  8 

appears  only  through  its  derivatives  an  arbitrary  constant  may  be 
added  to  it. 

Thus  we  have  the  theorem  due  to  Hamilton:  If  q19 . . . qm,  ex- 
pressed  as  integrale  of  the  differential  equations  in  terms  of  t and 
2 m arbitrary  constants  q®, . . . q^,  j pt°f . . . p™,  are  introduced  into  the 
integral  94),  and  the  result  is  expressed  in  terms  of  t,  ql} . . . qm, 
q 1°? . . . then  S is  a solution  of  the  partial  differential  equation  99). 

The  converse  of  the  proposition  was  proved  by  Jacobi,  namely, 
that  if  we  take  any  solution  of  the  equation  99)  containing  m arbi- 
trary constants,  q*} . . .qSi  (other  than  the  one  which  may  always 
be  added),  the  equations  97)  obtained  by  putting  the  derivatives 
of  S by  the  m arbitrary  constants  equal  to  other  arbitrary  constants, 
px°,  . . . Pm  will  be  integrals  of  the  differential  equations  of  motion. 
For  the  proof  of  this  the  reader  is  referred  to  Jacobi,  Vorlesungen 
über  Dynamik , XX. 

Before  giving  examples  of  the  utility  of  this  method  we  shall 
show  that  the  arbitrary  constants  by  which  we  differentiate  need  not 
be  the  g°’8,  but  may  be  any  m constants  appearing  in  the  integral 
equations. 

Suppose  that  in  equations  91)  we  vary  m of  the  arbitrary 
constants  Cj, . . . Cm.  We  then  have 


tion  72)],  is  of  the  second  degree  in  the  derivatives 
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Zf  Zf 

S4r  = dc^  S ^ + 


Zfr 

+ -^8c, 


de  ''~M» 

m 


K 


and  putting  t = 0, 

d3?  = (w$  oSCl  + ©odC*  + ' + (^)otfCra- 
Then  equation  90)  becomes 

100)  öS  =2rPr  Sqr  - 2?r  Crdcn 

where  ^ f 

Then  comparing  with 


88 


we  have  corresponding  to  equations  96)  and  97) 

dS 

= Pr, 


101) 

102) 


d% 

dS 
de. . 


= -cr. 


Tbus  we  may  differentiate  8 with  respect  to  the  m arbitrary 
constants,  no  matter  how  they  may  appear  in  the  solntion  of  99), 
putting  the  result  equal  to  other  arbitrary  constants. 

Hamilton’s  equation  99)  assumes  a somewhat  simpler  form  when 
the  force -function  and  consequently  H are  independent  of  the  time, 
that  is  when  the  System  is  conservative.  We  may  then  advantage- 
ously  replace  the  principal  function  S by  another  function  called  by 
Hamilton  the  Characteristic  Function,  which  represents  the  action  A, 
§ 35.  Making  use  of  the  equation  of  energy,  T + W =*  h,  to 
eliminate  W,  we  have 

t t 

s= f(T-W)  dt  = J*2Tdt  — h(t  — t0)  = A — h(t  — t0) 


or 


103) 


/ 

A = j2Tdt  = S + h(t-t0). 


If  now  the  fonction  A does  not  contain  the  time  expliöitly  we 
have  differentiating  partially 


oS_  , ZS 8A 

dqr-$qr 


104>  >, 

and  our  partial  differential  equation  99)  becomes  merely 


105) 


■ • • 


l m 


ZA 


ID  - " ■ 
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The  arbitrary  constant  of  energy,  h,  takes  the  place  of  one  of  the 
constants  c. 

The  Variation  of  the  action  on  changing  the  terminal  configura- 
tions  will  cause  a change  in  the  energy  necessary,  h,  if  the  time  of 
transit,  t — tQ,  is  unchanged.  Accordingly 

r=m — 1 

106)  dA  — äS  + (£  — t0)  äh=*^?präqr  — ^Crdcr+  (t  — 10)  äh, 

r— 1 r=l 


by  equation  100).  We  have  therefore 


107) 

dA 

108) 

ft  ÖA 

Cr  - dcj 

109) 

1 

cT- 

II 

• 

As  examples  of  the  use  of  the  method  of  Hamilton  we  will 
now  solve  a few  problems  that  have  been  already  treated, 

First,  let  ns  take  the  case  of  any  nnmber  of  free  particles. 
We  have 


Putting 


T = mr  {X‘r  8 + J fr*  + 4*)- 

oT  , 

pxr  WirXr, 


this  becomes 

By  107) 
ui) 


and  equation  105)  then  is 

®--s-.2£|  (£)*+<&)■+ (£)’)+"'-*• 

In  the  case  of  a single  particle  comparing  equations  110)  and 
111)  we  have 


113) 


mxf  = 


dA  f dA  f dA 

ms  = dz' 


In  other  words  if  the  action  A is  expressed  in  terms  of  the  Co- 
ordinates x,  y,  z,  the  momentum  of  a particle  describing  any  path 
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under  the  action  of  the  given  forces  with  the  constant  energy  h is 
the  vector  differential  parameter  of  the  action  A,  and  therefore,  by 
the  properties  of  lamellar  vectors  (§  31),  the  velocity  of  a particle 
moying  in  this  manner  is  normal  to  all  the  surfaces  of  constant 
action,  and  is  inyersely  proportional  to  the  distance  between  two 
inffnitely  near  surfaces  of  constant  action.  Otherwise  expressed,  if 
from  all  points  of  any  surface  particles  be  projected  normally  with 
the  same  energy  hf  their  paths  will  always  be  normal  to  a set  of 
surfaces,  and  the  action  from  one  surface  to  another  will  be  the 
same  for  all  the  particles.  This  theorem  is  due  to  Thomson  and  Tait1) 
Suppose  first  there  are  no  forces  acting,  then  equation  112) 
becomes 


114) 

($+ ($  - *-» 

which  is 

satisfied  by  the  linear  function 

115) 

A = ax  + by  + cz, 

if 

116) 

a*  + V + c2  * 2mh. 

In  yirtue  of  this  last  equation  only  three  of  the  constants 
a,  6,  c,  h are  arbitrary.  Suppose  we  take  a,  b , Ä,  then  we  have 

117)  A = ax  + by  + }/2 mh  — (a*  + &*)  • z. 

Then  equations  107)  or  113)  are 

118)  mx'  = a,  my*  = b,  mz1  = }/2mh  — (a*  + 62), 

which  are  first  integrals  of  the  equations  of  motion,  showing  that 
the  motion  of  the  point  is  uniform.  Equations  108)  and  109)  are 

i 

d A az 

2“  ~X~  y2mÄ -(«»+&*)  ~ 01  ’ 
dA  bz  , 

119)  Tb~y  y2wÄ -(«*+&*) — u 

dA mz  ^ ^ 

^ Y2  wÄ-(as-)-6*)  0 

The  first  two  of  these  equations  are  the  equations  of  the  path, 
showing  it  to  be  a straight  line,  while  the  last  giyes  the  time.  By 
means  of  it  we  may  find  z as  a function  of  the  time,  and  from  „ the 
first  two  x and  y . Thus  119)  are  the  integral  equations  of  the 
motion. 

Corresponding  to  this  solution,  a and  b being  constants,  the 
surfaces  of  constant  action  are  parallel  planes.  The  path  of  any 


1)  Natural  Phüosophy,  § 332. 
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particle  projected  normally  to  one  of  these  planes  with  the  energy 
(kinetic)  h is  a straight  line  normal  to  these  planes,  and  the  velocity 
is  constant. 

In  Order  to  find  Solutions  suited  to  surfaces  of  equal  action 
having  other  forms,  we  should  require  to  find  other  particular 
Solutions  of  equation  114),  which  would  take  us  too  far  into  the 
subject  of  partial  differential  equations.  Whateyer  the  nature  of  the 
surfaces,  since  the  yelocity  in  all  the  motions  considered  is  constant, 
the  action  is  proportional  to  the  distance  traversed  and  consequently 
if  we  measure  off  on  the  normals  to  a surface  of  constant  action 
equal  distances,  the  locus  of  the  points  thus  obtained  will  be  another 
surface  of  equal  action,  or  all  the  surfaces  of  equal  action  are  so- 
called  parallel  surfaces. 

Next,  suppose  we  haye  a single  particle*  of  mass  unity  under 
the  action  of  grayity.  Then 

W=gz, 

and  our  equation  is 

m) 


We  may  find  a solution 

where 
or 


A = ax  + ly  + (p(z), 
a*  + b*  + [9/ *(*)]*  + 2 (gz  — h)  = 0, 


ip(z)  = J*  Y2  ( h — gz)  — (a2  + 62)  dz. 


Making  use  of  this  value  we  haye 

121)  A = ax  -\-by  + J*  Y2(h  — gz)  — (a*+b*)dz. 

Equations  107)  become 


122) 


f dA  , dA  , 

X=di  = a>  = 

*'  = -§7  =-/2  (h-gz)-(a2  + b*), 


giring  the  yelocities  in  terms  of  the  position  of  the  point.  These 
are  first  integrals  of  the  equations  of  motion.  Equations  108)  become 


dA 

da 

dA 

db 


*4-  C —<*dz 

J y%{h-gz)-(a,+bt) 
J YOh-gz)  -(«*+&*) 


= x + ^y/2(h  — ge)  — (as+bi)=al, 

= y + ^V%{h-9t)- («*+&*)  = V 
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These  are  the  equations  of  the  path  completely  integrated, 
showing  that  it  is  a parabola  in  a vertical  plane.  The  equation  109)  is 


124) 


■ f — — }/2  (h  — gz)  — (u2  +bi)  — t—  t0 , 

J y2(h-gz)-(a*+b')  9V  V y V T ' 0 


giving  the  time. 

From  the  last  equation  we  may  obtain  z in  terms  of  t,  and, 
from  the  two  preceding,  x and  y.  Thus  the  problem  is  completely 
solved,  the  constants,  a,  b}  and  A,  being  determined  by  the  terminal 
conditions. 

Suppose  we  put  b = 0,  then  121)  and  123)  give 

125)  A = ax  — Yg{2(h  — gg)  — o*  ft 

126)  x + j{2(h-ge)  - a*ft  = a1? 
or 

(X  - <*,)*  = ^{2 (ä  — ge)  - a*}. 


If  we  consider  motions  for  which  a is  a constant,  but  ax  has 
different  values  for  the  different  motions,  all  the  parabolas  are 
obtained  from  a single  one  by  displacing  it  horizontally.  The  curves 
of  constant  action, 

127)  { 3g  (i ax  — A)f  = {2  (A  - gz)  — a2}3, 

are  semicubical  para- 
bolas, similarly  ob- 
tained by  displacing 
a single  one  hori- 
zontally, and  ent  the 
parabolas  at  right 
angles  (Fig.  27). 

The  same  solu- 
tion  of  the  differ- 
ential equation  may  be  adapted  to  the  treatment  of  other  problems. 
If  we  put  a,  = 0,  x and  A will  vanish  simultaneously,  or  one  of  the 
curves  of  equal  action  will  be  the  vertical  line  x = 0.  Thus  we 
have  a solution  of  the  following  problem.  Particles  are  projected 
horizontally  in  a vertical  plane  from  points  on  the  same  vertical  line 
with  such  velocities  that  the  total  energy  is  equal  to  A,  the  same 
for  all.  The  different  parabolic  paths  contain  the  parameter  a which 
changes  from  one  to  another.  The  action  along  any  path  contains 
the  same  parameter.  Eliminating  a between  equations  125)  and  126  ) 


Fig.  27. 
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we  obtain  the  action  as  a function  of  the  Coordinates  x and  z, 
whichever  path  is  described, 

128) 

Patting  A equal  to 
a constant  we  obtain 
the  curves  of  equal 
action  wbich  cut 
the  parabolic  paths 
orthogonally.  This 
problem  is  treated 
in  Tait’s  Dynamics , 

§ 219. 

This  problem  is 
geometrically  equi- 
yalent  to  that  of 
streams  of  water  issuing  from  boles  in  a vertical  side  of  a tank,  for 
it  will  be  proved  in  Chapter  XI  that  the  velocity  of  water  so  issuing 
varies  with  the  height  in  precisely  the  manner  above  prescribed,  the 
parabolic  paths  corresponding  to  the  jets  of  water.  It  is  easy  to 
show  that  all  these  parabolas  touch  a common  line  making  an  angle 
of  forty-five  degrees  with  the  vertical,  and  that  the  curves  of  equal 
action  have  cusps  on  this  line.  (Fig.  28.) 

As  a further  example,  let  us  add  an  arbitrary  constant  to  the 
value  of  A (which  may  always  be  done)  writing, 


Flg.  88. 


129)  A = ax—  ~\_{2(h-ge)  - «*}*  - {2(ä-0*o)  — «*}*], 
180)  * + [{2(Ä-^)  - -{2  (h-  (jbü)  - = 0. 


If  now  x = 0,  z = z0,  A vanishes,  thus  one  of  the  curves  of 
equal  action  shrinks  to  a point.  The  problem  is  then  that  of 
particles  projected  in  a vertical  plane  from  the  same  point  (0,  zQ) 
with  the  same  velocity.  The  equations  of  the  various  paths  and  the 
action  corresponding  contain  the  parameter  a.  Eliminating  a we 
obtain  the  action  in  terms  of  the  position, 




2Ä  — g 0 -f  z0)  + g + {z  — *0)2 } a 

-{'2h-g(z  + g0)-gYxi+  (*-*0)*}*l 


The  various  paths  here  treated  have  a parabolic  envelope  as  described 
in  § 35.  The  curves  of  equal  action  here  again  have  cusps  on  the 
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envelope,  Fig.  25.  The  hydrodynamical  Illustration  of  this  problem  is 
a lawn  Sprinkler  or  fountain  from  a ball  pierced  with  holes. 

Let  us  now  treat  the  motion  of  a planet  about  the  sun,  using 
the  Coordinates  r}  (p,  defined  as  in  § 21.  Since  r is  not  constant, 
we  have  to  use  the  element  of  arc 


132) 

From  which 

133) 
also 


ds 2 = dr8  + r*dfr*  + ^sin2#^2. 


T = 7|{r'2  + r2#’2  + r2sin2fi-  . <p'2}, 
w===  _ yMm} 


by  § 28  {y  being  taken  positive).  Let  us  for  simplicity  take  the 
mass  of  the  planet  as  unity  and  write  yM  = fc2,  we  have  then 


= dT  — rf  — 


134) 


Pr~dr 
dT 


dA 

dr 


dT  » • 9 o.  r dA  - 

p<p  = w==rBm®(p 

Accordingly  our  differential  equation  becomes 

186)  B-\ [(£)*+  r‘  (||)‘+  ^ (“)■] - £ - *. 

Let  us  undertake  to  find  a solution  in  the  form 

136)  A = JB(r)  + F(9,  <p), 

where  the  functions  R and  F contain  only  the  variables  indicated. 


dA 


Then 


dA 


dB 
dr  J 


dA  dF  dA  = dF 

dop  dcp 


dr  dr  d& 

Substituting  in  equation  135)  we  have 

i 

Multiplying  by  r8  and  transposing 

('dff-  **r  “ hr*=  ~ T [(lf)+  air^  Ol' 

On  one  side  of  this  equation  we  have  functions  of  r alone,  on  the 
other  functions  of  and  q>  alone.  Since  r}  # and  tp  are  independent 
variables  this  cannot  hold  identically  unless  each  side  reduces  to  a 
constant  The  partial  differential  equation  thus  falls  apart  into  the  two 


138) 


.2 


139) 

140) 


T ’*($*-■ ß- 

CD’+ai.lS-V. 
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The  first  of  these  is  an  ordinary  differential  equation  for  R giving 

141)  B - fY™  ~ ^ + 2h  • dr. 

The  equation  140)  is  to  be  treated  in  a similar  manner  writing. 

142)  F =&(&)  + ®(y). 

Proceeding  as  before,  multiplying  by  sin2#  and  transposing, 

143)  sin* & 2/J  sin* & = - (||)* 

From  which,  as  before,  we  must  have 

'«)  ® - r, 

»«)  (äff-  *0  + .£•»  " 

whose  integrals  are  = Yy  • % 

146)  9 -fy »fi-j&f-  i». 

Substituting  the  values  of  R, 

147)  A=fy^-^  + 2h-dr+fy'2ß-er*^.d&  + Vj-<p. 

This  solution  contains  the  three  arbitrary  constants,  ß,  y , h.  Differ- 
entiating  by  them  we  obtain  the  integrals 


If  we  put  y = 0,  necessitating  according  to  the  second  equation 
(p  = 0,  the  first  equation  becomes 


the  equation  of  the  path,  which,  on  performing  the  integration 
indicated,  takes  the  form  obtained  in  § 20  equation  23). 
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OSCILLATIONS  AND  CYCLIC  MOTIONS. 

42.  Taatoohrone  for  Gravi ty.  A curve  along  which  a 
particle  will  descend  ander  the  action  of  gravity  to  a fixed  point 
from  a variable  point  in  the  same  time  is  called  a tautochrone  cum. 
If  the  particle  is  dropped  from  rest  we  have  the  eqnation  of  energy 

1)  © = 2<K*0-*), 

and  the  time  of  falling  to  the  level  z = 0 is 


2) 


*=-*_:  f AS  • 

V29J  V*o~* 


Let  the  length  of  the  arc  s measured  from  the  fixed  point  be 
then 

1 

3) 

v*s _ 

0 


^ = /V (*)<** 

Y^9J  V*o-z 


If  the  carve  is  to  be  a tautochrone  this  mast  be  independent  of  or 

dt 


dz. 


= 0. 


Let  us  change  the  variable  by  puttdng  z — e0u,  then 

1 

t = f (-zou'>dut 

VzqJ  ’ 


dt 1^  r 

dl-  l/2 gj  S 


du 


V^gJ  2 y*n  (1  - u) 
0 


- {tp'(zQu)  + 2z0u<p"  (züu)}, 


or  changing  the  variable  back  to  z, 

dt  1 /*  dz 


dz , 


Vigj  ä*0 


\<p'(z)  + 2ztp"(z)}. 


If  this  is  .to  vanish  for  all  values  of  the  limit  z0  the  integrant 
must  vanish,  or 

4)  <p’(z)  + 2z(p”(z)  = 0, 

m 

which  is  the  differential  equation  of  the  curve.  Writing  this 

= _ 1 
(p’{z)  2 z7 


1 
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ds 


r v J yz  dz 


we  may  integrate,  obtaining 

log  <p’(z)  = — 2 1°8*  + const. 

Taking  the  antilogarithm, 

ö) 

since  s = g>($).  Integrating  again, 

6)  s = 2c}/z  + d, 

where  c and  d are  arbitrary  constants.  This  is  the  equation  of  the 
curve.  In  order  to  recognize  its  nature  let  ns  square  equation  5) 
writing 

( ds  \*  (dx\*  1 2 a 

7)  ' \dt)  = \dz~)  + 1 = Tt 

where  a = °—  is  an  arbitrary  constant.  Solving  for 


dx 


8)  £ - V,T=r 

If  we  put  z = a (1  — cos  fr)  this  becomes 


dz  . dfr  i/l 

9)  <ü  = aBm*dlc=V  1 

from  which 


— cob  9 


sin  # 


Integrating, 


+ cos  & 1 + cos  ^ 

a(l  + cosfr)dfr  = dx. 

x = a (fr  + sin  fr)  + eonst., 
or,  if  x and  z vanish  together, 

x = a (<&■  + sin  fr), 
z = a(l  — cos#). 

These  are  the  equations  of  a cycloid,  § 29  p.  83,  accordingly  the  cycloid 
is  not  only  a brachistochrone  for  gravity,  but  also  a tautochrone. 
For  a particular  cycloid  the  time  of  descent  is  by  2)  and  7) 


10) 


11) 


*c 

rVtf 


dz 


or  patting  z = z0u, 

1 

12)  T=\ß-  f -£^= 

' y 9j  i/u  - m1 

o r 

Patting  u = sin8  fr;  we  easily  obtain 

’—Vr 


13) 

WEB8TÄR,  Dynamic«. 
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If  the  particle  be  allowed  to  ascend  after  passing  the  lowest 
point  of  the  cycloid  it  will  rise  to  the  same  height  from  which  it 
feil  and  the  motion  being  repeated,  the  time  of  a complete  to-  and 
fro- oscillation  is 

4r=2*]/y- 

Thus  the  time  of  an  oscillation  of  whatever  amplitude  on  a cycloid 
is  the  same  as  that  of  the  infinitesimal  oscillation  of  a circular 
pendnlum  of  length  4 a or  twice  the  diameter  of  the  rolling  circle 
which  generates  the  cycloid.  Since  the  time  of  oscillation  is 
independent  of  its  amplitude  we  are  led  to  the  question  of  whether 
the  motion  is  harmonic. 

We  may  more  generally  inquire  whether  an  isochronous  or 
tautochronous  Vibration  is  necessarily  harmonic,  that  is:  Is  the 
elongation  of  a particle,  performing  a Vibration  whose  period  is 
independent  of  the  amplitude,  necessarily  represented  by  a sine  or 
cosine  function  of  the  time? 

Let  the  distance  along  the  path  from  the  point  to  which  the 
motion  is  tautochronous  be  s.  Then  if  the  System  is  conservative 
the  force  will  be  a function  of  s . Suppose 


14) 


v dF(s) 

itr~m~-dr 


ds 


Multiplying  by  ^ and  integrating  we  obtain  the  equation  of  energy 


15) 


t (£)’- / pw*  - m - no. 


where  s0  is  the  initial  value  from  which  the  .particle  started  from 
rest.  The  time  of  the  motion  from  s = s0  to  5 = 0 will  be 


16) 

or  putting  s = s0  u , 


t 


O 

S 


ds 


V2[F(»)  -F(s„)] 


t = j r ■% 

V'iJ  VF(sau)- 


F(s0) 


Differentiating  by  s0, 

0 


17)  dt  = --  f — ( }/F(s0u)  - F(s0 ) - ^ 1 1 

; ds,  ]/2j  F(s,u)-F(s„)V  Ko  V °'  V]/F(s,u)-F(sa)  | 


= - 1 r - ds-  ~ yjF(«> - i*xs0) - 

] 2,J  s,[F(s)-F(s0)]\r  W ^°' 


2 J/F(s)  - F(sj  ) 
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Since  this  is  to  vanish  for  all  values  of  the  limit  s0  we  must  have 

y.F(s)  - F(s0)  - = o, 

v 1 v 0 2y'*»-F(s0) 


or 


18)  2 [F(s)  - F(s0)]  - sF'  (s)  + s0F'  (s0)  = 0, 

a 

which  is  a differential  eqnation  for  F(s). 

Let  us  put  y = F{s)} 

2F(s0)  s0F  (s0)  cy 

then  18)  becomes 

19) 

a linear  equation  of  the  first  Order.  An  integrating  factor  is 
multiplying  by  which  the  equation  becomes 

ds 


s^-2y  + c = 0, 


Integrating; 


20) 

From  this  we  obtain 


<*g)  + <V-0. 

y = bs*  + { = F(s). 


f(s)  = dd1s=2bs’ 


so  that  the  equation  of  tautochronous  motion  14)  must  be 


21) 


d%8 


dt * ^ S} 

accordingly  the  motion  must  be  harmonic;  and  evidently  b must  be 
negative. 

We  have  seen  that  the  cycloid  is  a tautochronous  curve  and 
that  a tautochronous  Vibration  must  be  harmonic. 

By  equation  6)  the  length  of  the  arc  of  the  cycloid  measured 
from  z = 0 is 

22)  s = 2y2az, 

from  which 


z = 


or  inserting  in  equation  1), 


8a 

8ä: 


23) 

Differentiating, 

24) 


dH 
dt * 


98 


ds 

~dt 


HL, 

4 a 


10* 
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Thus  the  differential  equation  of  the  cycloidal  motion  is 

d'8+TaS  = <>> 


25) 


dt * 


as 


showing  that  the  motion  is  harmonic  with  the  period  2ity^ 

found  above.  The  cycloid  is  isochronous  for  all  arcs,  the  circle  onlv 
for  infinitely  small  arcs.  The  circle  having  the  same  curvature  as 

the  cycloid  at  its 
vertex  is  less  steep 
than  the  cycloid 
(Fig.  29)  and  there- 
fore  the  time  of 
descent  on  the  circle 
is  greater  for  larger 
arcs,  as  shown  in 
§ 22.  .The  evolute  or  envelope  of  the  normale  of  a cycloid  is  an 
equal  cycloid,  hence  the  cycloidal  pendulum  may  be  realized.  If  two 
material  half-cycloids  be  constructed  tangent  at  0 (Fig.  30),  where 
the  string  is  attached,  and  the  string  be  allowed  to  wind  itself 
against  them,  if  its  length  is  that  of  the  half- cycloid,  its  end-  will 
describe  a cycloid.  This  pendulum  was  constructed  by  Huygens.1) 

The  length  being  4 a agrees  with  the  above.  On  account  of  the 
motion  on  the  cycloid  being  harmonic  Thomson  and  Tait  call  har- 
monic  motions  cycloidal . 

43.  Damped  Osclllatlons.  Let  us  now  consider  a partdcle 
under  the  influence  of  a force  proportional  to  its  displacement  from 
a certain  point  and  directed  toward  the  position  of  equilibrium,  the 

0 motion  being  resisted  by 


ds 

~ * dt’ 


the  equation  of  motion  is 


1)  Huygens , Horologium  oscillatorium , Paris  1673. 
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This  eqnation  is  linear  with  constant  coefficients,  and  is  a type  of 
those  that  appear  in  the  theory  of  oscillationB.  The  fundamental 
property  of  such  eqnations  is  that  any  solution  multiplied  by  a 
constant  is  a solution,  and  that  the  sum  of  two  Solutions  is  a 
solution.  In  order  to  find  a particular  solution  we  put 


Differentiating  we  have 


ds 

dt 


d's 

dt* 


= X*eu. 


Substituting  in  .the  differential  equation  we  may  diyide  out  the 
factor  elt,  obtaining 

27)  X*  + xX  + h*  = 0, 

a quadratic  to  determine  the  constant  X. 

Calling  its  roots  Xl9  X%  we  haye 


28)  + ±/**-4A*,  = 

The  general  solution  is  obtained  by  multiplying  the  particular  Solu- 
tions eXi*  and  e***  by  arbitrary  constants  and  adding.  Thus  we  obtain 


s = Ae 


Y (-*+>/** -4A*)< 

+ j tfe 


We  have  to  consider  two  cases, 


I.  x*>4Ä*, 
H.  x2  < 4Ä*. 


In  case  I the  radical  is  real,  and  since  its  absolute  value  is  less 
than  x both  X1  and  X%  are  negative  and  s eventually  decreases  as  the 
time  goes  on,  vanishing  when  t = oo.  We  have 

d/t  = + XsBe^. 

This  vanishes  when 

= e(k-h)t 

or 

30) 

? Consequently  if  B and  A are  of  opposite  signs  s will  increase  to  a 
maximum  and  then  continually  die  away.  If  they  are  of  the  same 
sign  the  motion  dies  away  from  the  start.  Both  cases  are  shown  in 
Fig.  31,  where  t is  the  abscissa  and  s the  coordinate. 

In  case  II  the  radical  is  imaginary  and  both  Xx  and  X^  are 
complex.  Then  writing 
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*1  = n + iv,  A,  = fi  — iv, 

0 

and  making  use  of  the  fundamental  formula  of  imaginaries, 

31)  eivt  = cos  vt  + i sin  vt, 

and  the  principle  that  both  the  real  part  and  the  coefficient  of  i in 
the  imaginary  part  of  a solution  are  particular  Solutions,  we  obtain 
the  two  particular  Solutions 

eutoosvt  and  6^*  sin  vt. 


We  thus  obtain  the  general  solution 


32)  s = e ***  (A  cos  vt  + 2? sin  vt) 

X 

= 6 * (Acob±YW=?  • t + • t) 

(A  and  B being  new  arbitrary  constants), 


or  as  in  § 19  equation  10), 

X 

33)  s = ae  2 cos  ^ * )/4ä2  — x2  • t — . 


The  trigonometric  factor  represents  a simple  harmonic  oscillation, 
which  on  account  of  the  continually  decreasing  exponential  factor 
dies  away  as  the  time  increases  (Fig.  32).  Such  a motion  is  called  & 
damped  oscillation,  and  x is  a measure  of  the  amount  of  damping. 

The  extreme  elongation  occurs  when 


X 

a j\  d>8  2 

34)  dt  = ae 


that  is  when 


* COS 
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The  smaller  the  damping  x,  the  more  nearly  does  the  time  of  the 
maximum  coincide  with  that  of  the  maximum  of  the  cosine  factor 
in  33).  In  any  case  successive  maxima  follow  each  other  at  interyals 
eqaal  to  the  period  of  the  oscillation, 

4« 

y4Ä>-x*‘ 

At  two  successive  maxima  on  the  same  side,  st  and  s2f  the  cosine 
term  will  have  the  same  value,  therefore  the  ratio  of  the  elongations 
will  be  that  of  the  exponential  factor s?  or 


Fi?.  33. 


The  logarithm  of  the  ratio, 


is  accordingly  constant,  and  by  means  of  observations  on  the  loga- 
rithmic  decrement  we  may  determine  the  damping.  We  see  that  the 
decrement  depends  on  and  increases  with  the  ratio  of  the  square  of 
the  coefficient  of  damping  x to  the  coefficient  of  “sUffhess”  h2. 

If  there  were  no  damping,  x = 0,  we  should  have  for  the  period, 


Introducing  these  values  of  T0  and  d,  we  may  write 
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so  that  if  the  damping  is  small,  as  is  usually  the  caae,  it  affects  the 
period  only  by  small  quantities  of  the  second  Order. 

As  has  been  shown  in  § 38^  we  have  here  an  instance  of  the 
use  of  a dissipation  fonction 

S9)  J7-!»©’ 

and  the  energy  is  dissipated  at  a rate  proportional  to  the  exponen* 
tial  e~~xt . 


44.  Forced  Vibrations.  Besonanee.  The  motion  considered 
in  the  last  section  being  that  of  a System  left  to  itself  is  called  a 
free  oscillation  or  Vibration.  We  shall  now  consider  a problem  of  a 
different  sort  from  any  yet  treated  and  involving  a force  depending 
upon  the  time,  and  thus  introducing  or  withdrawing  energy  from 
the  System.  Let  ns  suppose  a particle  to  be  subject  to  the  same 
conditions  as  above,  but  in  addition  to  be  acted  upon  by  an 
extraneous  force  varying  according  to  a harmonic  function  of  the  time, 

40)  F = EcoBpt, 

so  that  the  differential  equation  of  motion  is 

41)  + * Ji  + h'a  - Eco*l ><• 


We  may  find  a particular  solution  by  putting 

s = acoB(pt-a), 


ds 

dt 


= — ap  sin  {pt  — a), 


d*8 

di* 


ap*  cos  (pt  — a). 


Substituting  in  the  differential  equation,  we  have 

43)  a (h*  —p*)  cos  (jpt  — a)  — axp  sin  (pt  — a)  = E cos  pt 

«=*  E { cos  a cos  ( pt  — a)  — sin  a sin  {pt  — a)}. 

This  can  be  identically  true  for  all  values  of  t only  if  the  coefficient» 
of  the  sine  and  cosine  of  the  variable  angle  {pt  — a)  are  respectively 
equal  on  both  sides  of  the  equation,  accordingly  we  must  have 


axp  = E sin«, 
a Qi*  —p*)  = E cos  a , 


from  which  elimvnating  first  E and  then  a, 


45) 


tan  a = 

h*  — 


E — a YQi*  —p*f  + x*p*} 
from  which  we  obtain  the  amplitude 

E 


46) 


a = 


y(h*-p*)*  + x*/>* 
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Thos  our  solution  is 
47) 


s = 


E 


= cos  {pt  — a). 


1 /(Ä#— jp*)*  + 

The  motion  represented  by  this  solution  is  called  the  farced 
Vibration,  for  the  System  is  forced  to  assume  the  same  period  as 


2 7t 


that  of  the  extraneous  force  F}  namely  —>  of  frequency  -*—>  while 

the  frequency  of  the  free  or  natural  Vibration  would  be  — 1/  äs—  - 
or  without  damping  ~ 

The  displacement  is  not  in  phase  with  the  force,  lagging  behind 
it  by  less  than  a quarter-period  if  tan«  is  positive,  that  is,  if  h is 
greater  than  p,  in  other  words  if  the  natural  frequency  is  greater 
than  the  forced.  If  on  the  contrary  the  natural  frequency  is  less 
than  the  forced,  tan«  is  negative,  and  since  sin«  is  positive,  the 
displacement  is  between  a quarter  and  a half- period  behind  the  force. 
If  the  frequencies  of  the  forced  and  free  vibrations  coincide,  tan« 
becomes  infinite,  the  lag  is  a quarter  period,  so  that  the  displacement 
is  a maximum  when  the  force  is  zero  and  vice  versa.  Then  47)  becomes 

48) 

and  if  the  damping  x is«  small,  the  amplitude  is  very  large.  This  is 
the  case  in  the  phenomenon  of  resonance , of  great  importance  in 
various  parts  of  physics,  including  acoustics,  electricity,  and  dispersion 
in  optics.  The  equation  shows  how  a very  small  force  may  produce 
a very  large  Vibration  if  the  period  coincides  nearly  enough  with 
the  natural  one,  and  explains  the  danger  to  bridges  from  the  accu- 
mulated  effect  of  the  measured  step  of  soldiers,  the  heavy  rolling  of 
ships  caused  by  waves  of  proper  period,  and  kindred  phenomena. 

Although  in  the  phenomenon  of  resonance  the  excursion  and 
consequently  the  kinetic  energy  becomes  very  large,  it  is  of  course 
not  to  be  supposed  that  this  energy  comes  from  nothing  as  has  been 
frequently  contended  by  inventive  charlatans  proposing  to  obtain  vast 
stores  of  energy  from  sound  vibrations.1) 

If  we  form  the  equation  of  activity,  by  multiplying  41)  by 


E . , , 
s = — sin  nt, 

p%  7 


ds 


49) 


d(T+W) 


dt} 


dt 


+ 


X\dtJ  2 dt  | \d t] 
— E*p 


dY+Äv)  + *(g)=j’ 


ds 

dt 


V(h'-P*)'  -f  x*p 
E*p 


= sin  ( pt  — a)  cos^>^ 


p*)*  + **p 


= (—  cos  a sin  pt  cos  pt  + sin  a cos  2pt), 


1)  Of  tbese  the  United  States  has  produced  more  than  its  share.  The 
ignorance  of  the  aboye  mentioned  principle  enabled  John  Keely  to  abstract  in 
the  neighborhood  of  a million  dollara  from  intelligent  (!)  American  shareholders. 
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we  see  that  energy  is  being  altemately  introduced  into  and  withdrawn 
from  the  System  by  the  extraneous  force.  On  the  average  however, 
as  we  find  by  integrating  the  trigonometric  terms  with  respect  to 
the  time,  _ 


J rinptf  cos  ptdt  = 0, 


27t 
— } 
p 


the  time  average  of  the  activity  depends  npon  the  last  term  containing 
sin«,  and  this  is  always  positive,  conseqnently  the  extraneons  force  is 
on  the  whole  continually  doing  work  on  the  System,  which  is  being 

jA  • This  work  is  a maximum  when  a = * ? 

when  the  System  is  in  complete  resonance.  Thus  the  mechanical 
effects  producible  by  resonance  are  shown  to  be  commensnrate  with 
the  canses  acting,  and  the  impossibility  of  the  common  story  of  the 
fiddler  fiddling  down  a bridge  is  demonstrated. 

The  exactness  of  “tuning”,  or  approach  to  exact  coincidence  of 
period  necessary  for  resonance  is  shown  in  Fig.  33,  which  is  the 
graph  of  the  cnrve 

A 

^ j/(l  — #*)*  + cc*x* 

where  y = is  the  ratio  of  the  actual  amplitude  of  equation  46)  to 
ä*  E 

the  steady  statical  displacement  produced  by  a constant  force  E 
(that  is  when  p = 0),  x = - is  the  ratio  of  the  frequencies  of  forced 

X* 

and  free  Vibration,  and  a*  = ^*1)  The  curves  are  drawn  for  valiies 

of  the  parameter  aÄ  equal  to  -01,  -05,  -10,  *15,  -20.  Thus  the  magnitade 
of  the  resonance  for  any  particular  case  can  be  seen  by  a glance  at 
the  figure.  The  resonance  is  sharper  the  smaller  a.  The  maximum 

amplitude  is  not  for  perfed  tuning,  but  for  x = ~j/ 1 — The  value 

of  the  maximum  is  nearly  equal  to  —• 

If  there  is  no  friction,  for  p = h the  Vibration  becomes  infinite, 
which  means  simply  that  in  this  case  friction  must  be  taken  into 
account.  If  there  is  no  friction  we  have  by  44), 

sin  a = 0,  cos  a = 1 


50) 


E 


s==  h*Z^C0BP^ 


1)  This  parameter  a is  not  the  angle  a above. 
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and  the  displacement  is  in  the  same  or  opposite  phase  with  the 
force,  according  as  h is  greater  than  or  less  than  p.  In  the  latter 
case  the  excursion  is  a maximnm  in  one  direction  when  the  force  is 
exerting  a maximum  pull  in  the  opposite  direction.  This  need  not 
appear  paradoxical,  for  consider  the  limiting  case  of  a System  with 
very  little  stiffness  in  proportion  to  its  inertia,  that  is  A very  small 
and  the  natural  period  very  great.  Then  the  excursion  is  always 
opposite  in  phase  to  the  force  on  account  of  the  inertia  of  the 
system.  In  the  opposite  case  of  a System  with  very  little  inertia  in 
proportion  to  the  stiffness,  A is  very  large,  and  the  excursion  is  in 
phase  with  the  force.  In  this  case  (that  of  complete  agreement)  we 
I have  what  is  called  the  equilibrium  Üheory  of 

J\  oscillation,  the  displacement  being  the  same  as 


if  the  problem  were  one  in  statics  (s  = jp)’ 

except  that  the  force  and  displacement  are  varying 
together.  Such  a theory  was  given  by  Newton 
for  the  tides,  which  consist  of  a forced  Vibration 
of  the  water  covering  the  earth  under  the  periodic 
force  due  to  the  moon’s  attraction.  The  more 
accurate  theory  taking  account  of  inertia  was 
given  by  Lagrange.  The  relation  of  the  dyna- 
mical  to  the  equilibrium  theory  is  shown  in  Fig.  33. 

The  two  points  of  distinction  between  free 
and  forced  oscillations  then  are,  first,  that  the 
free  Vibration  has  its  period  determined  Bolely 
by  the  nature  of  the  system,  while  the  forced 

Vibration 
takes  the 
period  ofthe 
force,  and 
secondly, 
that  if  there 
is  damping, 


?y2  +£L*X*J 
Fig.  83. 


the  free  Vibration  dies  away,  while  the  forced  Vibration  persists 
unchanged. 

The  theory  of  the  forced  Vibration  which  we  have  given  does 
not  take  account  of  the  gradual  production  of  the  motion  from  a 
state  of  rest,  but  refers  only  to  the  motion  after  the  steady  state 
has  been  reached.  We  may  now  complete  the  treatment  and  take 
account  of  the  motion  at  the  start.  Our  previous  solution  is  merely 
a particular  solution.  According  to  the  theory  of  linear  differential 
equations  in  Order  to  obtain  the  general  solution  we  must  add  to  the 
particular  solution  just  obtained  the  solution  of  the  equation  41) 
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when  the  second  member  is  equal  to  zero,  or  in  physical  terms  the 
forced  and  free  vibrations  exist  snperimposed.  Accordingly  we  have 


E 

V{h*-Py  + x*p* 


cos  {pt  — a)  + Ae 


If  the  System  starts  from  rest„we  must  determine  A and  ß so  that 
when  t = 0,  s and  ^ are  equal  to  zero.  These  conditions  will  be 
very  nearly  satisfied,  if  p and  h are  nearly  equal  and  x small,  by 


52) 


$ = a 


cos  {pt  — a)  — e * cos  ^~j/ h*  — y • t — |* 


The  simultaneous  existence  of  two  harmonic  vibrations  of  nearly 
equal  frequencies  gives  rise  to  the  phenomenon  known  as  beats. 
Suppose 

53)  s = a cos  ( pt  — a)  + b cos  {(j)  + Ap)  t — ß], 

where  Ap  is  a small  quantity,  equal  to  2%  times  the  difference  of 
frequencies.  We  may  write  the  last  term 


b cos  {{pt  — a)  + Ap  • t + a — /3} 

= b {cos  {pt  — a)  cos  {Ap  -t  + a — ß) 

— sin  {pt  — a)  sin  {Ap  • t + a — ß)}, 

so  that 

54)  s = [a  + b cos  {Ap -t  + a — ß))c os  {pt  — a) 

— b sin  {Ap  • t + a — ß)  sin  {pt  — a)f 

or  if  we  write 

a + b cos  {Ap  -t  + a — ß)  = A 
— b sin  {Ap  • t + a — ß)  = 

$ = -4  cos  {pt  — a)  + Bsm{pt  — a), 


$ = DcoB{pt—  a — e), 


where 

and 


£ = tan“1 


i 


JD  = YÄi 2  + B2  = { a 2 + b2  + 2a6  cos  {Ap  • t + a — ß)}  *. 


Accordingly  the  compound  Vibration  may  be  considered  as  a harmonic 
motion  of  variable  amplitude  and  ph&se,  the  amplitude  varying  from 

a + b to  a — b,  with  the  period  and  frequency  ~ equal  to  the 

difference  of  the  frequencies  of  the  two  constituents.  The  phenomenon 
of  beats  or  interferences  is  represented  graphically  in  Fig.  34. 
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In  the  case  of  free  and  forced  vibrations  coexisting  [equation  52)], 
we  have  at  the  beginning  beats  which  gradually  die  away  owing  to 

_-kt 

the  factor  e 2 in  the  free  Vibration,  leaving  only  the  forced  Vibration. 


This  is  shown  in  an  interesting  manner  by  a tuning  fork  electrically 
excited  by  another  fork  not  quite  in  nnison  with  it,  the  phenomenon 
of  a single  driven 
fork  apparentiLy 
prodncing  beats 
with  itself  being 
very  striking  (Fig. 

35).  It  will  be 

noticed  that  the  first  maximnm  is  greater  than  the  steady  amplitude. 

The  greater  part  of  this  section  and  the  preceding  is  taken 
frora  Rayleigh’s  Theory  of  Sound. 


Fig.  85. 


45.  General  Theory  of  small  OsolUations.  Having  now 
set  forth  the  general  characteristics  of  vibrations  excuted  by  Systems 
possessing  one  degree  of  freedom,  we  will  now  treat  the  problem  of 
the  small  vibrations  of  any  System  abont  a confignration  of  equili- 
brium  after  the  manner  of  Lagrange,  who  first  investigated  it. 

Snppose  a System  is  defined  by  n parameters  q19  q%9 . . . q„.  Its 
potential  energy  will  depend  only  on  the  Coordinates  q9  and  develöping 
by  Taylor’s  Theorem, 


r—n 


n s=n 


56)  w-w,+2*(li\+i2  2* 


0*  W 


r= 1 t= 1 


d<lrdq. 


where  the  snffix  zero  denotes  the  value  when  all  the  q1  s are  zero. 
Snppose  that  this  is  a confignration  of  equilibrium,  then  W is  a 

minimum  or  maximnm  and  every  e(llia^8  zero«  ThuB  W—  W0 


beging  with  a quadratic  fnnction  of  the  g’s.  If  the  motion  is  small 
enongh  we  may  neglect  the  terms  of  higher  Orders  of  small  quantities. 
Accordingly,  neglecting  the  constant  W0  (for  the  potential  energy 
always  contains  an  arbitrary  constant  which  does  not  affect  the 
motion),  we  shall  pnt  W a homogeneous  quadratic  function  of  the  g’s 
with  constant  coefficients, 
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If  the  equilibrium  is  stable  the  potential  energy  must  be  a minim  um 
so  that  the  constants  crt  will  be  such  that  the  quadratic  function  W 
is  positive  for  all  possible  values  of  the  variables  q . 

The  kinetic  energy  will  be  a quadratic  function  of  the  time 
derivatives,  q[ , q*,  . . . qh, 

58)  T=2‘f  f 

r==  1 *=1 


where  the  ei s are  functions  of  the  Coordinates  q alone.  We  may 
develop  the  functions  ar9  in  series,  thus  one  term  of  the  sum  becomes 


/ 


and  since  the  velocities  qr  are  small  at  the  same  time  as  the  Co- 
ordinates q , we  may  negleCt  all  the  terms  within  the  braces  except 
that  of  lowest  Order  a°ra,  therefore  we  may  consider  the  a’s  as 
constants.  If  we  have  besides  the  conservative  forces  of  restitution, 
arising  from  the  potential  energy  W,  non- conservative  resistances 
which  are  linear  functions  of  the  velocities,  we  may  make  uae  of  a 
dissipation  function  F}  § 39,  such  that  the  dissipative  force  correspond- 


ing  to  the  coordinate  qr  will  be  — 


dF 

dq'r' 


We  thus  have  the  three 


homogeneous  quadratic  functionB  with  constant  coefficients, 


r=  n t=n 

122- 

r—1  s=l 


Qr  2i 


Each  of  these  has  the  property  of  being  positive  for  all  possible 
values  of  the  variables  of  which  it  is  a function.  The  a’s  may  be 
called  coefficientß  of  inertia,  the  c’s,  coefficients  of  stifEness,  and 
the  x’s,  coefficients  of  viscosity  or  resistance.  We  may  now  form 
Lagrange’s  equations  for  any  coordinate  qr. 


dpr 

dt 


dW  dF 
8qr  ~ dq'r’ 


dT 


61) 

where 
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dT 

Pr  = ^TTT  = CtrlQl  + Q>r2<Li  + * • • + O'rnQrt) 


Hl 

dW 

dF 

dq'r 


= CrlQl  + Cr2<l2  H * + Crnqnf 

= XrlQl  + H 1"  *rn£il* 


Inserting  these  values  in  our  differential  eqnation  we  have,  performing 
the  differentiation  by  t, 


dtql 

+ 

d*<[t 

'*  + 

d'i„ 

ar  i 

dt * 

°rt  llt * 

^rn 

dt * 

+ 

dqt 

+ 

dqt 

+ * 

■ ’ + 

di„ 

*r  1 

dt 

XrS  dt 

Xrn 

dt 

+ 

CrV 

2i 

+ 

Cr  2 Qi 

+ ’ 

Crn 

2 » = 

a linear  differential  eqnation  of  the  second  Order  with  constant 
coefficients.  We  have  one  such  eqnation  for  each  coordinate  qr.  As 
in  the  case  of  one  variable  we  may  find  a particular  solution  by 
assoming  for  each  coordinate 

qr  = 

the  X being  the  same  constant  for  all  the  q’a.  Inserting  these  values 
in  63)  we  obtain,  affcer  dividing  by  the  common  factor  eXi, 

-Ai  (flu  X*  + X + ctl ) H h An(ainX2  + x±„Z  + Ci„)  = 0, 

Ax  (a21  X2  + X + c21)  + • — f-  An  (a%n)?  + x%n X + £2«)  = 0, 

64)  


Al  (a„ iX2  + Xn\X  + Cn i)  + * \-  An  {ctnnX2  + xnnX  + cnn ) = 0. 


These  are  linear  eqnations  in  the  Ä s and  snffice  to  determine  their 
ratios  when  X is  known.  In  Order  that  they  may  be  satisfied  by 
other  than  zero  values  of  the  A’s,  the  determinant  of  the  coefficients 
must  vanish,  namely, 


^ “I"  ^11  X ) • • • Q>lnX2  “f"  %l  nX  ”f”  Clti  ' 

1 = 0. 


Cln  1 X2  “j”  Xn  i X 4 Cn  i y ■ • • Mn nX  "t*  Knn  x + Cnn 


This  is  Lagrange’s  determinantal  equation  for  X.  It  is  of  degree  2n 
and  does  not  contain  odd  powers  of  JL  if  F=0.  We  shall  denote 
its  roots  by  Xu  X^, . . . X% nj  which  we  shall  suppose  are  all  different. 
We  shall  first  prove  that  none  of  the  roots  are  real  and  positive. 
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If  we  multiply  the  r‘h  equation  64),  which  may  be  written 

i=  n s = n a=n 

64)  Xa  yartA.  + X^Xr.A,  +^cr,A,  = 0 

3 = 1 3 = 1 3=1 

by  Ar  and  take  the  sum  for  all  the  r’s,  we  obtain 


r= n 3=n 


r=n 3=n 


r = n 3**« 


11  2 2ar,ÄrÄ‘ + 2 2*r,ArA‘  +2  2Cr,ArAt = °- 


r=l  3=1 


r=l  3 = 1 


r=l  3=1 


The  double  sum  by  which  >L2  is  multiplied  is  the  value  of  the 
function  2 T when  for  eyery  ql  is  substituted  Ar.  We  shall  denote 
this  by  2T(A).  Similarly  the  coefficient  of  X is  2F(A),  and  the 
constant  term  or  that  independent  of  X is  2 W (A).  But  by  the 
fundamental  property  of  the  three  functions  each  must  be  positive 
for  every  set  of  yalues  of  its  variables.  The  equation  66)  thus  written. 


67)  X*T(A)  + XF(A)  + W(A)  — 0 

shows  at  once  that  X cannot  be  real  and  positive,  for  that  wonld 
involve  the  sum  of  three  positive  terms  being  zero. 

Secondly  if  F = 0,  that  is  if  there  is  no  dissipation, 

2 2 

A 1\Ä) 

which  is  negative  and  X is  a pure  imaginary.  In  this  case  elt  and 
e~Xt  are  replaced  as  above  by  trigonometric  functions  representing 
an  undamped  harmonic  oscillation  of  the  same  period  for  all  the 
Parameters  q . 

Thirdly,  if  F is  large  enough  X can  be  real  and  negative.  In 
this  case  each  parameter  q gradually  dies  away  to  zero,  the  rate  ot 
dying  away  being  the  same  for  all.  This  corresponds  to  case  I ot 
the  preceding  section. 

Fourthly,  in  the  limiting  case  of  a System  devoid  either  of 
inertia  or  of  stiflhess,  so  that  T or  W is  zero,  F not  zero,  instead 
of  a pair  of  roots  we  have  a single  one  which  is  real  and  negative, 
so  that  the  motion  dies  away. 

Fifthly,  in  other  cases,  that  is  when  neither  T,  F}  nor  W vanisb 
and  F is  not  too  large,  X is  complex.  This  is  the  most  frequent 
case  in  practice. 

We  shall  prove  that  the  real  part  of  X is  negative.  When  the 
value  of  any  root  X is  determined,  the  equations  64)  determine  the 
quantities  Ar  except  for  a common  factor.  If  complex  values  enter, 
since  any  equation  which  involves  i will  also  hold  good  if  « be 
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changed  to  — i,  changing  any  root  X to  its  conjugate  X causes 

every  A to  change  to  its  conjugate  Af.  Let  us  accordingly  write 

• • • 

X = p + iv,  X' = 11-  iv, 

* Är  = tCr  + *ßr,  Ai-  = <L- ~ ißt- 


Let  us  now  apply  the  method  that  gave  us  equation  66),  except 
that  we  multiply  the  equatiops  64)  containing  X by  the  An s corres- 
ponding  to  X ',  obtaining 


r=  n i=« 


n i=n 


r= n s=n 


69)  X*2j  ^ar,ArX  + 2Xr,ArJ^  +2 


= 0. 


r = 1 *=1 


r=l  * = 1 


r=  1 * = 1 


In  this  equation  any  coefficient  ar9  appears  in  the  two  terms  for 
which  r =p,  s=*t  and  also  r = t,  s=p,  so  that  the  sum  is 


dpt{‘ApAt  + AtA!p\, 

or  substituting  the  values  of  the  A\ 

dpt  {(dp  + ißp)  (at  — ißt ) + (cct  + ißt ) (dp  — ißp)} 

= 2 dpt  (dp dt  -f“  ßpßt ) • 

Accordingly  using  a notation  similar  to  that  before  employed  equa- 
tion 69)  is 


70)  1*  [T(a)  + T(ß)]  + X [. F(a ) + FQ J)]  + W(a)  + W(ß)  - 0. 

* • ♦ • * 

Now  performing  the  same  process  on  equations  64)  with  the  root  X 
and  multiplying  by  the  Al  s we  obtain 


71)  X » [. T(a ) + T(ß)]  + X l F(a ) + F(ß)]  + W(a ) + W(ß)  - 0. 


Then  X and  X are  roots  of  the  same  quadratic. 
their  sum 


X X = 2/u- 


F(«)  + F(ß) 

m+m9 


We  therefore  haye 


so  that  is  negative.  The  solution  therefore  represents  a damped 
Vibration,  as  in  case  II  § 43,  the  period  and  damping  being  the 
same  for  all  the  g’s.  For  another  treatment  of  Lagrange’s  determinant 
see  Note  Y. 

Having  obtained  all  the  roots  X , by  Substitution  of  any  one  Xr 
in  the  equations  64)  we  obtain  the  ratios  At : A^ : • • • : An.  For  each 
value  of  Xr  we  obtain  a different  set  of  ratios.  We  will  distinguish 

the  values  belonging  to  Xr  by  an  upper  affix  r,  so  that  Ara  means 

the  coefficient  of  eXr*  in  the  coordinate  q9. 

The  theory  of  linear  differential  equations  shows  us  that  for  the 
general  solution  we  must  take  the  sum  of  the  particular  solutiQns 

T*  jL  t 

A,e  r for  all  the  roots  Xr , so  that  we  obtain 

W EBSTEB , Dynamics. 
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qx  = Ale*1'  + J^e**'  + • • • + 

& = J^e*1'  + J^e**' H K J^ne*tn'} 

73)  


qn  -Aie*1'  + £eKt  + • • • + iJV»*' 

1t  is  to  be  noticed  that  the  ratios  of  tbe  Äs  in  any  column 
have  been  determined  by  the  linear  equations  64),  so  that  there  is 
a factor  which  is  still  arbitrary  for  each  oolumn,  that  is  to  say, 
2n  in  alL  We  may  now  replace  the  exponentials  by  trigonometric 
terms.  The  appearance  of  the  terms  with  conjugate  imaginaries 

Ar*1*  + Ä eXi  =—  2e* u ( ccr  cos  vt  — ßr  sin  vt) 

leads  to  the  disappearanoe  of  imaginaries  from  the  result.  Ghanging 
the  notation  we  will  accordingly  write 

qt  = B\ cos ( yxt  — + B\ e ^ cos  (v^t  — s8)  H 

+ B^e^  cos  (ynt  — £n), 

q2  B\ eMl*cos  (vxt  — sx)  + B\ e **** cos  (vst  — Sg)  H 

74)  + #2*  n*  cos  (vnt  — £n), 


qn  = Ble*1'* cos  — + Ble*1**  coa(y%t  — a2)  H 

+ Bn  eMniC09  ( vnt  — sn). 

If  these  be  substituted  in  the  differential  equations  it  will  be 
found  that  the  B’ s satisfy  the  same  linear  equations  as  the  -4’s. 
Each  column  then  contains  an  arbitrary  constant  as  before  in  the  B * 
and  a second  arbitrary  constant  in  the  e belonging  to  the  column. 
We  may  therefore  state  the  general  result:  — The  motion  of  any 
System,  possessing  n degrees  of  freedom,  slightly  displaced  from  a 
Position  of  stable  equilibrium  may  be  described  as  follows:  Each 
coordinate  performs  the  resultant  of  n damped  harmonic  oscillatiom 
of  different  periods.  The  phase  and  damping  factor  of  any  simple 
oscillation  of  a particular  period  are  the  same  for  all  the  Coordinates. 
The  absolute  yalue  of  the  amplitude  for  any  particular  coordinate  is 
arbitrary,  but  the  ratios  of  the  amplitudes  for  a particular  period  for 
the  difFerent  Coordinates  are  determined  solely  by  the  nature  of  the 
System,  that  is,  by  its  inertia,  stifEness  and  resistance  coefficients 
The  2n  arbitrary  constants  determining  the  n amplitudes  and  phases 
are  found  from  the  yalues  of  the  n Coordinates  q and  yelocities  q 
for  a particular  instant  of  time. 
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We  further  notice  that,  since  the  different  periods  depending 
upon  v are  derived  from  the  roots  of  an  algebraic  equation,  they 
are  not  in  general  commensurable , so  that  the  motion  is  not  as  a 
whole  generally  periodic.  For  instance  in  the  case  of  Lissajous’s 
curves  described  in  § 19,  nnless  the  two  periods  are  commensurable 
the  curve  will  never  close.  In  the  case,  however,  of  the  spherical 
pendnlnm  performing  small  oscillations  the  periods  of  the  two  Co- 
ordinates were  equal,  so  that  the  path  became  a closed  curve,  an 
ellipse. 

There  is  one  set  of  Coordinates  of  peculiar  importance.  For 
gimplieity  let  us  snppose  there  is  no  dissipation,  F*=Q.  Let  us 
make  a linear  transformation  with  constant  coefficientB,  putting 

— Yn  9i  + Yn  ’ * + rm<Pn, 

Sl  — Ytl  9l  + y»  9t  + 1“  Y*n<Pn, 

75)  


2n—  Ynl^Pl  + Yn2<ft  + * * ’ + T'nn^Pn- 

Differentiating  by  t the  q ’s  are  obtained  from  the  tpns  by  the  same  /r\ 
Substitution.  It  is  shown  by  algebra  that  we  may  determine  the  Y - ' 
coefficients  y in  such  a way  that  the  two  quadratic  functions  T \ 
and  W are  simultaneously  transformed  to  sums  of  squares.  the  product 
terms  being  absent.  Supposing  this  done  we  have 


76) 

Then  we  have 


+ «8^*  + • ••  + «»?>»*), 
W = 4 (Ci 9*  + q>t*  H h 

Pr  = ar  <p'r 


and  our  differential  equations  63)  are 

d*<p 

77)  Or  + Cr^Pr  ==  ^ 

and  the  integrals, 


(pr  = Ar  cos 


Br 


In  other  words,  each  coordinate  qp  appears  in  its  own  differential 
equation  entirely  separate  from  the  rest,  and  performs  a harmonic 
Vibration  independent  of  the  others  with  its  own  period.  The  qp's 
are  called  normal  or  prindpal  Coordinates . The  q’ s being  linear  func- 
tions of  the  qp’s  describe  compound  harmonic  oscillations.  A Vibration 
in  which  all  the  normal  coordinatea  but  one  vanish  is  called  a normal 
Vibration.  The  effect  of  this  on  the  q’ s is,  if  every  qp  equals  zero 
except  q p„  to  make 


ll* 
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«i  = Vu  9» 

4i  = ru<p„ 

79)  .... 

• • • • 

that  is  in  a normal  Vibration  all  the  Coordinates  of  whatever  son 
are  in  ratios  constant  throughout  the  motion,  or  the  Solutions  74 
are  reduced  to  a single  column.  The  motion  is  then  completely 
periodic,  all  the  Coordinates  passing  through  the  equilibrium  values 
simultaneously.  We  may  thus  describe  the  general  motion  as  the 
resultant  of  n normal  oscillations.  The  normal  Coordinates  have  the 
property  that  the  energy  of  any  Vibration  is  the  sum  of  the  energies 
of  the  separate  normal  vibrations,  for  substituting  78)  in  76)  we  have 

80)  r+ir-±(eljt*  + vV  + ---  + *-V)- 

46.  Vibration  of  a String  of  Beads.  Contüraous  String. 

As  an  example  of  the  preceding  theory  let  ns  consider  the  problem, 
solved  by  Lagrange1),  of  the  motion  of  a string  on  which  are 
fastened  a number  of  beads  of  equal  mass  equidistant  from  each 
other  and  from  the  ends  of  the  string,  the  masB  of  the  string  being 
neglected  in  comparison.  Let  the  number  of  beads  be  n,  the  mass 
of  each,  m,  the  distances  apart,  a,  and  the  length  of  the  string. 
I =5  (n  + l)a.  Suppose  for  simplicity  the  motion  of  each  bead  takes 
place  in  a straight  line  at  .right  angles  to  the  stretched  string,  all 
the  displacements  yr  being  in  the  same  plane.  Then  the  kinetic 
energy  is 

81)  T = f(y;*  + yi*  + ...+  y'*). 

The  coefficients  of  inertia  are  the  same  for  all,  equal  to  the  mass  of 
any  bead.  The  displacements  being  small  quantities,  the  length  of 
the  string  connecting  any  two  beads  is  equal  to  a plus  small 
quantities  of  the  second  order  which  will  be  neglected.  The  tension 
of  the  string  will  thus  be  considered  constant  and  equal  to  5 
Neglecting  the  weight  of  the  beads  the  only  forces  acting  on  a bead 

are  the  compon- 
ents  of  the  tension 
of  the  two  ad* 
jacent  portions  oi 
the  string  in  the 
direction  of  the 

displacement  y,  Fig.  36.  To  find  the  component  we  have  to  multiph 
the  tension  by  the  cosine  of  the  angle  made  by  the  displacement 

1)  Lagrange,  Micanigue  Analytique , Tom.  I,  p.  390. 
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with  (he  segment  of  the  string,  which  is  the  difference  of  two  con- 
secutive  displacements  divided  by  a.  Accordingly  the  force  on  the 
rth  bead  is 

82)  -f  {(yr-t  - yr)  + (yr+1  - yr)}  — 
from  which  we  obtain  the  potential  energy, 

83)  W=  ~ {yx2  + (ys  — y,)2  + (y8  — yt)*  H 1-  y»2}. 

It  will  be  seen  (hat  the  j^s  are  not  normal  Coordinates  since  prodnct 
terms  appear  in  W. 

Forming  the  differential  equations  of  motion  we  obtain 


84) 


m 


m 


S 


<**y, 

dt 1 

dt1'  • a 


+ (yi-o  + yi-ys)  = o, 


a 

S 


+ v (y*  - yi  + & - y»)  = 


d%y  8 

m ~d t^  + ~a  ^ n ~ + y«  “■  ^ 


Now  putting  yr  = ÄreXt  and  collecting  according  to  the  A’b  we 
obtain 

(mA2  + ^)j1-  f ^s  = °, 

86)  S iS\  . S 


- « Ai  + (mX'  + \ ^ — n A = °> 


or,  dividing  through  by  ~ and  putting 


2 + S^’-C, 


CA±  — Aa  + 0 + ■ ■ = 0; 

— A j C A%  — Aa  -{-  0 — = 0, 


0 — A^  + GAß  — A4  + 0 + ••  • = 0, 


The  determinantal  equation  for  X is 


G , 

• 

-1, 

0 , 

o, 

0 , . . . 

-1, 

G , 

-1, 

0, 

0 , . . . 

0 , 

-1, 

G , 

-1, 

.0  , . . . 

o, 

• 

o, 
• • 

-1, 
• • 

G , 

• • 

1, 1 • • 

n rows. 
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Expanding  the  determinant  in  terms  of  its  first  minors  we  have 

89)  D»  388  (7Z)*_- i — Dn—%. 

This  equation  between  three  consecutive  determinants  of  the  same 
form  suggests  a trigonometric  relation,  namely,  making  ose  of  the 
relation 

sin  (a  + b)  + sin  (a  — 6)  = 2 sin  a cos  b, 


with  b = fr,  a = nfr,  we  have 

sin  (n  + 1)  fr  + sin  (n  — 1)  fr  = 2 sinn#  cos  fr. 

Oomparing  this  with  the  formula  89), 

Dn  + CDn— i, 

we  see  that  they  are  identical  if  we  put 

(7=2  cos  fr,  Dn  = c sin  (n  + 1)  fr, 
where  c is  independent  of  n.  To  find  it  put  n = 1, 


Accordingly 

90) 


Dt  = C = 2 cos  fr  = 


sin  2#’ 

■■■  • 

sin# 


Bin  (n  + 1)  fr 
sin  fr 


If  this  is  to  vanish  we  must  have 


(n  + 1)#  = kit, 

where  k is  any  integer  (not  a multiple  of  w + 1,  to  prevent  Bin  fr  in 
the  denominator  from  vanishing).  Introducing  the  values  of  fr  thus 
found  we  obtain 

91)  (7  = 2 + = 2 cos  fr  = 2 cos  %, 

from  which 


• sin 


_k 

2 (w  + 1) 


Jt. 


Letting  k = 1,  2,  3, ...  n,  we  obtain  n different1 
frequencies  proportional  to  the  abscissae  of 
points  dividing  a quadrant  into  (n  + 1)  eqnal 
parts,  Fig.  37.  Giving  k other  values  not 
multiples  of  (»  + 1),  we  shall  merely  repeat 
these  frequencies.  There  are  accordingly  a 
different  frequencies  for  the  vibrations. 

We  may  arrive  at  the  same  result  by 
noticing  that  the  linear  equations  for  the 


— Ar— 1 + (7  Ar  — Ar-}- 1 = 0, 


87) 


46] 
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At  = Psins-fr, 

where  P is  a constant,  making  use  of  the  same  trigonometric  for- 
mula  as  before.  Accordingly  let  ns  substitnte  in  the  differential 
eqnation  - * 

ma  d*v 

84)  — yr- 1 + -g-  -gjf  + 2 yr  — yr+i  — 0 

the  Solution 

93)  yr  = P ßin  rfr  cos  ( vt  — s). 

Every  term  will  contain  the  same  cosine,  so  that  dividing  ont  we  have 


— sin(r— 1)0*  + 2 ^1  — • siRr-fr  — sin(r  + l)fr 

which  is  an  identity  if 


*0, 


givrng 


i war  ~ 

1--ST3"0«*, 


2 8 


v%  = — (1  — cos  fr), 
ma v 

as  before,  92).  The  complete  solntion  is  then 


$=n 


94) 


Vr  =2  P‘  SiU  009  ^ ~ “•)» 


9=1 


with  the  2n  arbitrary  constants  Po«.  to  be  determined  by  the  initial 
displacements  and  yelocities. 

Consider  the  case  first  in  Order  of  simplicity,  n eqnals  2.  Then 


Thns  the  freqnency  of  the  higher  pitched  Vibration  is  in  the  r&tio 
of  )/3 : 1 =*=  1.732  to  that  of  the  lower,  — somewhat  more  than  the 
mnsical  interval  of  a sixth.  In  this  particolar  case  it  is  easy  to  find 
the  normal  Coordinates.  Writing 

| (* + y»)>  & = <*>!  + <pi,  jfi  — W + ft'» 

96)  1 

<Pt  = ä (fc  “ ys  = - <jps,  y% =■  W - <p»', 

we  obtain 

W-  + (*-*)»  + yfl  = 4(^+30, 


97) 
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ao  that  the  qp’s  are  normal  Coordinates.  Forming  the  differential 
equations, 


d'Vl  S ft 
m -T7T-  + — 9>1  = o, 


dt * 
d*<pt 


. 85  n 

+ — <Pt  = 0, 


99) 


A.« 

ma 


t 


-“i)> 


98) 

m - 

dt*  a 

the  integrale  of  which  are 

9»!  = At  cos  (]/^ 

agreeing  with  the  above  result 

The  two  normal  vibrations  are  found,  the  first  by  pntting  <jps=0, 
— in  this  case  yt  = y2  and  the  two  beads  swing  together,  the  second 
normal  Vibration  by  (p1  = 0,  y2  = — ylf  and  the  two  beads  swing  in 
opposite  directions  with  a frequency  ]/3  times  as  great  as  before. 
The  middle  point  of  the  string  is  now  at  rest,  or  forme  a node. 

The  general  case  above  treated  is.very  interesting  when  wepass 
to  the  limit  as  the  number  of  beads  is  increased,  giving  ns  the  case 
of  a continnons  string,  of  the  greatest  importance  in  the  theory  of 
musical  instruments. 

Let  us  introduce  in  equation  94)  the  distance  of  the  bead  from 
one  end  of  the  string, 

x = r • a = 

Accordingly  94)  becomes 


rl 

n-f 1 


«=n 


100) 


y(x)  = ^ P.  sin  ^ cos  (y,t  — a,) . 
* = 1 


A glance  at  Fig.  37  shows  ns  that,  as  we  increase  n,  the  ratios 
at  least  of  the  smaller  freqnencies  approach  those  of  the  integere, 
1,  2,  3, . . ..  By  passage  to  the  limit  we  may  demonstrate  that  this 
is  exactly  true  for  all  the  freqnencies. 

If  q be  the  line  density  of  matter  of  the  continnons  string,  that 
is,  the  mass  per  unit  length,  we  have 

qI  = lim  («  + 1 )m. 

n— co 

Accordingly  since 

l — (m+  1)o, 

we  have  in  the  limit 

el* 

am  — . - ..  • 

(n  + 1)* 

Introdncing  this  into  the  Talue  of  v„  92), 


101) 


v,  — 2 1/^  lim  sin ; 

V <?„=«>  1 ' 


sn 


2(»«  + l) 


GRADUAL  PASSAGE  TO  LIMIT. 


169 


As  n ihcreases  without  limit  y preserves  its  form,  while  v9  approaches 
the  Hmit 

102)  •'•-TV?'1) 

We  have  therefore  for  the  continuous  string, 

103)  y — ^ P, sin cos  (*-%■ ~j/y  • t — «,). 

The  frequencies  of  the  different  terms  of  the  series  are  in  the  ratios 
of  the  integers.  Such  partial  vibrations  are  called  hcvrmonics  or 
overtones  of  the  lowest  or  fundamental,  for  which  s = 1.  Since,  if 
we  consider  a single  term  of ■ the  series,  the  excursions  of  all  the 
partides  are  in  the  same  ratios  throughout  the  motion,  we  see  that 
the  harmonics  are  normal  vibrations.  On  account  of  the  factor 
depending  upon  x the  sth  harmonic  has  nodes  for 

l 21  (s~i)l 

X — — > • • • —} 


or  at  any  instant  the  string  has  the  form  of  a sine  curve  and  is 
divided  by  nodes  into  s Segments  vibrating  oppositely,  generally 
known  as  ventral  segments. 

In  order  to  show  how  rapidly  the  string  of  beads  approximates 
to  the  motion  of  a continuous  string,  the  following  table  from 
Rayleigh’s  Theory  of  Sound  is  inserted.  It  is  to  be  noticed  that  it 
does  not  give  exactly  the  ratios  of  the  frequencies  on  account  of  the 
variable  factor  s under  the  sine  in  v9)  but  it  approximately  does  so, 
and  for  the  fundamental,  s = 1,  it  gives  exactly  the  ratio  of  frequency 
for  n beads  to  that  of  the  continuous  string. 


n 

2 

3 

4 

9 19  j 39 

1 ' 1 

2 (n  -4- 1)  . ä 

1 — sm- — r— 

it  2 (n  -f  1) 

•9003 

•9549 

• 9745 

•9836 

•9959  -9990 

•9997 

By  means  of  an  extension  of  the  above  method,  Pupin  has  treated 
the  problem  of  the  vibrations  of  a heavy  string  loaded  with  beads, 


1)  Writing  the  factor 


since 


/ . 

2Tm 2 («  + !)/  2(«  + l)j’ 


in  the  form 

8 It  / 87C  \ 


..  sm# 
lun = 1, 

x=o  x 


we  obtain  the  resnlt. 
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both  for  free  and  forced  vibrations,  and  by  an  electrical  application 
has  solved  a very  important  telephonic  problem.1) 

On  account  of  the  importance  and  typical  natnre  of  the  problem 
of  the  continuous  string,  we  shall  also  solve  it  by  means  of  Hamilton’s 
Principle.  Replacing  the  length  of  a segment  a by  the  differential  dx, 

writing  qdx  for  the  mass  m,  and  for  y\  (partial  derivative  becanse 

y depends  npon  both  t and  x),  and  for  the  sum,  the  definite  integral, 
we  have  the  kinetic  energy 

i°4) 

0 

Similarly  in  the  potential  energy  the  limit  of  the  term 


so  that  the  potential  energy  becomes 

105)  W-lfidffds. 

o 

As  the  nnmber  of  degrees  of  freedom  is  now  infinite  wo  are 
not  able  to  use  Lagrange’s  equations,  bnt  we  can  nse  Hamilton’s 
Principle,  which  inclndes  them. 

j/(T  - W)  dt  - \f«t  ■ tf  { » (|f)*-  8 0’  \ ** 

106)  * ,,  , '• 

to  0 

Integrating  the  first  term  partially  with  respect  to  t and  the  second 
with  respect  to  x, 


The  Variation  Sy  is  as  usual  to  be  put  equal  to  zero  at  the  time 
limits,  and,  as  the  ends  of  the  string  are  fixed,  Sy  equals  zero  at 

1)  Pupin,  Ware  Propagation  over  non -uniform  Electrical  Conductors. 
Trans.  American  Mathematical  Society,  I,  p.  269,  1900. 
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the  limits  for  x also,  consequently  we  must  have  the  factor  of  the 
arbitrary  Öy  vanish,  that  is, 


Patting  — =»  a*  we  haye  the  partial  differential  equation  for  the 
motion  of  the  continuous  string, 


d*y 

dx*J 


which  may  also  be  obtained  from  the  ordinary  differential  equa- 
tions  84)  by  passage  to  the  limit  in  an  obvious  manner. 

The  passage  from  n ordinary  differential  eqnations  to  a single 
partial  differential  equation  when  n is  infinite  ia  worth  noting  as  a 
type  of  a phenomenon  of  frequent  occnrrence.  At  the  same  time  the 
notion  of  normal  yibrations  giyes  rise  to  that  of  normal  fundions. 
To  find  a normal  Vibration  let  ns  find  a particular  solution  of  109), 

110)  y = X(x)  ■ 9(0, 

where  the  two  fhnctions  contain  only  the  variables  indicated.  This 
satisfies  the  definition  of  a normal  Vibration,  since  the  ratios  of  dis- 
placements  of  the  different  points  are  the  same  throughout  the 
motion.  Inserting  in  the  differential  equation  we  obtain 


ui) 


X 


Dividing  by  X<p  we  have 


d*<p 

dt* 


a*qp 


d*X 

dx* 


1 d*<p a*  d*X 

<p  dt1 * * * * * * *  9 X dt* 


Since  one  side  depends  only  on  x and  the  otheor  only  on  t,  which 
are  independent  variables,  this  can  hold  only  if  either  member  is 
constant,  say  — where  v is  arbitrary.  Thns  we  have  the  two 
eqnations 


d*q> 

~dF 

d*X 
dx * 


+ v%a%  y-0, 


+ i/*X  = 0. 


The  first  of  these  shows,  like  77),  that  q>  is  a normal  coordinate. 
Its  integral  is 

113)  <jp  = C cos  ( vat  — «), 
the  integral  of  the  second  is 

114)  X = A cos  vx  + B sin  vx. 

The  normal  Vibration  is  accordingly  represented  by 

115)  y * ( A cos  vx  + B sin  vx)  cos  ( vat  — «), 
the  arbitrary  constant  C being  merged  in  A and  B. 
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Since  for  all  values  of  t}  y — 0 for  x = 0,  we  must  have  A = 0y 
and  since  y =*  0 for  x — l,  we  must  also  have  jBsinW  = 0,  that  is 


116)  vl=*sit, 

where  s is  any  integer,  accordingly  we  obtain  for  the  sth  normal 
Vibration, 

S7C 

V,=  T, 


and  the  Vibration  is  giyen  by 

d ^ *T>  • STtCC  \ 

118)  y = B,  sin -j-  cos  I — j a,f . 

The  general  solution  is  therefore  represented  as  an  infinite  series  of 
normal  vibrations, 

1 a 90 

1 T)  • SltX  \ 

103)  y = Si  B, sin  — cos  — <*ij, 

«=i 

the  arbitrary  constants,  B$,  a4,  being  determined  by  the  initial  dis- 
placements  and  velocities.  In  Order  to  determine  them  let  us  make 
use  of  the  other  fundamental  property  of  normal  Coordinates,  namely, 
that  the  energy  fonctions  do  not  contain  product  terms.  Let  us  write 


119) 

then 


y 


$=93 

=2x.<p., 


1=1 


120)  / > (|f)W ** 

0 o 

l l 

= l-  <p[*f  X*dx  + | Xt*dx  + -- 


+ q Vt J 2Ci  Xt  dx  + • • • • 

0 . 

Inasmuch  as  product  terms  in  the  q>’  ’s  are  not  to  appear  we  must  have 


121) 


l 

J XrX,dx  = 0 
0 


(r  «4*  s). 


Putting  Xr  equal  to  sin^p  this  result  is  at  once  verified  by  Inte- 
gration. The  property  of  normal  functions  expressed  by  equation  121) 
is  of  fundamental  importance  in  the  theory  of  developments  in  infinite 


NORMAL  FUNCTIONS. 
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series.  We  may  now  make  use  of  it  to  obtain  the  constants  in  the 
series  above.  Putting  t = 0 and  writing  B,  cos  a,  = At,  we  have 

X 

122)  y(0)  =^A,  sin  y x = f(x). 

1=1 

The  problem  is,  f being  an  arbitrary  function  of  x to  find  the 
coefficients  in  the  development  in  the  trigonometric  series.  To  find 
the  coefficients  Ar  mnltiply . the  equation  122)  by  the  rth  normal 
function  and  integrate  from  0 to  l9  giving 

i i 

123)  ^ f(x)  sin  dx  = ^ A, ^ sin  sin  ^^dx, 

o o 

and  by  the  property  just  fonnd  the  integral  on  the  right  vanishes  in 
every  term  except  that  in  which  r —s . But 

i 

/*  aTltX  -t  i 

sin  *-rdx  = r 

0 

Therefore  we  have  the  valne  of  the  coefficient 

i 

124)  Ar  = 8^n  dx. 

o 

We  are  thus  led  to  a particular  case  of  the  remarkable  trigono- 
metric series  associated  with  the  name  of  Fonrier.  Such  series  were 
first  considered  by  Daniel  Bernoulli  in  Connection  with  this  very 
problem  of  a vibrating  string.  This  determination  of  the  coefficients 
was  given  by  Euler  in  1777.  The  importance  of  the  series  in 
analysis  was  first  brought  out  by  Fourier  who  insisted  that  such  a 
series  was  capable  of  representing  an  arbitrary  function,  as  had  been 
maintained  by  Bernoulli,  but  doubted  by  Euler  and  Lagrange. 


47.  Porced  Vibratlons  of  General  System.  Let  us  now 

briefly  consider  the  question  of  forced  vibrations  of  the  general 
System  of  § 45. 

Suppose  that  there  is  impressed  upon  each  coordinate  a harmo- 
nically  varying  force, 

Fr  = Er  cos  pt, 

the  period  and  phase  being  the  same  for  all,  the  amplitude  Er  being 
taken  at  pleasure.  The  equations  are  most  easily  dealt  with  if,  instead 
of  proceeding  as  we  did  in  treating  equations  41)  and  42)  we  make 
use  of  the  principle  that,  in  an  equation  involving  complex  quantities, 
the  real  and  the  imaginary  parts  must  be  equated  separately.  Let 


174 


V.  0SCILLATI0N8  AND  CTCLIC  MOTIONS. 


us  therefore  put  instead  of  the  above  yalue  of  Fr  the  value  Ere ipi, 
whose  real  part  agrees  with  the  above,  and  having  found  a particular 
solution  of  the  differential  equation,  let  us  retain  its  real  part  only. 
Thus  we  have  instead  of  equations  68)  n equations  of  which  the  r**  is 


125) 


&rl 


+ *r: 


2i 

~dt* 

dqt 


+ Ori 


+ 


d*qt 
dt * 


H b «, 


H h % 


d'% 
rn  dt * 


1 de  ^ /vr*  dt  n r "rn  de 

+ Crljl  + Cr 9 Sa  H h Cri«2»  ==  Ereipt . 

Guided  by  the  result  of  § 44,  assuming 


2r  **  ) 

these  become 

ir-anp%+%llip  + c1^A1^ h (—  amp'+xtnip  + CiJAn^Ei, 

126) 

(—  ani  p*+  Xnlip  + Cnt)Ai-\ h (—  a»njP*+  X»«ijP  + Cnn)An  = .E». 


If  we  call  the  determinant  of  equation  65)  D(A)  and  the  minor 
of  the  element  of  the  rth  column  and  sth  row  Drt(X),  we  have  as 
the  solution  of  126) 

t=n 


*—l 

D(ip) 


Since  D(X)  ss  0 is  the  determinantal  equation  65)  for  the  free  Vibra- 
tion, whose  roots  are  Xi>  1,, . . . A»n,  we  have 

•=n 


128)  D(i)  ==  ca  - li)  (1  - i,)  . . . (1  - l»n)  = cJJ (X  - X,) 

1=1 


where  C is  the  proper  constant. 

* Accordingly  the  denominator  D(ip)  is 


«=» 


i=n 


129) 


-D(*|>)  »=  cJJ  (*2>  - 1.)  = cJJ  {-ii,  + i(p-  v.)\, 


«=1 


t=l 


The  minors  Dr$(ip)  are  polynomials  in  ip  and  the  numerators  are 
therefore  complex  quantities,  which  however  reduce  to  real  ones  if 
the  x’b  are  zero.  We  may  write 


* * — 

130)  ]>}Dr.(tp)E,  = Bre,*% 

where  2?r  and  #r  are  real  and  ranishes  with  the  x’s,  and  is  small 
if  they  are  small.  We  thus  have 
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131) 


where 


Ar  = 


B i 

r 


i$r 


B e 

r 


■(v®) 


»*=n 


«es- ft 


cTJi-V.  + iiP-*.))  cffp. 


«»1 


#**1 


P,  — Yn.*  + (p  — v,)*,  tan«,  = — 


p-v, 

P. 


Retaining  now  only  the  real  parts,  we  have  for  our  solntion, 

B. 


132) 


2 r — 


tr  COS^p«-f  &r 


«aa  n 


«=*1 


Thus  if  the  damping  coefficients  x are  small,  all  the  oscillations 
are  in  nearly  the  same  phase.  If  the  frequency  of  the  impressed 
force  coincideB  with  that  of  any  one  of  the  free  oscillations,  p — vt  = 0, 
and  one  factor  of  the  denominator  reduces  to  fiS)  so  that  if  the 
damping  of  that  oßcillation  is  small,  the  amplitude  is  very  large,  or 
infinite  if  there  is  no  damping.  This  is  the  case  of  resonance. 
(Resonance  may  also  be  defined  in  a slightly  different  manner  as 
occnrring  when  ip  is  one  of  the  roots  of  the  equation  D(X)  = 0 in 
which  all  the  x’s  have  been  put  equal  to  zero.  This  corresponds 
with  onr  example  in  § 44.  In  practical  cases  the  difference  is  very 
small.) 


48.  Cyelie  Motion«.  Ignoratlon  of  Coordinates.  In  certain 
large  classes  of  motions  some  of  the  Coordinates  do  not  appear  in 
the  expression  for  the  kinetic  energy,  although  their  velocities  may. 
For  instance  in  the  case  of  rectangnlar  Coordinates, 

T = {m(*,»  + r+VJ), 

the  Coordinates  themselves  x,  y,  z do  not  appear.  In  spherical  Co- 
ordinates, § 41,  133), 

9 does  not  appear  while  both  r and  -fr  do.  Further  examples  are 
fomished  in  the  case  of  Systems  in  which  throughout  the  motion 
the  place  of  one  particle  is  immediately  taken  by  another  equal 
particle  moving  with  the  same  velocity,  as  for  instance  in  the  case 
of  the  system  of  balls  in  a ball-bearing  (bicycle)  or  better  in  the 
case  of  a continuous  chain  passing  over  pulleys,  or  through  a tube 
of  any  form,  or  by  the  particles  of  water  circulating  through  a tube. 


176 


V.  OSCILLATIONS  AND  CYCLIC  MOTIONS. 


In  Order  that  this  condition  may  be  permanent  it  is  evidently 
necessary  that  the  path  traversed  by  the  successive  partides  shall  be 
reentrant,  or  that  they  shall  circulate.  Under  the  conditions  snpposed 
it  is  evident  that  the  absolute  position  of  any  particle  does  not  affect 
the  kinetic  energy,  for  throughout  the  motion  at  any  point  on  the 
path  of  the  particles  there  is  always  a particle  moving  with  the  same 
definite  velocity.  Ön  account  of  the  character  of  these  examples  the 
term  cyclic  Coordinates  has  been  applied  by  Helmholtz  to  Coordinates 
which  do  not  appear  in  the  kinetic  energy.  We  shall  when  necessary 
distinguish  cyclic  Coordinates  by  a bar,  thus 

133)  f = 0 

is  the  condition  that  q is  cyclic.  This  of  course  involves  that  every 

i34>  w - °- 

that  is  the  coefficients  of  inertia  do  not  depend  upon  the  cyclic  Co- 
ordinates. Thus  a cyclic  coordinate  is  characterized  by  the  fact  that 
the  corresponding  reaction  is  wholly  momental.  Examples  of  cyclic 
Coordinates  are  found  in  x,  y}  z,  qp,  above,  and  qp  in  the  case  of  plane 
polar  Coordinates. 

Inserting  equation  133)  in  Lagrange’s  equations  we  have 


d /dT\dpr  ___  p 
dt  \dq’J  “ dt  “ 


or  the  fundamental  property  of  a cyclic  coordinate  is  that  the  force 
corresponding  goes  entirely  to  increasing  the  corresponding  cyclic 
momentum.  If  the  cyclic  force  Pr  vanishes,  we  have 


136) 

and  integrating, 

137) 


d (dT\ 
dt  \d  q'J 


dT  - 

Cqi 2 *r~Pr  ~ °r' 


In  this  case  we  may  with  advantage  employ  a transformation  intro- 
duced  by  Routh1)  and  afterwards  by  Helmholtz8),  which  is  analogous 
to  that  invented  by  Hamilton  and  described  in  § 39.  By  means  of 
equations  53)  and  71)  § 39,  we  have  expressed  the  velocities  as 
linear  functions  of  the  momenta  with  coefficients  Rr#,  which  were 
functions  of  the  Coordinates,  and  have  thus  introduced  the  momenta 
into  the  kinetic  energy  in  place  of  the  velocities.  We  have  thus 
been  led  to  use  instead  of  the  Lagrangian  function  L = T — TF, 


1)  Routh,  Stability  of  Motion,  1877. 

2)  Helmholtz,  Studien  tur  Statik  monocycliecher  Systeme,  1884.  Ges.  Abh. 

HI,  p.  119. 
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whose  Variation  appears  in  Hamilton’s  Principle,  the  Hamiltonian 
function  H~T-\-W.  The  transformation  of  Ronth  and  Helmholtz, 
instead  of  eliminating  aM  the  m velocities  q*,  eliminates  a certain 
number,  which  we  will  choose  so  as  to  replace  those  having  the 
Suffixes  1,  2, . . . r,  by  the  corresponding  momenta,  bnt  to  retain  the 
velocities  with  Suffixes  r + 1, . . . m,  in  the  equations.  This  trans- 
formation, while  it  may  be  made  in  the  general  case,  is  of  particular 
advantage  where  the  eliminated  velocities  are  cyclic  and  the  corre- 
spondmg  momenta  conetant,  as  in  the  case  just  described. 

The  equations  53)  § 39  for  the  elimination  become  by  trans- 
position 

QllO[  + $1*2*  H b QlrQr=Pl  — (#l,r+l2r-bl  H h QlmQm)} 

i38)  ;;;;;;;;;;;;;;;;;;;;;;;;; 

QrlQX'^  Qr*qi  H h QrrQr  = Pr  — ((?r, r+1 2r+l  “I 1"  QrmQm )• 

It  will  be  convenient  to  write  the  right  hand  members  above, 

. Pl  &1>  • • * Pr  fir- 
Let  the  Solutions  of  equations  138)  be 

2lf  = (-Pl  — Sl)  + -Bis  (Pi  — St)  H h Bir  ( Pr  — Sr), 

139)  ;;;;;;;;;;;;;;;;;;;;;;; 

Qr  = -Rrl  (pi  — Si)  + Bri  (p$  — Si)  H H Brr  ( pr  “ Sr ); 

where  the  22 ’s  are  the  quotients  of  the  corresponding  minors  of  the 
determinant 

I Qu?  Ql*9  • • • ölr  I 


I Qrly  Qr9f  • • • Qrr  I 

by  the  determinant  itself,  and,  like  the  Q' s,  are  functions  *of  the 
Coordinates  only. 

Introducing  the  values  139)  for  the  g ’s  into  the  kinetic  energy, 
the  latter  becomes  a function  of  the  velocities  Qr+u  * * * Qm  and  of 
the  momenta  p17 ..  ,pr.  It  is  a homogeneous  quadratic  function  of 
aU  these  variables,  but  not  of  the  p’ s or  qn s considered  separately 
on  account  of  product  terms,  such  as  p9ql  which  are  linear  in  terms 
of  either  the  p1  s or  ^’s.  The  function  1 thus  transformed  has  lost 
its  utility  for  Lagrange’s  equations,  but  may  be  replaced  by  a new 
function,  as  follows. 

Let  us  call  the  function  T expressed  in  terms  of  the  new 
variables  Tr.  We  have  thus  identically 

140)  2 99  ••  • 2m?  Qi  > 22  ; • • • 2m) 

* 

— (SLl)  Q%>  • • • Qm}  PtfPif  • • • Pr)  Qr+1>  • • * Qm)* 

WEBSTER,  Dynamics.  12 
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It  is  to  be  noticed  that  since  the  Coordinates  q appear  in  the  co- 
efficients  R of  equations  139)  they  are  introdnced  into  T'  in  a way 
in  whicb  they  do  not  appear  in  T,  so  that  we  do  not  haye 

dT dT' 

»9.  ~ *9,  ’ 


hnt  since  q enters  in  T'  both  explicitly  and  implicitly  through 
equations  139),  we  haye  for  s = r + 1,  r -j-  2, . . . m, 


t=r 


141) 


dT'  dT  Vi dT  H 
'■  dq‘ dq* 


2 9. 


(8  = r+l,  ...  im), 


and  since  the  same  may  be  said  of  the  yelocities, 

dT  . Vi  dT  dcft 


142) 


dT'  _ Viör  cg, 

dtf,  ~ d4,  a«{  09*. 


(s  = r + 1,  w). 


Now  if  the  eliminated  yelocities  with  suffixes  1, 2, ...  r are  cyclic 
and  the  corresponding  forces  yanish,  we  haye 

dT  - 
Wq[  ~ p,~  e" 


Accordingly  equations  141/142)  become 


dT'  = dT 
W,  ~ <>9, 

dr  _ dT 
W<it  ~ d q'. 


or  transposing  and  differentiating  outside  of  the  sign  of  Summation, 


We  may  therefore  use  with  the  Coordinates  whose  yelocities  remain 
in  the  equations  Lagrange’s  equations,  except  that  instead  of  the 
kinetic  energy  T we  use  the  function 

t==  r 

T’-'Sc.q!, 

/=  1 

and  instead  of  the  Lagrangian  function  L = T —W}  we  use  the  function 

t=r 

® = r -'gctqi-W. 
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Equations  45)  or  46)  § 36  accordingly  become 

(or  equal  io  Pa  if  this  represents  an  eztraneous  force  not . included 
in  the  potential  energy,  or  any  dissipative  force).  The  fonction  <P 
is  called  by  Routh  the  modified  Lagra/ngian  fundion,  and  its  negative 
by  Helmholtz  the  Jcinetic  potential . It  is  to  be  nnderstood  that  O is 
to  be  expressed  in  terms  of  the  velocities,  Qr+i,  • ••  Qm  hy  means  of 
equations  139)  in  which  plf . . . pr  have  been  replaced  by  c17 . . . cr. 
The  important  thing  to  notice  about  <P  is  that  it  contains  linear 
terms  in  the  velocities,  as  well  as  a homogeneous  quadratic  function 
of  the  c’s  whose  coefficients  depend  only  on  the  .Coordinates  qr+i,  • . . Qm} 
like  the  Q’ s from  which  they  are  derived.  The  terms  of  the  latter 
, . 

8ort  in  — -5— 

to  the  potential  energy.  The  effect  of  cyclic  motions  in  a System  is 
accordingly  partly  represented  by  an  apparent  change  of  potential 
energy,  so  that  a System  devoid  of  potential  energy  would  seem  to 
possess  it,  if  we  were  in  ignorance  of  the  existence  of  the  cyclic 
motions  in  it.  The  effect  of  the  linear  terms  in  is  quite  different 
and  will  be  discussed  in  § 50. 

A System  is  said  to  contain  concealed  masses,  when  the  Coordinates 
which  become  known  to  us  by  observation  do  not  suffice  to  define 
the  positions  of  all  the  masses  of  the  System.  The  motions  of  such 
bodies  are  called  concealed  motions.  It  is  often  possible  to  solve  the 
Problem  of  the  motions  of  the  visible  bodies  of  a System,  even  when 
there  are  concealed  motions  göing  on.  For  it  may  be  possible  to 
form  the  kinetic  potential  of  the  System  for  the  visible  motions,  not 
containing  the  concealed  Coordinates,  and  in  this  case  we  may  use 
Lagrange’s  equations,  as  in  the  case  just  treated,  for  all  visible 
Coordinates,  while  the  Coordinates  of  the  concealed  masses  may  be 
ignored.  Such  problems  are  incomplete,  inasmuch  as  they  teil  us 
nothing  of  the  concealed  motions,  but  very  often  we  are  concemed 
only  with  the  visible  motions.  Such  concealed  motions  enable  us  to 
explain  the  forces  acting  between  visible  Systems  by  means  of 
concealed  motions  of  Systems  connected  with  them. 

The  process  of  eliminating  the  cyclic  Coordinates  of  the  concealed 
motions  as  above  described  is  termed  by  Thomson  and  Tait  ignoration 
of  coordinates.1) 

Examples  of  the  process  may  be  obtained  in  any  desired  number 
from  the  theory  of  the  motion  of  rigid  bodies  rotating  freely  about 


cause  precisely  the  same  effect  as  if  they  were  added 


1)  Thomson  and  Tait,  Natural  Philosophy,  Part  I,  § 319,  example  G. 

12* 
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axes  pivoted  in  bearings  fastened  to  bodies  themselves  in  motion. 
Such  motions  will  be  treated  in  § 94. 

A very  simple  case  of  the  above  process  is  encountered  in 
treating  the  motion  of  a particle  m sliding  on  a horizontal  rod, 
revolving  about  a vertical  axis,  at  a distance  r from  the  axis.  Let 
the  angle  made  by  the  rod  with  a fixed  horizontal  line  be  <p , then 
the  velocity  perpendicular  to  the  rod  is  rg>\  The  yelocity  along  the 
rod  being  r\  the  kinetic  energy  of  the  body  m is 

146)  r=-‘-»(r,?"  + 0' 


Since  (p  does  not  appear  in  T}  <p  is  a cyclic  coordinate. 
no  force  tending  to  change  the  angle  <p  we  have 

147)  p<f  = — = mr*?'  = c, 

from  which  we  obtain 


to  eliminate  cp'. 


Thus  we 


c 

ror* 


149)  r'-T|sr- + 

Supposing  that  there  is  no  potential  energy  we  have 
160)  * - T'-e<p'  -;£*}, 


If  there  is 


illustrating  the  general  property  of  mentioned,  y wr'2  being  the 

1 ci 

quadratic  function  of  the  remaining  yelocity  r'  and  — 2 being 

the  quadratic  function  of  the  constant  c,  which  contains  as  a coeffi- 
cient  a function  of  the  coordinate  r.  We  may  now,  ignormg  the 
coordinate  (p,  use  the  differential  equation  for  r, 

d /d$\ 

dt  Kdr')  dr 9 0r 

d%r d c* 

m dt * dr  mr * 

We  accordingly  see  that  the  System  acts  as  if,  there  being  no  rot&tion, 

it  possessed  an  amount  of  potential  energy  — $,  producing  the  force 

c* 

jjys  directed  from  the  center.  This  example  accordingly  illustrates 

the  effect  of  ignored  cyclic  motions  in  producing  an  apparent  potential 
energy,  but  it  does  not  illustrate  the  effect  of  linear  terms  in  <p,  for 
they  disappear  in  this  example,  which  is  chosen  on  account  of  its 
yery  simplicity.  The  example  hardly  seems  to  illustrate  the  case  of 
concealed  motions,  for  the  fact  of  there  being  a rotation  tp*  could 
with  difficulty  be  concealed.  Neyertheless  this  is  exacÜy  what 
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happens  to  bodies  at  rest  relatively  to  the  surface  of  the  earth.  To 
the  unsophisticated  mind  they  seem  at  rest,  the  constant  rotation  of 
the  earth  being  concealed.  The  rotation  however  produces  an  effect 
in  altering  the  weight  of  the  body  by  the  vertical  component  of  the 
force  jnst  fonnd,  which  is  known  as  the  centrifugal  force,  (ln  the 
case  of  the  rotation  of  the  earth  it  is  to  be  observed  that  it  is  qpf 
that  is  constant  rather  than  nevertheless,  if  in  the  case  above 
r is  constant,  g> 1 will  be  constant  at  the  same  time  with  pv.)  The 
effect  of  thß  motion  of  the  earth  will  be  treated  in  detail  in  § 104. 


49.  Example.  Three  Degrees  of  Freedom.  General  Oase. 

As  a further  example  of  the  process  of  ignoration  of  Coordinates  we 
will  work  out  the  case  of  a System  with  three  degrees  of  freedom, 
one  of  whose  Coordinates  is  cyclic,  this  being  the  simplest  example 
which  typifies  the  behavior  of  the  general  System.  We  have  then, 

152)  r=|  Qn  q’>  + { Q„  q- » + j Qwqt" ' 


“I"  Qn  Qi  ?8  Qis  Qi  Qs  + Qs  3 2s  • 

If  is  the  cyclic  coordinate,  all  the  Q’s  are  independent  of  g8,  and 
if  the  corresponding  force  Ps  vanishes,  we  have  the  constant  momentum, 

1^^)  Ps  ö Qis  Qi  “b  Qs s Qs  “b  Qss  Qs  = ^s  • 

From  this  we  determine  the  cyclic  velocity, 


154)  qt’  — ^ — ?«!*-, 

vS8 

inserting  which  in  the  kinetic  energy  gives,  on  combining  terms, 

155)  T'  =>~  qi> » 

+ * \ Q"  )9i  a.  31 2* + 2 a. 

It  is  noticeable  that  the  linear  terms  in  qtff  q2  have  cancelled  each 
other.  It  will  be  proved  below  that  this  always  happens.  But  when 
we  form  the  kinetic  potential,  which  is  to  be  used  instead,  they 
reappear.  We  have 

156) 

* f j | * (QssQss~~Qss*\  n ii  QisQss~~QisQss  n t n t 

“*a  <>„  +2'V  a;  )qt  ä.  ~ 3l 9t 


+ 


cs  Qis  „ t I cs  Qss  „ t 1 cs 


Ql 


SI 


9>  + -Sr*'-»«,, 


Thus  the  effect  of  the  cyclic  motion,  which  may  itself  be  concealed 
from  us,  is  made  evident  to  our  Observation  by  the  presence  of  the 
fourth  and  fifth  terms,  which  are  linear  in  q2 . The  apparent 
coefficients  of  inertia,  that  is  the  cofficients  of  q±  2,  q2  *,  qj  q2,  are 
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changed  from  their  real  values  (unless  Qls  = Qis  = 0 ),  while 

Q * • • 

there  appears  the  term  — — independent  of  the  velocities,  depend- 

* Vjj 

ing  on  the  Coordinates  qlf  q2.  This  is,  since  it  gives  rise  to  a 
conservative  positional  reaction,  undistingnishable  in  its  effect  from 
potential  energy.  ln  reality,  the  reaction  to  which  it  gives  rise  is 
motional,  instead  of  positional,  as  it  appears  to  be.  If  we  could 
explain  all  potential  energy  in  this  mann  er,  namely  as  dne  to  concealed 
cyclic  motions,  we  should  have  solved  the  chief  mystery  of  dynamics. 
In  his  remarkable  work  on  dynamics,  Hertz  treats  all  energy  from 
this  kinetic  point  of  view.  In  Order  to  have  a snccessfnl  model  for 
this  representation  of  potential  energy,  which  needs  in  Order  to  be 
perfect  no  linear  terms,  we  must  have  Q19  = Qn  = 0. 

We  can  now  see  why  the  simple  example  of  § 48  showed  no 
linear  terms,  since  by  putting  all  the  Q’ s with  one  suffix  2 equal  to 
zero  we  pass  to  the  case  of  a System  with  two  degrees  of  freedom. 
If  at  the  same  time  the  Coordinates  are  orthogonal,  Q19  = 0,  so  that 
the  single  linear  term  disappears.  This  was  the  case  above. 

Let  us  now  pass  to  the  general  case.  We  have  for  the  momenta 
the  equations  53)  § 37  and,  for  the  first  r,  137)  which  are  written  out 


Pl 

“öli 

2i  + öis 

2a  H 1"  Qir 

2r 

+ (?1  r+1 

2lrr+l“b'  * * + (?lw  2 

Pi 

• 

= Q*1 
• • • 

+ Qa 

w • • ■ 

a*+-  • + Q*r 

«r 
• • 

“b  Qi  r-j-l 
• • • • 

2r+l  +•••  + &■  2 

• 

Pr 

ii  • 

^ • 

• 

• • • • 
2l  + (?r2 

22 H YQrr 

• • 
2r 

• • • 
+ örr+ 1 

2r+l  YQr*  2' 

Pr  + 1 
• 

= (?r+ll 
• • • 

+ YQr  + lrQr 

+ 2r+l  H 

Pm 

• » » 
— Qml 

• « • 

#2  H V Qm  r 

• • 
2r 

• • • • 
+ 1 

2r-f  1 “h ’ * *H“  Qmm  2< 

Let  us  now  form  the  kinetic  energy  from  the  definition,  § 36,  38. 

t=m 

158)  2T=^p.q.'. 

3 = 1 

Multiplying  the  above  equations,  the  sth  line  by  and  adding,  ve 
obtain  from  the  first  r lines  on  the  right, 

2 

• s—=l 

The  terms  coming  from  the  last  m — r lines,  and  the  first  r columns. 
as  marked  off  by  the  dotted  lines,  are  found  to  be,  on  collectiiitf 
according  to  columns, 


49] 


EFFECT  OF  ELIMINATION. 
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i— r 


2 2*  8» 


4=1 


on  referring  to  the  definition  of  the  definitions  of  the  Sa s,  138), 

159)  St  = &,r+l2r+l  + ö«,r+22r+8  + * * ' + Qt,m<lm • 

Finally  the  terms  from  the  lower  right  hand  square,  of  m — r rows 
and  columns  gives  us  a quadratic  function  of  the  last  m — r velocities, 
namely  that  part  of  2 T which  originally  depended  on  these  velocities 
and  no  others.  This  part  we  will  call  2Ta.  We  have  therefore 


4=r 


160) 


2T  = 2Ta  +2  2«'  ($  + c.). 


4 = 1 


Now  if  we  form  the  qnadratic  functions,  with  the  coefficients  JR  from 
the  determinant  of  equations  139), 


161) 


<=r  t — r 

5==|22B*'Ä'Ä'> 

4=  1 f=l 

t—r  t=r 

Rttctct} 

» = 1 < = 1 

we  may  write  equations  139)  as 

dC  dS 


C=4 


dl  Fs. 


(s  « 1,  2, . . . r), 


t—r 


162) 

so  that  we  may  write 

163)  2T=2Ta  +2  (c.  + S.)  gj  - ||)  • 

4 = 1 * J 

Bat  since  C,  S are  homogeneous  functions  of  ct>  Sa  respectively, 


4=1  * 4=1  • 


so  that  the  above  becomes, 

t=r  t=r 

164)  2T=2Ta  + 2C-2S  +^S,  -£e. 

Bnt  we  also  have 


t= i 


2 $ §?  =2  *2  * =2  *2  « & =2  c< 


35 

&& 


4 = 1 4 = 1 *=1  / = 1 4 = 1 /=  1 " -f' 

so  that  the  sums  in  164)  destroy  each  other,  and  there  remains 
165)  T'  — Ta-S+C. 
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But  S iß  a homogeneons  quadratic  fanction  of  the  SJ s,  which  are 
themselves  homogeneous  linear  functions  of  the  qj’s,  so  that  S,  like  Taf 
is  a homogeneons  quadratic  fanction  of  the  non-eliminated  yelocities. 
Thns  we  have  proved  that  the  linear  terms  disappear  from  the  kinetic 
energy.  At  the  same  time  we  have  obtained  the  general  yalue  of 
the  part  independent  öf  the  yelocities.  Forming  the  fanction  # for 
the  kinetic  potential, 


® -2  * «•'  = Ta  - S + C -2 ' * (f? 

«»1  «=  1 9 

t—r 

= Ta-S-C+yeJ §, 


dS\ 

dS9) 


so  that  the  part  C which  imitates  the  potential  energy  is  a homo- 
geneous quadratic  fanction  of  the  momenta  ca  of  the  concealed  cyclic 
motions.  The  terms  ander  the  sign  of  summation  are  linear  in  the 
remaining  yelocities. 


BO.  Effeot  of  Linear  Terms  in  Kinetio  Potential.  Gyro- 
soopio  Poroes.  We  will  now  examine  the  effect  of  terms  linear  in 
the  yelocities  in  the  kinetic  potential,  arising  from  any  cause  what- 
eyer.  We  haye  seen  that  such  terms  arise  from  yariable  constrainta, 
and  from  ignored  cyclic  motions.  We  shall  find  a third  case  when 
we  treat  of  relatiye  motion,  § 103. 

Suppose  now  that  the  kinetic  potential  contains  the  linear  part 


* 167)  = A Sif  + qj  H f- 


where  the  coefficients  L are  functions  of  the  Coordinates,  and  may 
also  involve  the  time  explicitly.  Let  the  part  of  the  force  P,  that 
must  be  applied  on  account  of  the  part  4^  be  denoted  by  P,(1>,  so  that 


168) 

Now 


and  differentiating, 


d rd^\  d*t  pm 

dt  \dq[)  dq,  ~ • 


_ r 

i JLjg 

cg  i 


dL, 

dt 


dL , dL,  , dL,  , dL, 

ir  + d^qi  + T^q'  +‘"+dTjm 


We  have  also 

d&  cL 


dL, 


i 
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Using  these  values  in  168),  we  obtain  for  the  force, 

ßL.  8LlS  , ,dLt  dLm\  , dL, 

HO)  PP  = ~ J~)  2i  + • ’ • + (j^~  J^r)  2»  + ~Bf 

dL 

= Grtlil  + <?»*  9s  H 1"  ^«m2m  + -fiy* 

wbere  the  G’b  are  functions  of  the  Coordinates  defined  by 

dLt 


171) 


G.t  - ^ - 


d 9t  dg. 


For  the  force  applied  to  change  a coordinate  qt  we  have  a similar 
form,  with  coefficients  such  that 


172) 


r dL>  8L.  r 

^ Tq~  ~ Tg, *'• 


We  have  then  the  result  that  the  terms  linear  in  the  velocities  in 
the  kinetic  potential  give  rise  to  reactions  linear  in  the  velocities, 
with  the  property  that  the  coefficient  of  q{  in  the  reaction  Pt  is 
eqnal  and  of  opposite  sign  to  the  coefficient  of  qj  in  the  reaction  Pt. 
Such  reactions  are  called  gyroscopic  forces  by  Thomson  and  Tait1), 
since  we  have  examples  of  them  where  gyrostats,  or  symmetrical 
bodies  spinning  abont  axes  attached  to  parts  of  Systems,  act  aa 
concealed  cyclic  motions.  If  we  find  the  activity  of  the  gyroscopic 
forces, 

• =*m  t=m 

173)  ^ = 2 P*(1)2*'  =2  2 G“  «*'  2A 

j=1  (•=■! 


we  find  that  in  the  part  P,^q,r  we  have  the  term  Gttql  <Lt  while  in 
the  part  Ptqi  we  have  the  term  Gt»  qj  ql,  and  since  Gt»  = — Gtt, 
these  two  terms  destroy  each  other.  Accordingly  the  gyrostatic 
forces  disappear  from  the  eqnation  of  activity.  These  forces  are 
conseqnently  conservative  motional  forces.  They  are  however  perfectly 
distingoishable  by  their  effects  from  the  conservative  motional  forces 
arising  from  the  term  C which  imitates  potential  energy,  and  they 
in  no  wise  imitate  potential  energy,  as  we  shall  see  by  an  example. 
A System  containing  gyrostatic  members  behaves  in  such  a peculiar 
manner  that  their  presence  is  easily  inferred.  The  theory  of  gyro- 
stats will  be  treated  in  Chapter  VII.  In  the  mean  time  the  following 
simple  example  will  illustrate  the  theory,  and  at  the  same  time  serve 
to  prepare  for  the  general  theory  of  the  gyrostat,  of  which  it  con- 
stitxxtes  a special  case. 


1)  Thomson  and  Tait,  Nat.  Phil.  § 346^1. 
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Let  four  equal  masses,  be  fastened  to  the  ends  of  two  mutu* 

ally  perpendicular  arms  of  negligible  mass  (Fig.  38),  wbich  are  fastened 

rigidly  where  they  cross,  at 
tbeir  middle  points,  to  an  axis 
perpendicular  to  them  both, 
about  which  they  turn.  Let  the 
point  of  Crossing  of  the  three 
arms  be  fixed  while  the  System 
can  spin  about  the  axis  OP. 
which  can  move  in  any  manner. 

We  will  suppose  that  during 
the  motion  the  axis  OP  makes 
with  the  X-axis  a small  angle 
whose  square  can  be  neglected 
in  comparison  with  unity.  Let 
the  position  of  the  axis  be 
determined  by  the  Coordinates 
l,  r),  of  the  point  in  which  it 
intersects  a plane  perpendicular 
to  the  Z-axis  at  unit  distance 
from  the  origin.  The  squares 
and  products  of  |,  17,  are  con* 
sequently  to  be  neglected.  Let  us  further  specify  the  position  of  the 
System  by  the  angle  y that  the  projection  of  the  arm  OA  on  the 
XY- plane  makes  with  the  X-axis.  Thus  the  three  Coordinates  |,  rt,  <f 
determine  the  position  of  the  whole  System. 

If  the  Coordinates  of  the  point  A are  x,  y,  z,  since  it  lies  in  a 
plane  whose  normal  passes  through  the  point  £,  77,  1,  we  have 

174)  z + %x  + qy  = 0.  I 

But  since  OA  always  makes  a small  angle  with  the  X T- plane,  the 
projection  of  OA  on  this  plane  differs  from  it  in  length  only  by  a 
quantity  of  the  second  Order,  which  we  neglect.  We  therefore  have 

x = l cosqp,  dx  = — ydy, 
y = l sin  y,  dy  = xdy. 

Differentiating  174), 

' — dz  ==  | dx  + rjdy  + xd%  + ydr\ 

= xd%  + ydr\  + (rix  — ly)  dtp, 

so  that  we  have 

dx 2 + dy 2 + dz 2 = ( l 2 + r^x2  + l2y2  — 2lr]xy)  dy2 

+ x2dl2  + y2dif  + 2xyd%dr\ 

+ 2 (rix2  — lxy)d%dy 
+ 2 (rjxy  — ly2)  drtdy, 


Fig.  83. 
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and  the  part  contribnted  by  the  particle  A to  the  kinetic  energy  is 

175)  Y I VP  + + IV  — + «*!'  * + yV  * + 2aryt'V 

+ 2 (17s*  — Izy)  IV  + 2 — V)  ijV}* 

The  opposite  particle  C,  for  which  #2,  y2,  have  the  same  values, 
contributes  the  same  amonnt.  The  other  pair  of  particles,  for  which 
the  values  of  a?}  y2  are  respectively  those  of  y\A  for  the  first  pair, 
and  the  yalues  of  xy  the  negatiyes  of  the  yalnes  for  the  first  pair, 
conseqnently  contributes  an  amonnt  of  energy  which,  added  to  that 
already  fonnd,  makes  the  terms  in  xy  disappear,  and  replaces  each 
term  in  a?}  y2,  by  the  same  term  with  l2  ^ritten  in  the  place  of  x2 
or  y2.  Neglecting  then  £2,  rj2,  we  have  finally 

176)  T = + + + 


We  accordingly  see  that  q>  is  a cyclic  coordinate  for  the  System,  so 
that  if  the  System  is  spinning  withont  any  force  tending  to  change  <)p, 
we  are  dealing  with  a case  of  the  example  in  § 49.  We  have,  pro- 
ceeding  as  there, 

and  eliminating  (pr, 


|(s,,+v*) 


+ 


c* 

2 ml*1 


from  which  we  form 


* = i (t'* + v*)  - t w -w\+y  - U)  - 


2 ml* 


In  Order  to  form  the  differential  equations  for  the  motion  of  rj, 
we  have  by  differentiation 


d<& ml* 

W “ ”a“ 

d<& ml* 


-IV)) 


9 


and  neglecting  the  sqnares  and  products  of  the  small  quantities  rj 
and  rf9  which  are  small  at  the  same  time, 


cr\ 


erf 


180) 
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Proceeding  in  the  same  manner  for  rj,  we  have  with  the  same 
degree  of  approximation 

d$  ml 1 f cg 
Wt{  ~ T11  ~~  T' 

d$  c v 


If  W is  the  potential  energy  (there  being  no  apparent  potential 
energy  due  to  the  cyclic  motion,  since  the  part  C is  here  constant), 
the  eqnations  of  motion  are  accordingly, 


mV  . . . 

“2“«  +ctj  + 

mV  ,t  fcr  . 
-Cg  + 


Thus  the  gyroscopic  terms  in  c have  the  property  proved  in  172). 

If  there  is  no  potential  energy,  the  gyroscopic  forces  cause  the 
motion  to  be  of  such  a nature  that 


re + vv = o,  r, 

that  is  the  acceleration  is  perpendicnlar  to  the  velocity,  and  pro- 
portional to  it.  Under  these  circumstances  the  motion  is  uniform 
circular  motion.  In  fact  the  eqnations  are  satisfied  by 

1fl9,  w n 2c 

183)  W — 0,  A . . p = -,v 

J ’ rj  = Azmpt,  * »V 

Thus  the  circle,  whatever  its  size,  is  described  in  the  same  time 

} which  is  inversely  proportional  to  the  momentum  of  the  cychc 

motion.  We  may  describe  the  effect  of  the  gyroscopic  forces  in 
general  for  a System  with  two  degrees  of  freedom  by  saying  that 
they  tend  to  cause  a point  to  Teer  out  from  its  path  always  toward 
the  same  side.  This  effect  is  characteristic,  and  cannot  be  imitated 
by  any  arrangement  of  potential  energy  whatever.  By  the  aid  of 
this  principle  all  the  motions  of  tops  and  gyrostats  may  be  explained. 


Bl.  Oyolio  Systems.  A System  in  which  the  kinetic  energy 
is  represented  with  sufficient  approximation  by  a homogeneous 
quadratic  function  of  its  cyclic  velocities  is  called  a Cyclic  System. 
Of  course  the  rigid  expression  of  the  kinetic  energy  contains  the 
velocities  of  every  coordinate  of  the  system,  cyclic  or  not,  for  no 
mass  can  be  moved  without  adding  a certain  amount  of  kinetie 
energy.  Still  if  certain  of  the  Coordinates  change  so  slowly  that 
their  velocities  may  be  neglected  in  comparison  with  the  velocities 
of  the  cyclic  Coordinates,  the  approximate  condition  will  be  fulfilled. 
These  Coordinates  define  the  position  of  the  cyclic  Systems,  and  may 


50,  51] 
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be  called  the  positional  Coordinates  or  parameters  of  the  System.  In 
the  example  of  § 48  if  we  suppose  the  radial  motion  to  be  so  slow 
that  we  may  neglect  r'2  in  comparison  with  r2q?'2  we  have 


184) 


T = y wrV2, 


and  the  System  is  cyclic,  r being  the  positional,  cp  the  cyclic  co- 

ordinate.  In  the  case  of  a liquid  circnlating  through  an  endless 

rnbber  tube,  the  positional  Coordinates  would  specify  the  shape  and 

Position  of  the  tube.  The  positional  Coordinates  will  be  distingnished 

from  the  cyclic  Coordinates  by  not  being  marked  with  a bar.  The 

analytical  conditions  for  a cyclic  System  will  accordingly  be,  for  all 

Coordinates,  either 

* dT  A 

or  -dqi=p,  = 0, 


185) 


dT-0 

W.-° 


or  if  we  use  the  Hamiltonian  equations  78)  § 39  with  the  value  of  T 
obtained  by  replacing  the  yelocities  by  the  momenta,  which  we  shall 
denote  by  Tp,  since  the  non-cyclic  momenta  vanish 


186) 


ST 

* _0' 

dp,  - u’ 


dT 

and  = 0, 
eq,  ’ 


for  the  cyclic  Coordinates,  as  before.  We  accordingly  have  for  the 
exteraal  impressed  forces  tending  to  increase  the  positional  Coordinates, 
by  § 37,  60),  § 39,  80)  respectively,  the  first  term  vanishing, 

io7N  F P HT-W)  __  d(Tp+W)  1) 

187)  F,  = P. ^ ) 

and  for  the  cyclic  Coordinates 

188) 


dt  [dq'J- 


dt 

A motion  in  which  there  are  no  forces  tending  to  change  the 
cyclic  Coordinates  is  called  an  adiabatic  motion,  since  in  it  no  energy 
enters  or  leaves  the  System  through  the  cyclic  Coordinates.  (It  may 
do  so  through  the  positional  Coordinates.)  Accordingly  in  such  a 
motion  the  cyclic  momenta  remain  constant.  The  case  worked  out 
above  was  such  a motion. 

In  adiabatic  motions  the  cyclic  vdocities  do  not  generally  remain 
constant.  In  the  aboye  example,  for  instance,  the  cyclic  velocity  cpf 
was  given  by 


mr 


A motion  in  which  the  cyclic  vdocities  remain  constant  is  called 
isocyctic. 


1)  That  — 5^-  = may  be  seen  by  patting  r = m in  144),  when  the 


dT 

parenthesis  becomes  T'  — 2T=  — Tp. 
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The  motion  of  a particle  relatively  at  rest  upon  the  surface  of 
the  earth  is  isocyclic,  taking  acconnt  of  the  earth’s  rotation. 

In  such  a motion  the  cyclic  momenta  do  not  generally  remain 
constant,  hat  forces  have  to  be  applied. 

In  the  example  of  the  bead  on  the  revolving  rod  if  r varied 
forces  wonld  have  to  be  applied  to  the  rod  to  keep  the  rotation  ip1 
constant. 

If  the  motion  is  isocyclic,  the  only  variables  appearing  in  T are 
the  the  positional  Coordinates.  The  positional  forces,  187),  are 
then  derivable  from  a force -function  W — T1),  so  that  even  if  the 
System  possessed  no  potential  energy,  it  wonld  appear  to  possess  an 
amonnt  of  potential  energy  — T.  If  the  motion  on  the  other  hand 
is  adiabatic,  the  energy  in  the  form  Tp  again  contains  as  variables 
only  the  Coordinates  q8f  and  the  positional  forces  are  now  derivable 
from  the  force -function  Tp  + W7  so  that  in  this  case  a System 
withont  potential  energy  wonld  appear  to  contain  the  amonnt  of 
potential  energy  + Tp.  In  this  manner  we  are  enabled  to  explain 
potential  energy  as  kinetic  energy  of  concealed  cyclic  motions,  thns 
adding  materially  to  onr  conceptions  of  the  natnre  of  force.  For  it 
is  to  be  noted  that  kinetic  energy  is  an  entity  depending  only  on 
the  property  of  inertia,  which  is  possessed  by  all  bodies,  while 
potential  energy  is  a term  employed  only  to  disgnise  onr  ignorance 
of  the  natnre  of  force.  Accordingly  when  we  are  able  to  proceed 
to  an  explanation  of  a static  force  by  means  of  kinetic  phenomena, 
we  have  made  a distinct  advance  in  onr  knowledge  of  the  snbject 
A striking  example  is  fnmished  by  the  kinetic  theory  of  gases,  by 
means  of  which  we  are  enabled  to  pass  from  the  bare  Statement  that 
all  gases  press  against  their  confining  vessels  to  the  Statement  that 
this  pressnre  is  dne  to  the  impact  of  the  molecnles  of  the  gas  against 
the  walls  of  the  vesseL 


52.  Properties  of  Cyclic  Systems.  Seclprooal  Relation«. 

Since  by  the  properties  of  the  kinetic  energy  we  have  three  different 
kinds  of  qnantities  represented  by  partial  derivatives  of  one  or  the 
other  of  two  functions, 


BTP 


applying  the  principle  that  a derivative  by  two  variables  is  independent 
of  the  Order  of  the  differentiations  we  obtain  six  reciprocal  theorems. 
We  shall  throughont  snppose  that  there  is  no  potential  energy. 


1)  The  reason  for  the  appearance  of  W with  the  positive  sign  is  that  as 
explained  in  § 87,  P9  denotes  the  extemal  impressed  forces,  which  in  the  case 
of  equilibrium,  are  equal  and  opposite  to  the  internal  forces  given  by  W . 
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la.  In  an  adiabatic  motion  if  an  increase  in  one  positional  co- 
ordinate  qr  causes  an  increase  in  the  impressed  force  P,  belonging 
to  another  positional  coordinate  q,  at  a certain  rate,  then  an  increase 
in  the  positional  coordinate  q9  causes  an  increase  in  the  impressed 
force  Pr  at  the  same  rate.  For 

dP9  d*  Tp  dPr 

%%  ~ d<lrd%~ 

lb.  In  an  isocyclic  motion  we  have  the  same  property  as 
above.  For 

dP  d 1 T dP 

»i— ips-ir 

Ha.  If  in  any  motion  an  increase  of  any  cyclic  momentum  pry 
the  positional  Coordinates  being  unchanged,  causes  an  increase  in  a 
cyclic  velocity  qj  at  a certain  rate,  then  an  increase  in  the  momentum  ptf 
the  positional  Coordinates  being  unchanged,  causes  an  increase  in  the 
velocity  qj  at  the  same  rate.  For 


d'Tp  Jdgr 
dpr  dprdp4  dp9 

üb.  If  in  any  motion  an  increase  in  any  cyclic  velocity  qrf,  the 
positional  Coordinates  being  unchanged,  causes  an  increase  in  a cyclic 
momentum  pa,  then  an  increase  in  the  velocity  q9  causes  an  increase 
in  the  momentum  pr  at  the  same  rate.  For 


III  a.  If  an  increase  in  one  of  the  cyclic  momenta  pr,  the  posi- 
tional Coordinates  being  unchanged,  causes  an  increase  in  the  impressed 
force  P,  necessary  to  be  applied  to  one  of  the  positional  Coordinates  qa 
(in  order  to  prevent  its  changing),  then  an  adiabatic  increase  of  the 
positional  coordinate  q,  will  cause  the  cyclic  velocity  qj  to  increase 
at  the  same  rate.  For 

bpr  dprdqt  Cq‘ 


Illb.  If  an  increase  in  one  of  the  cyclic  velocities  qj7  the  posi- 
tional coordinates  being  unchanged,  causes  an  increase  in  the  impressed 
force  P,  necessary  to  be  applied  to  one  of  the  positional  coordinates  qM 
(in  order  to  prevent  its  changing),  then  an  isocyclic  increase  of  the 
positional  coordinate  qt  will  cause  the  cyclic  momentum  pr  to  decrease 
at  the  same  rate.  For 


dPs  d'T  dpr 
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53.  Work  done  by  the  Cyclic  and  Posltional  Forces. 

I.  In  an  isocyclic  motion,  the  wort  done  by  the  cyclic  force« 
is  double  the  wort  done  by  the  System  against  the  positional  forces. 
In  such  motions  the  energy  of  the  System  accordingly  increases  by 
ohe-half  the  work  done  by  the  cyclic  forces,  the  other  half  being 
given  out  against  the  positional  forces.  For  if  we  use  the  energy 
in  the  form 

we  have  in  any  change 

196)  ST  = fr'  **•  + ~P‘  S^')> 


and  in  an  isocyclic  change,  every  SqJ  yanishing, 


ST~^.q.’Spt. 


197) 

Bat  since 

198)  = P„  Sp,  = P,St,  and  since  g,'  = q,' St 


and  the  above  expression  for  the  gain  of  energy  becomes 
199)  ST  = ^q.'P.St  = \^P.Sq,. 

Bnt  the  work  done  by  the  cyclic  forces  is 


200) 


SA  =>yiP,Sq,  — 2 ST. 


Therefore  the  last  part  of  the  theorem  is  proved.  Again,  in  any 
motion, 


201) 

and  in  an  isocyclic  motion, 

202)  st  =2  rl  äq 

Bat  since  the  work  of  the  positional  forces  is 

dT 


203) 


SA 


-2.r.tq. — 2 aV*  - - 


the  first  part  of  the  proposition  is  also  proved. 

II.  In  an  adiabatic  motion,  the  cyclic  velocities  will  in  general 
be  changed. 

Then  they  change  in  such  a way  that  the  positional  force* 
caused  by  the  change  of  cyclic  velocities  oppose  the  motion,  that  i h 
do  a positive  amount  of  work.  For  since  for  any  positional  foro* 
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p _ *T 

p*  r 

the  change  due  to  the  motion  is 

OAA  17)  _ diT  _ d*T  x„  NH  dxT  , 

204)  SF,~  dq,~~2jdq,dqrS^  2l  d^M  ^ ‘ 

Of  tiii s tiie  part  due  to  the  change  in  the  cyclic  velocities  is 

d*T  , „djL  , 

206)  * 

and  the  work  done  by  these  forces  is 


r> 


206) 


dp. 


d-,  A =2  *?  = -22  H 


Now  we  have  for  any  motion 


207) 


dpr 


dp 

*r  Jh-  r 


and  in  an  adiabatic  motion  this  is  zero,  so  that 

208) 


209) 


Snbstitnting  this  in  the  double  snm  206),  we  get 

dp 

Fr  XZLl  AX  / 


d-,  A = dqj dqj  QrtSqJ SqJ, 


But  this  expression  represents  [§  36,  35)]  twice  the  energy  of  a 
possible  motion  in  which  the  velocities  wonld  be  dqj,  and  must 
therefore  be  positive  for  all  values  of  dqj,  Sqr'. 

Accordingly  <J-?  A > 0. 

The  Interpretation  of  this  theorem  for  electrodynamics  is  known 
as  Lenz’s  Law1),  namely,  an  electrical  current  being  represented  by 
a cyclic  velocity,  and  the  shape  and  relative  position  of  the  circuits 
by  positional  Coordinates,  if  in  any  System  of  condnctors  carrying 
currents,  the  relative  positions  of  the  condnctors  are  changed,  the 
induced  currents  dne  to  the  motion  of  the  conductors  are  so  directed 
as  by  their  magnetic  action  to  oppose  the  motion. 


54.  Ezamples  of  Cyclic  Systems.  Let  us  consider  the  example 
of  equation  184)  as  illustrating  the  previons  theorems. 

We  have  for  the  momenta 

dT  dT 

Pr=  = 0,  = mr2q>', 

1)  These  Theorems  are  all  given  by  Hertz,  Prinzipien  der  Mechanik, 
§§  568  — 688. 

WEBSTEB,  Dynamics, 
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and  introducing  these  instead  of  the  yelocities 


T,- 


2 mr1?* 


We  bave  for  the  positional  force 

Oi  i \ X>  ^ f e 32p 

211)  Pr  = -J-  = -mr<p,i-^ 


This  being  negative  denotes  that  a force  Pr  toward  the  axis 
must  be  impressed  on  the  mass  m in  Order  to  maintain  the  cyclic 
state.  This  may  be  accomplished  by  meana  of  a geometrical  constraint, 
or  by  means  of  a spring.  The  force  or  reaction  — Pr  which  the 
mass  m exerts  in  the  direction  from  the  axis  in  virtue  of  the  rotation 
is  the  so-called  centrifogal  force.  We  see  that  if  the  motion  is  iso- 
cyclic,  the  positional  force  increases  with  r,  while  if  it  is  adiabatic, 
as  in  the  case  worked  out  above,  it  decreases  when  r increases.  The 
verification  of  the  theorems  of  § 52  is  obvious.  The  cyclic  force 

p dpfp  d 

P9=-^  = w_(rV) 


vanishes  when  the  rotation  is  uniform,  and  the  radins  constant.  If, 
the  motion  being  isocyclic,  that  is,  one  of  uniform  angular  velocity, 
the  body  moves  farther  from  the  axis,  pv,  the  cyclic  force  is  positive, 
that  is,  unless  a positive  force  P9  is  applied,  the  angular  velocity 
will  diminish.  In  moving  out  from  rt  to  r2  work  will  be  done 
against  the  positional  force  Pr  of  amount 

212)  —A  = — J*Prdr  = mq>t2Jrdr  = — (r22  — rx*), 

while  the  energy  increases  by  the  same  amount. 

Thus  the  first  theorem  of  § 53  is  verified.  If  the  motion  is 
adiabatic, 

Py  = mr*q)f  = c. 

If  the  body  moves  from  the  axis,  qp'  will  accordingly  decrease, 
so  that 

213)  r*d(p'  + 2rqp'dr  = 0. 

The  change  in  Pr  due  to  a displacement  Sr  is,  by  211), 

214)  dPr-  — m(qpf2dr  + 2rqp'dqp!), 
of  which  the  part  containing  dqp', 

215)  d9'Pr  = — 2mrq)'  Sipr 
does  the  work 


I 
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216)  Sy'A  — dtp'Prir  *-  — 2mr<pr d<pr Sr, 
or  by  213), 

217)  dy'A  — Mr*d<p,a, 

which  is  positive,  illustrating  Theorem  II,  § 53. 

A forther  example  is  found  in  the  motion  of  the  following 
System.  Two  particles  of  equal  masses  m are  fastened  to  a rod  of 
length  2a  pivoted  at  its  central  point  npon  an  axis  fastened  to  the 
horizontal  rod  of  the  previons  example  at  a distance  b from  the  axis 
of  rotation  in  snch  a way  that  the  two  masses  can  move  in  the 
vertical  plane  containing  the  axis  of  rotation.  The  inclination  of  the 
pivoted  rod  to  the  vertical  being  fr,  the  distances  of  the  particles 
from  the  axis  of  rotation  are  respectively 

rt  = b + asm  fr,  r8  = 6 — a sin  fr. 

The  System  is  fally  specified  by  the  Coordinates  fr  and  <p , the  latter 
having  the  same  meaning  as  before. 

It  is  evident  that  the  kinetic  energy  is  given  by 

218)  T=!{r1V,  + rsV,  + 2a,d'*} 

= »»{(&*  + o*  sin*#)  g>'*  + 

so  that  <p  is  again  the  cyclic  coordinate.1) 

To  find  the  change  of  # we  have 

^ = 2ma*fr',  = 2ma*<p' 2 sin  fr  cos  fr , 


giving  as  the  differential  eqnation, 


2ma% 


d9fr 
dt 9 
d*fr 
dt9 


2ma*  <p* 2 sin  # cos  fr  = 0, 
g/ 2 sin  fl- cos  fr. 


If  the  motion  is  isocyclic  is  constant,  and  since  the  angular 

acceleration  vanishes  when  fr  equals  zero  or  —j  we  see  that  the 

rod  carrying  the  particles  will  remain  at  rest  relatively  to  the  hori- 
zontal rod  in  either  a vertical  or  horizontal  position.  It  is  easy  to 
see  that  the  vertical  position  is  one  of  nnstable  equilibrium,  for, 
writing  the  eqnation  2v9) 


220) 


d 9 (2  fr) 
dt 9 


<p19  sin  2-0', 


we  see  that  if  fr  be  slightly  different  from  zero,  fr  will  tend  to  become 

still  greater  in  absolute  value.  Writing  however  fr  = ■ — fr*  the 

eqnation  becomes 

221)  - — - <p'  * sin  2 


1)  The  System  ia  cyclic  if  we  neglect  a*#'*. 


13* 
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If  is  slightly  different  from  zero,  it  will  accordingly  tend  t« 
approach  the  value  zero,  so  that  the  horizontal  position  is  stable. 

A body  moving  according  to  the  differential  equation  221)  is 
called  by  Thomson  and  Tait1)  a quadrantal  pendulum,  since  & cbanges 
“according  to  the  same  law  with  reference  to  a qnadrant  on  each 
side  of  its  position  of  equilibrium  as  the  common  pendnlnm  with 
reference  to  a half- circle  on  each  side”,  or  in  other  words,  in  the 
ordinary  pendulum  the  acceleration  is  proportional  to  the  sine  of 
the  angle  of  deviation  from  equilibrium,  and  in  the  quadrantal  to 
the  sine  of  twice  the  angle.  The  small  oscillation  performed  by  the 

bar  will  be  harmonic  with  the  frequency  Here  we  have  an  ex- 

cellent  example  of  an  apparent  potential  energy  which  is  really  kinetic. 

— j. 


1)  Thomson  and  Tait,  Not.  Phil.,  § 322. 
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CHAPTEß  VI. 

SYSTEMS  OP  YECTORS.  DISTRIBUTION  OF  MASS. 

INSTANTANEOUS  MOTION. 

« 

5£.  Translation*  and  Rotation*.  A rigid  body  or  System 
of  material  particles  is  one  in  which  the  distance  of  each  point  of 
the  System  from  every  other  is  invariable.  Its  position  is  known 
when  the  positions  of  any  three  of  its  points  are  known,  for  every 
point  is  determined  by  its  distances  from  three  given  points.  These 
three  points  have  each  three  Coordinates,  bnt,  since  there  are  three 
conditions  between  them,  defining  their  mutual  distances,  there  are 
only  six  independent  Coordinates.  Thus,  a rigid  body  has  six  Coordinates. 

A rigid  body  may  evidently  be  displaced  in  such  a manner  that 
the  displacement  of  every  point  is  represented  by  eqoal  vectors,  that 
is  equal  in  length  and  paralleL  Such  a dis- 
placement is  called  a translation,  and,  being 
represented  by  a free  vector,  has  three  Coordinates. 

A rigid  body  may  also  evidently  be  displaced, 
so  that  two  given  points  in  it,  A and  B,  remain 
fixed.  Since  any  point  P must  move  on  a sphere 
of  radius  BP  about  B,  and  also  on  a sphere  of 
radius  AP  about  A , the  locus  of  its  positions  is 
the  intersection  of  the  two  spheres,  that  is  a circle 
whose  plane  is  perpendicular  to  the  line  AB,  and 
whose  radius  CP  is  the  perpendicular  distance 
from  P to  the  line  AB.  If  this  is  zero,  the 
point  does  not  move,  therefore  all  points  on  the 
line  AB  remain  fixed.  The  displacement  is  called 
a rotation  and  the  line  AB,  the  axis  of  rotation.  The  rotation  is 
specified  if  we  know  the  Situation  of  the  line  AB  and  the  magnitude 
of  the  angle  PCP ',  or  the  angle  of  rotation. 

A line  may  be  specified  by  giving  the  two  pairs  of  Coordinates 
of  the  points  in  which  it  intersects  two  of  the  coordinate  planes. 
A line  has  thus  four  Coordinates,  and  a rotation,  five,  — the  four 
of  the  axis  together  with  the  magnitude  of  the  angle. 
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Any  displacement  of  a rigid  body  may  be  brought  about  in  an 
indefinite  number  of  ways.  Let  three  points  ABC  (Fig.  40)  be  displaced 

to  AIB'C'.  We  may  first 
give  the  body  a translation 
defined  by  the  vector  AA\ 
This  will  bring  B to  Bt  and 
C to  Cv  Then  through  Ar 
pass  an  axis  perpendicular 
to  the  plane  B1ÄBty  and 
rotate  the  body  about  this 
axis  through  the  angle  BxAfB9. 
This  brings  B±  to  Bf  and  Cx 
to  a new  position  C2.  Finaüy 
rotate  the  body  about  A!Bf 
until  C2  arrives  at  C\  We  have  thus  brought  about  the  giyen  dis- 
placement by  means  of  a succession  of  translations  and  rotations. 
Eyidently  the  Order  of  these  may  be  yaried.  Accordingly, 

Any  displacement  of  a rigid  body  may  be  reduced  to  a succession 
of  translations  and  rotations . 

We  haye  seen  that  a translation  may  be  represented  by  a free 
vector,  a rotation,  by  a vector  that  must  give  the  axis  and  the  angle. 
If  we  agree  to  draw  the  vector  in  the  axis,  and  mähe  its  length 
numerically  equal  to  the  angle  of  rotation,  it  will  completely  specify 
the  rotation,  if  we  adopt  a Convention  about  the  direction  of  rotation. 
This  shall  be  that,  if  the  rotation  is  in  the  direction  of  the  hands 
of  a watch,  the  vector  shall  point  from  face  to  back  of  the  watch. 
Yector  and  rotation  correspond  then  to  the  translation  and  rotation 
in  the  motion  of  a cork-screw,  or  any  right -handed  screw.  As  the 
yector  may  be  placed  anywhere  along  the  axis,  but  not  out  of  it, 
it  has  five  Coordinates,  and  may  be  characterized  as  a sliding  vector . 

Translations  are  compounded  by  the  law  of  addition  of  vectors. 
The  resultant  of  two  rotations  about  the . same  axis  is  evidently  the 
algebraic  sum  of  the  individual  rotations.  The  resultant  of  a trans- 
lation and  rotation  is  evidently  independent  of  the  Order  in  whicb 
they  take  place. 

The  resultant  of  a rotation  and  a translation  perpendicular  to 
its  axis  is  equivalent  to  a rotation  about  a parallel  axis,  for  it  is 
evident  that  all  points  move  in  planes  perpendicular  to  the  axis,  and 
that  the  motions  of  all  such  planes  are  alike,  or  the  motion  is 
imiplanar . 

Now  the  motions  of  any  two  points  in  a plane  determine  the 
motion  of  the  plane  parallel  to  itself. 
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From  0 (Fig.  41)  lay  off  the  translation  vector  00'  of  length  r and 
find  a point  C on  the  perpendicnlar  bisecting  00'  which  makes  the 
angle  OCO'  eqnal  to  cd,  the  angle  of  rotation,  and  in  the  right  sense. 
Then  if  OG  be  rotated  about  0 through  the  angle  cd  to  C'  and 


then  C be  moved  by  the  translation  it  will 
retum  to  C.  Therefore  the  point  C remains 
fixed,  and  is  the  center  of  rotation,  and 
thus  the  rotation  cd  about  C is  equiyalent 
to  the  equal  rotation  about  0 together  with 
the  translation, 

1)  x = 20(7  sin 

and  if  p is  the  perpendicnlar  from  C to  00', 

2)  p=OCo  osf  = |cot|- 


Fig.  41. 


56.  Rotation«  about  two  Parallel  Azes.  As  before  the 
motion  is  uniplanar  and  is  specified  by  two  points.  Let  A and  B (Fig.  42) 
be  the  intersections  of  the  axes  with  the  plane  of  the  paper  perpen- 
dicnlar to  them.  Turn  about 
A through  the  angle  (ov 
bringing  B to  B\  Then  tum 
about  B1  through  the  angle  oi9 
bringing  A to  Ä.  Bisect  o1 
by  AC.  B could  be  brought  a 
to  Bf  by  rotation  about  any 
point  of  AC,  since  all  such 
points  are  equidistant  from 
BB\  Bisect  cd2  by  BrD. 

A could  be  brought  to  Ä 
by  rotation  about  any  point 
in  B'D.  Therefore  the  motion  Fig.  42. 

of  A and  B could  be  produced 

by  a rotation  about  0,  the  intersection  of  AC  and  B'D,  Triangle 
AOA'  is,  isosceles. 

Angle  AOD  = angle  OAB'  + angle  AB'O  = ~l  + y , 

Angle  AOA'  *=  2 • angle  AOD  = o1  + o8, 

that  is,  two  rotations  about  parallel  axes  compound  into  a rotation 
equal  to  their  algebraic  sum  about  a parallel  axis.  To  find  the 
Position  of  this  axis  we  have 


OA 


AB 

<»1  + o» 
2 


If  the  Order  of  rotation  is  changed  we  obtain  a different  result. 
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If  the  rotations  g>x  and  ©2  are  of  opposite  signs  and  of  equal 
magnitudes,  the  intersection  of  the  two  bisectors  is  at  infinity  and 
the  azis  of  rotation  is  thus  at  infinity.  A motion  abont  an  infinitely 
distant  azis  is  a translation.  The  direct  proof  is  as  follows. 

Let  A be  the  center  of  rotation  o,  bringing  B to  B1.  Then 
rotate  about  Bf  through  an  equal  angle  in  the  opposite  direction, 

bringing  A to  Af.  Triangles 
ABB'  and  AAB1  have  AB9 
common,  and  AB  = A9Bf  and 
the  included  angles  equal, 
therefore  AA!  and  BB'  are 
equal  and  parallel  and  two 
points  — consequently  all 
points  — have  moved  parallel 
to  each  other  the  same  distance.  The  motion  is  therefore  a trans- 
lation of  magnitude, 

4) 


Flg.  43. 


x = 2 AB  sin 


CD 


2 


Accordingly  every  translation  may  be  decomposed  into  rotations  y and  tce 
may  reduce  all  displaeements  to  rotations . 

57.  Rotations  abont  Interseotlng  Axes.  Inflnitosimal 
Rotations.  Let  OA  and  OB  be  two  intersecting  azes  about  which 

we  revolve  the  body  through  the 
angles  co1  and  cd2  respectively. 
Describe  a sphere  with  the  centerO. 
Let  the  rotation  o1  about  A bring 
B to  Bff  and  ©2  about  B 9 bring 
A to  Ä.  Pass  planes  through 
the  vertices  bisecting  the  angles  o1 
and  o2;  then,  as  in  § 56,  the 
displacement  just  given  is  equi- 
valent  to  a rotation  about  the  line 
of  intersection  CO  of  these  planes. 
The  Order  of  the  rotations  affects 
the  result. 

Since  AC  bisects  the  angle 
BAB'  and  the  spherical  triangle 
BAB1  is  isosceles, 

angle  ABC  = angle  AB9 C= 

m 

Thus  the  resultant  rotation,  cd  = angle  ACA1  = angle  BCB'. 

Angle  ACE  =*  angle  B9  CD  = angle  D CB  = — • 
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In  the  spherical  triangle  ABC  we  have 

. CO.  .09,  .09 

sin  ~ sin  — sin  — 

2 2 2 

sin  CÖB  sin  COA  **  sin  AOB 

The  preceding  results  are  much  simplified  if  the  rotations  are 
infinitely  small. 

We  shall  first  prove  that  two  eqnal  infinitely  small  rotations  in 
the  same  sense  about  axes  infinitely  near  each  other  may  be  regarded 
as  eqnaL  Snppose  the  axes 
first  parallel,  and  perpendic- 
nlar  to  the  paper  which  they 
cut  in  A and  B . Let  a point  P 
be  rotated  abont  A through 
the  angle  da  to  P',  and 
throngh  the  same  angle  about 
B to  P".  The  arcs  PP' 
and  PP"  differ  by  the  amount  drda , if  dr  is  the  difference  between 
AP  and  PP.  They  are  inclined  to  each  other  at  an  infinitely  small 
angle  BPAy  and  aa  the  sides  PP'  and  PP"  are  infinitely  small,  and 
differ  by  an  infinitely  small  quantity  of  the  second  Order,  P'P"  is  of 
the  second  Order.  If  the  axes  are  inclined  to  each  other  at  an 
infinitesimal  angle,  there  is  a third  component  C 

perpendicular  to  P'P",  which  is  likewise  of  the 
second  Order.  Therefore  the  theorem  is  proved. 

The  theorem  of  rotations  about  intersecting 
axes  may  then  be  stated.  Two  infinitesimal 
rotations  about  intersecting  axes  are  equivalent 
to  a rotation  about  an  axis  in  their  plane, 
the  order  of  rotations  being  immaterial.  To 
find  the  position  of  the  axis  of  the  resultant 
rotation,  we  have,  by  5) 

d(ol  da%  dco 

sin  COB  sin  CÖÄ  sin  AOB  ‘ 

If  we  lay  off  on  the  axes  0A  and  OB  (Fig.  46)  lengths  OP 
and  OQ  proportional  to  the  rotations  dax  and  da9,  the  aboye  equa- 
tions  show  that  OC  is  in  the  direction  of  the  diagonal  of  a parallelo- 
gram  constructed  on  OP  and  OQ  as  sides  and  the  resultant  rotation  da 
is  proportional  to  the  diagonal  OP. 

Therefore  the  resultant  of  two  infinitesimal  rotations  whose  axes 
intersect  is  found  by  the  parallelogram  construction,  or  by  the  law 
of  addition  of  vectors.  This  process  may  be  extended  to  any  number 
of  infinitesimal  rotations  whose  axes  intersect. 
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The  theorem  regarding  rotations  about  parallel  axes  becomes: 
Infinitesimal  rotations  abont  two  parallel  axes  compound  into  a 
rotation  about  a parallel  axis  lying  in  their  plane.  We  have  for  its 
Position  by  3), 

OJB  ^OÄ^  ÄB 

0).  09. 


7) 


-Q* 


showing  that  the  point  of  application  of  the  resultant  is  at  the  center 
of  mass  of  masses  proportional  to  the  component  rotations  placed  at 
their  points  of  application. 

If  vectors  representing  o1  and  o8  are  laid  off  anywhere  on  their 
axes,  the  position  of  the  axis  0 may  be  found  by  the  following 

construction.  At  A a point 
on  the  axis  of  rotation  Lay 
off  AR  = o2  and  at  B at  a 
point  on  the  axis  of  rotation  o* 
in  the  opposite  direction  BS=qv 
Join  jR  and  S,  and  where  this 
straight  line  RS  cuts  AB, 
draw  OT  parallel  to  AR,  BS 
equal  in  length  to  g^  + For 

OA AR cd, 

Fig.  47.  OB  BS 

as  required  by  7). 

The  construction  (Fig.  47)  shows  that  if  g^  and  cd8  have  the 
same  sign,  the  resultant  g^  + &2  has  its  axis  0 between  A and  B. 
If  (Dj  and  g>2  are  of  opposite  signs  the  same  construction  may 

be  used  (Fig.  48),  but  Ö 
is  on  AB  produced  and 
on  the  side  of  the  greater 
rotation.  If  g)1  ==  — at 
eyidently  0 is  at  infinity 
and  cd  = 0.  The  resultant 
is  then  a translation  per- 
pendicular  to  the  plane  of 
the  two  axes,  and  its 
magnitude  t is  by  4)  equal 
to  ^cd!  times  the  perpen- 
dicular  distance  between 
the  axes. 

58.  Vector  - couples.  A pair  of  equal,  parallel,  oppositely 
directed,  sliding  vectors  will  be  called  a vedor-conple.  A rotation 
vector -couple  is  thus  equivalent  to  a translation  perpendicular  to  its 
plane,  equal  to  the  product  of  the  length  of  either  vector  by  the 
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perpendicular  dietance  between  their  lines,  or  the  arm  of  the  couple. 
This  product  is  called  the  moment  of  the  couple. 

Two  couples  whose  planes  are  parallel  give  rise  to  parallel 
translations,  and  if  their  moments  are  equal,  to  equal  translations. 
Therefore  a rotation- couple  may  be  displaced  without  altering  its 
effect,  if  its  plane  is  kept  parallel  to  itself  and  its  moment  is  un- 
changed. 

A vector -couple  may  then  be  represented  by  a single  vector 
perpendicular  to  its  plane,  whose  length  is  equal  to  the  moment  of 
the  couple.  Its  direction  will  be  govemed  by  the  same  Convention 
as  before,  namely,  the  vector  moment  is  to  be  drawn  in  such  a 
direction  that  rotation  in  the  direction  of  the  couple  and  translation 
in  that  of  the  moment  correspond  to  the  motion  of  a right- handed 
screw. 

Moments  will  be  represented  by  heavy  vectors.  The  moment  of 
a vector -couple  is  a free  vector,  hence  the  composition  of  couples  is 
simpler  than  that  of  the  slide- vectors  themselves. 

We  may  now  state  the  theorem  of  the  general  infinitely  small 
displacement  of  a body  as  follows:  The  infmitdy  small  displacement 
of  a body  may  be  reduced  to  a translation  and  a rotation  y or  in  other 
words  to  a rotation  and  a rotation- couple.  The  choice  of  components 
may  be  made  in  an  infinite  number  of  ways. 


59.  Statics  of  a Rigid  Body.  Two  equal,  parallel,  opposi- 
tely  directed  forces  applied  to  a rigid  body  in  the  same  line  are  in 
equilibrium.  For  otherwise  they  can  produce  only  distortion  or 
motion.  Distortion  is  excluded  according  to  the  definition  of  a rigid 
body.  They  satisfy  the  conditions  of  equilibrium,  § 32,  for  if  applied 
at  the  center  of  mass  they  are  in  equilibrium,  and  their  moments 
about  any  point  are  equal  and  opposite.  Accordingly  a force  applied 
to  a rigid  body  may  be  applied  at  any  point  in  its  line  of  direction 
without  change  of  effect.  Thus  forces  applied  to  a rigid  body  are 
not  free,  but  are  sliding  vectors  (five  Coordinates).  (This  is  not  a 
property  of  forces,  but  of  rigid  bodies.)  Forces,  whose  lines  of 
direction  intersect,  may  be  applied  at  the  point  of  intersection  and 
compounded  by  the  rule  of  vector  addition. 

* 

59a.  Parallel  Forces.  Force  - couples.  Let  AB  and  BQ 

(Fig.  49)  represent  two  parallel  forces  applied  to  a rigid  body  at  A 
and  B.  Introduce  at  A and  B two  equal  and  opposite  forces  AR 
and  BS  of  any  magnitude  in  the  line  AB.  These  being  in  equili- 
brium do  not  affect  the  System.  Find  the  resultant  of  AP  and  AR 
by  the  parallelogram,  giving  AC,  also  of  BQ  and  BS  giving  BD. 
All  these  forces  are  coplanar,  therefore  the  lines  AC  and  BD  will 
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meet  at  E,  if  produced.  Slide  AG  and  BD  to  E,  and  then  resolve 
into  components  parallel  to  the  original  ones.  We  get  EH  and  EJ 
equal  and  opposite  (being  equal  to  AR  and  BS),  and  EK  eqnal  to 
AP  and  EL  to  BQ  applied  at  E.  Therefore  the  resnltant  of  two 
parallel  forces  is  a parallel  force  equal  to  their  algebraic  sum,  and 

applied  on  a line 
EO,  wbose  Posi- 
tion is  to  be  fonnd 
as  follows. 

From  the  simi- 
lar  triangles, 


AO 

FK 

BO 

GL 


OE 

KE 

OE 

LE 


OE 

i y 

OE 

BQ' 


B y division,  since 
FK  — GL, 


AO 

BO 


BQ 

AP 


Thns  the  position  of  the  resnltant  of  parallel  forces  is  to  be  fonnd 
by  the  same  construction  as  the  resultant  of  two  rotations  abont 
parallel  axes,  Fig.  47. 

If  the  two  forces  are  oppositely  directed  (Fig.  50),  0 is  on  AB 
produced,  and  if  the  forces  are  equal  0 lies  at  infinity.  Accord- 

ingly  there  is 
no  force  that  can 
replace  two  eqnal, 
parallel  and  op- 
positely directed 
forces  not  along 
the  same  line,  or 
force- couple.  The 
distance  between 
the  lines  of  direc- 
tion  is  the  arm, 
and  the  prodnct 
of  either  force  by 
the  arm  is  the 
motnent  of 

Fig.  so.  couple. 

We  shall  prove  the  following  theorems. 
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Theorem  I.  A couple  may  be  transported  parallel  to  itself  either 
in  its  own  or  a parallel  plane  withont  changing  its  effect. 

Gonsider  the  forces  P1  and  P2  both  equal  to  P,  applied  perpendi- 
cularly  at  the  ends  of  AB  (Pig.  51).  At  the  ends  of  an  eqnal 
and  parallel  line  A!Bf  apply 
fonr  eqnal  and  opposite  forces 

A)  2*59  ^6 f each  eqnal  to  P, 

which  are  in  eqnilibrinm.  The 
resnltant  of  the  eqnal  parallel 
forces  Pi . PA  is  a force  2P 


1 9 -**6 

applied  half  - way  between  A 
and  Br.  The  resnltant  of  P2 
and  P5  is  a force  2P  in  the 
opposite  direction  applied  half- 
way  between  Ar  and  B.  Since 
ABBrAr  is  a parallelogram 
these  two  points  of  application 
coincide  and  the  two  resnltants  nentralize  each  other.  We  have  left 
the  conple  PSP4  equivalent  in  effect  to  the  original  conple. 

Theorem  II.  A conple  may  be  tnmed  in  its  plane  abont  its 
center  of  symmetry  without  changing  its  effect. 

Let  ArBr  be  a line  of  the  same  length  and  with  the  same  center 
0 as  AB,  the  arm  of  the  conple,  and  in  the  plane  of  the  conple 
(Fig.  52).  Apply  at 
Ä and  B>  fonr  eqnal 
and  opposite  forces 
in  equilibrinm,  each 
eqnal  to  P,  and 
perpendicular  to 
AfBf  and  in  the 
plane  of  the  couple. 

Gonsider  Px  and  P5 
applied  at  C,  their 
point  of  inter- 
section,  and  by 
symmetry  their  re- 
sultant  will  be  along 
OG.  Similarly  the 
resnltant  of  P2  and 
P6  is  an  eqnal  force 
along  OB  in  the 
opposite  direction. 

These  two  resnltants  nentralize  each  other,  leaying  the  conple  P8P4 
which  has  the  same  effect  as  the  original  conple. 
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make  the  resolution  at  any  other  point,  0\  the  conple  to  be  com- 
pounded  with  S at  0!,  is  perpendicular  to  R and  00\  so  that  if  S 
• has  any  component  parallel  to  R it 

cannot  be  neutralized  by  the  new 
conple.  Accordingly  in  Order  that  the 
conple  may  vanish  for  any  point  0\ 
the  conple  S must  be  perpendicular 
to  R at  all  other  points.  As  a change 
of  0 introduces  only  a component 
of  S perpendicular  to  R , the  com- 
ponent parallel  to  R is  unchanged. 
Therefore  the  projection  of  S on  R 
is  the  same  for  all  points  0, 


Fig.  56. 


8) 


S cos#  = S0 . 


R 


Althongh  in  general  R and  8 have  different  directions,  we  may 
find  points  Of  for  which  they  have  the  same  direction.  Let  S and  R 

inclnde  the  angle  fr  at  0.  Resolve  S into  S0=S  cos  0^ 
parallel  to  R , and  Sx  — S sin  & perpendicnlar  to  R, 
H we  take  0r  on  a line  perpendicnlar  to  SR  at  a 
distance  d such  that  d • R = S sin  fr  in  the  positive 
direction  of  translation  corresponding  to  a rotation 
from  R to  S,  the  component  St  will  be  neutralized, 
and  we  shall  have  at  0',  R and  S!  = S0  in  the  same 
direction.  This  property  holds  for  all  points  on  the 
line  of  R throngh  0f.  This  line  is  called  Poinsofs 
central  axis. 

In  Order  to  consider  the  resolution  at  any  point  O 
we  may  refer  it  to  the  central  axis.  Drop  a per- 
pendicular from  0 (Fig.  58)  on  the  central  axis. 
and  take  this  perpendicnlar  for  the  axis  of  X,  the 
central  axis  for  the  axis  of  Z. 

Then  as  above 

8)  S cos  = S0, 

9)  Ssin#  = d • R} 

and  if  xyz  are  the  Coordinates  of  the  end  of  8f  we  have 

10)  z = SQ,  y = Rx,  tan  fr  = x ^ > 
and  for  any  point  on  the  line  of  S , 

y Rx 

that  is  the  line  of  8 lies  on  a hyperbolic  paraboloid. 


z S0  S0 

-»V  or  zx  = -£y, 


V 
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Fig.  5«. 

.s  the  diameter  of  the 


It  is  evident  that  if  we  slide  the  whole  of  Fig.  58  along  or  turn  - 
it  around  the  central  axis  nothing  i8  changed,  consequently  if  we 
suppose  the  vector  S laid  off  at  z 

every  point  of  space  0,  and  con- 
sider  the  assemblage  of  couples 
thus  formed,  the  assemblage  re- 
mains  unchanged  if  we  rotate  it 
about  or  slide  it  along  the  cen- 
tral axis. 

Every  S is  tangent  to  a cer- 
tain  helix,  or  Iocub  of  a point 
which  moves  on  a circular  cylinder 
in  a path  making  a constant  angle 
with  its  generators  (Fig.  59\  This  angle  is  less 
cy lindere  is  less,  so  that 

10)  tan  ff  = x ^ • 

All  these  helices  have  however 
one  constant  in  common, 
namely  the  distance  travereed 
parallel  to  the  central  axis  for 
each  tum.  If  dt  be  the  trans- 
lation  for  a rotation  da,  we 
have  . 

xdi a , R 

d. 


Then 

i-'  r-**» 

is  the  traverse  for  each  tum, 
and  is  called  the  pitch  of  the 

helix.  Every  helix  lies  on  a ruled  screw-surface,  made  by  the  revolution 
of  a line  perpendicular  to  the  central  axis,  which  slides  along  it  a 
distance  proportional  to  the  angle  of  rotation,  the  pitch  of  the  screw 

g 

being  p = 2«  The  lines  of  the  assemblage  of  moments  have  every 
direction  in  space  — • there  are  a triple  infinity  of  lines  of  the  System 
(one  for  each  point  in  space),  but  only  a double  infinity  of  direc- 
tions  — therefore  every  plane  cutting  all  these  lines  has  for  its 
points  (a  double  infinity),  every  possible  direction  for  S.  For  one 
point  only  is  this  perpendicular  to  the  plane.  This  point  is  called 


I 
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- the  focus  of  the  plane.  Let  the  plane  cut  the  central  axis  in  A 
Through  A draw  a plane  perpendicular  to  the  central  axis,  intersecting 
the  given  plane  in  AO . As  we  go  along  the  line  AO,  S turns 

abont  it,  and  for  one  poin: 
has  the  direction  of  the 
normal  to  the  given  plane. 

Accordingly  to  every 
point  in  space  there  corre- 
sponds  one  plane,  and  to 
every  plane  one  point 
The  correspondence  was 
discovered  by  Chasles,  and 
the  System  of  points  and 
planes  was  called  a AV:< 
System  by  Möbius. 

62.  Vector-cross.  Besides  the  rednction  to  the  screw-tvp*? 
we  may  reduce  the  System  of  vectors  to  two  vectors  not  lying  in 
the  same  plane,  without  a couple.  This  rednction  may  be  made  ifi 
an  infinite  number  of  ways,  and  the  line  of  one  of  the  vectors  may 


A 

Fig.  61. 


be  given.  Let  AB  (Fig.  61)  be  the  given  line.  At  any  point 
on  AB  let  R be  the  resultant  vector,  S the  resultant  couple 
(B  and  S will  not  in  general  lie  in  a plane  with  AB.)  At  O pa*s 
a plane  perpendicular  to  S,  intersecting  the  plane  of  R and  AB\ 
in  OP.  Resolve  S into  the  pair  of  vectors  OP  and  CQ  so  tabc 
that  the  resultant  of  R and  OP  shall  lie  in  AB.  The  length  of  (*l 
is  thus  determined,  and  the  distance  between  its  line  and  that  of  ('V 
is  determined  by  S.  Thus  the  line  AB  determines  the  line  (\ 
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The  lengths  OB  and  CQ  are  determined  as  soon  as  the  line  AB  is 
given.  Two  such  non -parallel  and  non-coplanar  vectors  OB,  CQ  will 
be  termed  a vector  - cross.  The  Crossing  will  degenerate  to  intersection 
only  when  S = 0 and  to  parallelism  when  R — 0. 

As  any  line  may  be  taken  for  AB,  and  as  there  are  a quadmple 
infinity  of  lines  in  space,  there  are  a quadruple  infinity  of  vector- 
crosses.  They  all  possess  a property  in  common , namely,  that  the 
tetrahedron  formed  by  joining  the  four  ends  of  a vector- cross  has  a 
constant  volume.  Let  OB,  CQ  (Fig.  61)  be  the  vector-cross,  and  let 
us  reverse  the  preceding  resolution.  The  volume  of  a tetrahedron  is 
equal  to  one-third  the  product  of  its  altitude  by  the  area  of  its 
base.  The  area  of  the  base  OCQ  is  one-half  the  moment  of  CQ 

about  0,  or  * 8,  while  the  altitude  is  the  projection  of  OB  on  the 

perpendicular  to  OCQ,  that  is,  on  S . But  since  BR  is  parallel  to 
the  plane  OCQ,  OR  has  the  same  projection  on  S as  OB,  namely 
R cos  fr,  consequently 


But  by  8), 


therefore 

13) 


V=  \ R cos  fr  • S = 4-  RS  cos  fr. 

ö 2 6 

Scosfr  = S0, 

v=\bs0. 


This  theorem  is  due  to  Chasles. 

Corresponding  lines  of  vector -crosses  possess  a remarkable  relation 
to  the  null-system.  Let  AB  and  CQ  (Fig.  62)  be  the  two  lines  of 
the  vector-cross.  Through  CQ  pass  any 
plane,  cutting  AB  in.  0.  The  moment 
of  CQ  is  perpendicular  to  the  plane  OCQ, 
and  the  other  vector  has  no  moment 
about  0,  since  it  passes  through  it.  Accord- 
ingly  0 is  the  focus  of  the  plane  OCQ . 

Thus,  if  a plane  turns  about  a line,  its 
focus  traverses  another  line,  and  these 
two  conjugate  lines  are  lines  of  a vector- 
cross. 

We  have  here  shown  the  intermediate 
nature  of  a line  between  a point  and  a 
plane,  in  the  dual  role  as  generated  by  the  motion  of  a point  and 
by  the  rotation  of  a plane.  In  the  first  relation  the  line  is  spoken 
of  as  a ray,  in  the  second  as  an  axis. 

If  two  conjugate  lines  are  at  right  angles,  pass  a plane  through 
one,  AB,  perpendicular  to  the  other,  CD  (Fig.  63).  By  the  preceding 
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both  for  free  and  forced  vibrati  ons,  and  by  an  electrical  application 
has  solved  a very  important  telephonic  problem.1) 

On  acconnt  of  the  importance  and  typical  nature  of  the  problem 
of  the  continuous  string,  we  shall  also  solve  it  by  means  of  Hamilton’s 
Principle.  Replacing  the  length  of  a segment  a by  the  differential  dz, 

writing  qüx  for  the  mass  m,  and  for  y\  (partial  derivative  becanse 

y depends  upon  both  t and  x),  and  for  the  sum,  the  definite  integral, 
we  have  the  kinetic  energy 

104)  T-lß( %)'**■ 

0 

Similarly  in  the  potential  energy  the  limit  of  the  term 

(c-T^)'a  is  ®'dx> 

so  that  the  potential  energy  becomes 

106)  W-±fs(JßW 

0 

As  the  number  of  degrees  of  freedom  is  now  infinite  wo  are 
not  able  to  use  Lagrange’s  eqnations,  bnt  we  can  nse  Hamilton’s 
Principle,  which  inclndes  them. 


Integrating  the  first  term  partially  with  respect  to  t and  the  second 
with  respect  to  x , 


The  Variation  Sy  is  as  usual  to  be  put  equal  to  zero  at  the  time 
limits,  and,  as  the  ends  of  the  string  are  fixed,  Sy  eqnals  zero  at 


1)  Pupin,  Wave  l*ropagation  over  non -uniform  Electrical  Conductors, 
Trans.  American  Mathematical  Society,  I,  p.  259,  1900. 
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to  itself.  The  necessary  and  sufficient  condition  that  a line  is  seif- 
conjngate  is  that  the  pole  (focus)  of  a plane  through  the  line  falls 
in  the  line.  For  then  as  the  plane  rotates  about  the  line  as  an  axis, 
the  focus  describes  the  line  as  a ray.  Hence  the  double  lines  lying 
in  a particular  plane  all  pass  through  the  pole  of  that  plane,  and 
conversely,  all  the  double  lines  passing  through  a point  lie  in  the 
polar  plane  of  the  point.  Such  a System  of  lines  is  called  by  Plücker 
a line  complex  of  the  first  degree.  There  are  in  all  a double  infinity 
of  lines  passing  through  any  point  in  space,  but  of  these  only  a 
single  infinity  belong  to  the  complex.  Therefore  lines  belonging  to 
the  complex  have  one  less  degrees  of  freedom  than  lines  in  general, 
or  a complex  contains  a triple  infinity  of  lines.  A complex  may  be 
represented  analytically  by  a single  relation  between  the  four  Para- 
meters determining  a line.  If  we  mark  off  on  a line  any  length  R, 
and  give  its  projections  on  a set  of  rectangular  axes  X,  Y,  Z , and 
the  projections  L , M , N of  its  moment  about  an  origin  0,  the  line 
is  completely  determined.  For  its  direction  is  given  and  giving  the 

moment  S=YL2  + M2  + N2  giyes  the  plane  through  0 containing  R, 
and  the  distance  from  the  line,  if  the  length  of  R is  given,  but  this 

is  given  by  R = f/X2  + Y2  + Z2. 

As  the  determination  of  the  line  is  independent  of  the  length 
of  R,  the  ratios  of  the  six  quantities  determine  the  line.  But  these 
five  ratios  are  not  independent,  for  since  by  § 5,  12), 

L = yZ  — zY} 

16)  M=  zX  — xZ, 

N = zY  — yX, 

we  have  the  identical  relation, 

17)  LX  + MY  + NZ  = 0, 

expressing  the  fundamental  property  that  the  moment  of  a vector  is 
perpendicular  to  it.  The  Coordinates  LMNXYZ  are  known  as 
Plücker’s  line -Coordinates. 

Thus  there  remain  four  independent  quantities  to  determine  a 
line.  A relation  between  these  denotes  a complex,  and  in  particular 
a linear  relation, 

18)  aX  + IY+  cZ+dL  + eM+fN=  0, 

denotes  a complex  of  the  first  degree.  . 

Since  the  double  lines  of  the  null- System  are  the  loci  of  points 
which  are  the  poles  of  planes  containing  the  double -lines,  at  every 
point  of  a double -line  the  resultant  moment  is  perpendicular  to  it, 
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or  double  lines  are  Lines  of  no  moment.  In  the  kinematical  applica- 
tion,  points  on  a double -line  experience  no  translation  along  it. 

If  a double-line  cuts  one  of  a pair  of  conjugate  lines,  it  cuts 
the  other.  Let  PQ  be  a double-line  cutting  the  line  AB.  Then 
the  pole  of  the  plane  BPQ  lies  in  the  line  conjugate  to  AB.  But 
since  PQ  is  a double-line,  the  pole  of  BPQ  lies  on  PQ.  Hence 
PQ  cuts  the  conjugate  to  AB.  Conversely,  every  line  cutting  two 
conjugates  is  a double-line. 

The  complex  of  double-lines  is  symmetrical  with  respect  to  the 
central  axis.  Let  AB  (Fig.  65)  be  a line  of  the  complex,  and  let  OX 

be  the  common  perpendicular  to  it  and 


the  central  axis.  Now  AB  is  perpen- 
dicular to  the  moment  S at  X , bat  .S 
is  perpendicular  to  OX , and  the  distance 

OX  is  d = tan  &.  If  9 is  the  angle 

that  the  line  AB  makes  with  the  central 
axis  we  have 

19)  tan  gp  = ctn  # = 


lg'  This  equation  shows  that  the  double-lines 

constituting  the  complex  are  tangent  to 
an  infinite  number  of  helices,  which  become  less  steep  as  d decreases, 
so  that  the  double-lines  cutting  the  central  axis  are  perpendicular  to 
it,  and  those  at  infinity  are  parallel  to  it.  For  the  pitch  p of  any 


helix  tangent  to  lines  of  the  complex  we  have 


20) 


p , Bä 

— r = ctnqp  = „ 


Thus  the  pitch  is  not  constant,  but  varies  as  d*. 

This  construction  shows  the  triple  infinity  of  complex -lines.  In 
a plane  perpendicular  to  the  central  axis  every  point  is  on  one 
complex  line.  There  is  a double  infinity  of  such  points.  Bat  there 
is  a single  infinity  of  such  planes,  and  therefore  in  all  a triple  infinity 
of  complex  lines.  It  is  evident  that  the  complex  is  unchanged  if 
we  rotate  it  about,  or  slide  it  along  the  axis. 


64.  Composition  of  Screws.  Suppose  we  have  two  Systems 
of  vectors,  each  reduced  to  the  type  of  a screw.  (The  combination 
of  forces  of  this  type,  namely  a force,  and  a couple  tending  to  cause 
rotation  about  its  line  of  direction,  is  called  a wrench.  B is  called 
the  intensity  of  the  wrench,  or  the  amplitude  of  the  rotation.)  The 
resultant  of  both  Systems  may  also  be  reduced  to  a screw,  and  we 
may  find  its  position. 
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S. 


Let  us  first  suppose  that  the  axes  of  the  component  screws 
intersect  at  right  angles,  and  let  us  take  them  for  axes  of  X and  Y. 
Let  their  pitches  be 

px=2it1{-> 

/ •* 

Let  jR  (Fig.  66),  the  resultant 
of  jRx  and  Ryi  make  an  angle  a 
with  the  X-axis,  and  let  S, 
the  resultant  of  Sx  and  Sy, 
make  an  angle  ß with  the 
same  axis.  Then  the  central 
axis  is  parallel  to  R,  and  cuts 
the  Z- axis  at  a distance  from 
the  origin 

OZ  = ^ sin  ( ß — a). 

The  resultant  moment  along 
this  line  is 

Sq  = S cos  (ß  — a). 

We  have  now 


S cos  ß = Sx  = ^ Rx  = *x  R cos  a, 


21) 


S sin  ß = Sy  = = ^jßsina, 

OZ  — -g-  sin  (ß  — a)  = sin  a cos  a, 


2 7t 


S0  = S cos  (ß  — a)  = ^ ( px  cos2  a + py  sin2  a). 
For  the  pitch  of  the  resultant  screw  we  obtain 

2*  - i = h cos* a+p* siQi 

22)  p=Px  cos2  a+  py  sin2 « . 

The  equations  of  the  central  axis  are 

y = x tan  a, 


23) 

Inserting  the  valües 


Py-Px  • 
z = — sm  a cos  a. 


i 71 


we  have 


cos  « - y > sin « = y-J+yi  ’ 
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(px-p«)xy 

* = ~2  «(*’+y*r 

or 

24)  * (**  + y*)  — Py2  J*  xy  = 0, 

as  the  equation  of  the  ruled  surface  of  the  third  Order  in  which  the 
resultant  screw  must  lie,  whatever  the  values  of  Rz,  Ry.  This  surface 
is  called  the  Cylindroid. 

Since 


the  surface  is  the  locus  of  a line 
which,  always  intersecting  a fixed  line 
at  right  angles,  revolves  about  it,  and 
makes  a harmonic  oscillation  along  it, 
making  two  complete  oscillations  for 
each  rotation.  In  this  manner  the  model 
shown  in  Fig.  67  was  constructed. 

For  every  screw  lying  on  the 
cylindroid  there  is  a definite  pitch. 
given  by  the  equation  22).  If  we  Iay 
off  the  square  roots  of  the  reciprocals 
F1  6J  of  the  pitches  on  lines  making  angles  u 

with  the  X-axis  in  the  plane  of  XI’. 
and  call  the  Coordinates  of  their  ends  xy,  we  have 

l l . 

x=—  _ cos  ec,  «=  ^ sina, 

, Vp  Vp 

and  our  equation  is 

p = pzpx*  + pvpyt, 

25)  pzx>  +p!/y*=  1, 

representing  a conic  section,  such  that  the  pitch  belonging  to  the 
direction  of  any  radius  vector  is  inversely  proportional  to  the  square 
of  the  length  of  the  radius  vector.  This  is  called  the  pitch -conic. 
If  pz  and  py  are  of  the  same  sign,  the  pitch -conic  is  an  ellipse,  if 
of  opposite  signs  it  is  an  hyperbola.  In  the  latter  case,  there  are 
two  lines  of  zero  pitch,  given  by  the  asymptotes.  In  other  words. 
if  one  screw  is  right-handed,  while  the  other  is  left-handed,  there 
are  two  screws  on  the  cylindroid  representing  merely  rotation. 

Any  two  screws  determine  a cylindroid.  Let  their  pitches  be 
plpi,  let  them  make  an  angle  y and  let  the  length  of  their  common 
perpendicular  be  h.  Then  if  they  lie  on  a cylindroid  we  must  have, 
by  23),  22), 
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et  ~ gt  = «s  — «i  = 7, 


26) 


•^y  &x  • q ^Py  &x  • o 

—7—  sm2oj,  ^ = -^—81112^, 


Pt  = P*  cos*  äj  + py  sin*  «tj, 

Ps  = P»  cos*  ßa  + py  sin*  ßj, 

< 

as  six  eqnations  to  determine  px,  py,  s1}  zit  tq.  We  have  by 
elimination 


*»  ~ = 


-4^—  (sin2aj  - sin  2cq) 


P — P 

= -J^r?  COS  (ctg  + «j)  sin  (ß*  - ßj, 


or  using  the  first  two  eqnations, 


27) 


7 -Py  -^ar  /•  . \ . 

Ä = -¥--  cos  («3  + oy  Sin  y, 


28) 


p — P 

z\  + h ==  - y4?c  * (sin2aa  + sn^Oj) 

= 2^  sm  0*2  + «1)  cos  (a2  - cq) 

= * sin  («3  + «1)  cos  y, 


Pi  — Pt  =Px  (cos*  ß,  — cos*  aj)  + pt  (sin*  a t — sin*  ßa) 
= (j Px  ~Py)  (cos*  ßj  — COS*  ß j) 

= (Px  —Py)  sin  (a,  + ßj)  sin  (a,  — o,), 

29)  Ps  — Pi  = (p*  — P»)  sin  (ec,  ~f  cq)  sin  y, 

30)  Pg  + Pt  = Px  (cos*  Og  + cos*  ßj)  + jpj,  (sin*  ßj  + sin*  ßj) 

= P*  +Pv  + (P*  — Py)  (cos*  ßj  — sin*  ßj 
= Px  +Py  + (p*  — Py)  COS  (ßj  + ßj)  cos  y. 
From  27)  and  29)  we  obtain 

4®*ä*  + (p2  -Pt)*  = (Py  — p»)*  sin*y, 


31) 

From  27)  and  30), 


From  29)  and  31), 


p--Px  = yixtht  + ^-Pr)\ 

¥ sm  y 

Py  + Px  —pt  + Pt  — 2xh  ctn  y. 


sin  (iq  + a,)  = — = 

V**  a + ( pt  -Pty 


2ith 


COS  (ßj  + ßg)  = = , 

yi^h*  + (p,  -pt)* 

tan  + «*)-«££• 


32) 


220  VI.  SYSTEMS  OF  YECTOES.  DISTRIBÜT.  OF  MASS.  INSTANT.  MOTION. 


From  32)  with 


1 

2 

1 

2 


^'is1 


Since  the  cylindroid  is  thus  determined  b y 31)  and  33),  a twist 
about  pt  can  be  resolved  into  a twist  about  px  and  one  about  py. 
A twist  about  p2  can  be  likewise  resolved.  The  two  components 
about  px  add  together,  so  do  those  about  py,  and  since  the  resultant 
of  any  twists  about  px  and  py  lies  on  the  cylindroid,  the  resultant 
of  px  and  p2  does.  Its  direction  can  be  found,  since  the  amplitudes  P 
of  the  two  twists  about  p1pi  compound  by  the  parallelogram  law, 
hence  the  angle  made  by  the  resultant  with  the  axes  is  known.  The 
pitch  is  then  found  from  the  pitch -conic. 


65.  Work  of  Wrench  in  Froducing  a Twist.  Let  us  find 
an  expression  for  the  work  done  during  a twist  of  amplitude  Rk 
about  a screw  of  pitch  pk  by  a wrench  of  intensity  R/  about  another 
screw  of  pitch  pf.  We  already  know  the  work  done  by  a force  in 
a translation,  namely,  it  is  equal  to  the  product  of  the  magnitudes 
by  the  cosine  of  the  included  angle.  If  the  force  is  Rf  and  the 
translation  (rotation- couple)  is  Sk,  we  have 

W=RfSkcoB(RfSk). 

Notice  that  the  vector  of  one  System  is  multiplied  by  the  vector- 
couple  in  the  other. 

We  can  find  the  work  done  by  the  force-couple  in  a rotation 
about  its  axis.  Apply  the  couple  so  that  one  of  its  members  P 
passes  through  the  axis  of  rotation.  In  a rotation  this  member  does 
no  work,  for  its  point  of  application  is  at  rest,  while  that  of  the 
other  member  Q moves  in  a rotation  a distance  do,  where  d is  the 
arm  of  the  couple.  Accordingly  the  work  is  W=  Pdo  which  is 
equal  to  the  product  of  the  twist  by  the  moment  of  the  couple. 
Here  again  we  multiply  the  vector  of  one  System  by  the  vector- 
couple  of  the  other. 

If  the  axis  of  rotation  is  perpendicular  to  the  axis  of  the  couple, 
the  motion  is  perpendicular  to  the  force,  and  no  work  is  done.  Hence 
we  must  take  the  resolved  part  of  the  couple  on  the  vector,  as  before. 

We  can  now  find  the  work  of  a wrench  during  a twist.  The 
work  of  the  force  in  the  displacement  Sk  is  R/Sk  cosa,  a being  the 

pf 

angle  between  the  two  screws.  The  work  of  the  couple  S/  = 2 a R/ 
in  the  rotation  Rk  is 


Pf 
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But  when  Rf  is  changed  to  the  origin  of  Rk  it  gives  rise  to  a moment 
perpendicnlar  to  Rf  equal  to  Rfd,  d being  the  perpendicnlar  distance 
between  the  screws.  This  moment  therefore  makes  with  Rk  the 

angle  cc  + * > and  the  work  done  by  it  in  the  rotation  Bk  is 

dR/Rk  cos  (a  + — dRfRk  sin  a . 

Thns  the  whole  work  is 

34)  W = RfRk  cos « - d sin cc\ . 

It  is  symmetrical  with  respect  to  both  screws,  hence  the  wrench  and 
twist  might  have  been  interchanged. 

The  geometrical  quantity  in  parentheses  is  called  the  virtual 
eoefficient  of  the  two  screws,  and  if  it  vanishes  no  work  is  done, 
that  is,  a body  free  to  twist  only  about  a particular  screw  is  in 
equilibrium  under  a wrench  about  another  screw  if  the  virtual  coef- 
ficient  of  the  two  screws  is  zero.  The  two  screws  are  then  said  to 
be  reciprocal. 

66.  Analytical  Representation.  Line  Coordinates.  In 

Plücker’s  line  Coordinates  referred  to  any  origin,  since  each  component 
of  vector  does  work  on  the  corresponding  component  of  couple  in 
the  other  System, 

35)  W = XfLk  + YfMk  + Z,Nk  + LfXk  + MfYk  + NfZk. 

If  a screw  is  reciprocal  to  two  screws  on  a cylindroid,  it  is 
evidently  reciprocal  to  all  the  screws  on  it. 

For  two  screws  to  be  reciprocal,  the  condition  is, 

36)  XtL2  + YXM%  + Z,N2  + L,X2  + Mt  Y2  + NXZ9  = 0. 

K the  Coordinates  of  one  of  the  screws  be  constant,  while  those  of 
the  other  be  variable,  this  is  the  equation  18)  of  a complex  of  the 
first  degree,  so  that  all  the  screws  reciprocal  to  a given  screw  form 
such  a complex. 

Since  between  the  six  Coordinates  XiYlZ1L1M1Nl  there  is 
always  the  identical  relation 

X1Li  + YXMX  + ZXNX  = 0, 

we  may  always  make  them  satisfy  five  equations  like  the  above, 
that  is,  we  may  always  find  a screw  reciprocal  to  five  arbitrarily 
given  screws. 

Suppose  the  Coordinates  of  the  System  of  vectors  for  an  origin  0 
are  XYZLMN \ being  the  projections  of  R and  S at  0.  Let 
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1t  is  to  be  noticed  that  since  the  Coordinates  q appear  in  the  co- 
efficients  B of  eqnations  139)  they  are  introduced  into  Tf  in  a way 
in  whicb  they  do  not  appear  in  Ty  so  that  we  do  not  haye 

dT  dT' 

but  since  q enters  in  Tf  both  explicitly  and  implicitly  through 
equations  139);  we  haye  for  s = r + 1,  r + 2, . . . m, 

ts=rdT  dq\ 


141) 


dT'  _ dT 
da.  da. 


dq*  dq* 

and  since  the  same  may  be  said  of  the  yelocities, 


(8  = r + 1,  . . . 


t—r 


142) 


dT  _ dT  -y  dT  dtft 
drf,  ~ 89*. 


(«  = r+l.  *»)• 


Now  if  the  eliminated  yelocities  with  Suffixes  1,  2, . . . r are  cyclic 
and  the  corresponding  forces  vanish,  we  have 

dT  - 

Cq[  —$•  — C- 

Accordingly  eqnations  141/142)  become 

dT'  dT  . 

143)  7=r 

dT'  _ dT 

W,  ~ ^dcü,’ 

or  transposing  and  differentiating  outside  of  the  sign  of  summation, 

dT 


144) 


8 9 


dT 


f — r 


We  may  therefore  use  with  the  Coordinates  whose  yelocities  remain 
in  the  eqnations  Lagrange’s  eqnations , except  that  inste&d  of  the 
kinetic  energy  T we  nse  the  fnnction 


t==  r 
t = l 


and  instead  of  the  Lagrangian  function  L = T—  W;  we  nse  the  fnnction 


t=r 


-w. 


/= 1 


KINETIC  POTENTIAL. 


Equations  45)  or  46)  § 36  accordingly  become 


d (d$\ 
dt\dq'J 
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(or  eqnal  to  Pt  if  this  represents  an  extraneous  force  not.included 
in  the  potential  energy,  or  any  dissipative  force).  The  function  O 
is  called  by  Routh  the  modified  Lagrangian  function , and  its  negative 
by  Helmholtz  the  Jcinetic  potential.  1t  is  to  be  nnderstood  that  $ is 
to  be  expressed  in  terms  of  the  velocities,  gr+i, ...  Qm  by  means  of 
equations  139)  in  which  pu  . . .pr  have  been  replaced  by  c19 . . . cr. 
The  important  thing  to  notice  abont  cP  is  that  it  contains  linear 
terms  in  the  velocities,  as  well  as  a homogeneous  quadratic  function 
of  the  d s whose  coefficients  depend  only  on  the  .Coordinates  gr+i9 . . . qm, 
like  the  $’s  from  which  they  are  derived.  The  terms  of  the  latter 

sort  in  — ^ cause  precisely  the  same  effect  as  if  they  were  added 

to  the  potential  energy.  The  effect  of  cyclic  motions  in  a System  is 
accordingly  partly  represented  by  an  apparent  change  of  potential 
energy,  so  that  a System  devoid  of  potential  energy  would  seem  to 
possess  it,  if  we  were  in  ignorance  of  the  existence  of  the  cyclic 
motions  in  it.  The  effect  of  the  linear  terms  in  $ is  quite  different 
and  will  be  discussed  in  § 50. 

A System  is  said  to  contain  concealed  masses,  when  the  Coordinates 
which  become  known  to  us  by  observation  do  not  suffice  to  define 
the  positions  of  all  the  masses  of  the  System.  The  motions  of  such 
bodies  are  called  concealed  motions.  It  is  often  possible  to  solve  the 
problem  of  the  motions  of  the  visible  bodies  of  a System,  even  when 
there  are  concealed  motions  göing  on.  For  it  may  be  possible  to 
form  the  kinetic  potential  of  the  System  for  the  visible  motions,  not 
containing  the  concealed  Coordinates,  and  in  this  case  we  may  use 
Lagrange’s  equations,  as  in  the  case  just  treated,  for  all  visible 
Coordinates,  while  the  Coordinates  of  the  concealed  masses  may  be 
ignored.  Such  problems  are  incomplete,  inasmuch  as  they  teil  us 
nothing  of  the  concealed  motions,  but  very  often  we  are  concemed 
only  with  the  visible  motions.  Such  concealed  motions  enable  us  to 
explain  the  forces  acting  between  visible  Systems  by  means  of 
concealed  motions  of  Systems  connected  with  them. 

The  process  of  eliminating  the  cyclic  Coordinates  of  the  concealed 
motions  as  above  described  is  termed  by  Thomson  and  Tait  ignoration 
of  coordinates.1) 

Examples  of  the  process  may  be  obtained  in  any  desired  number 
from  the  theory  of  the  motion  of  rigid  bodies  rotating  fireely  about 


1)  Thomson  and  Tait,  Natural  Fhilosophy,  Part  I,  § 319,  ezample  G. 

12* 
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axes  pivoted  in  bearings  fastened  to  bodies  themselves  in  motion. 
Such  motions  will  be  treated  in  § 94 

A very  simple  case  of  the  above  process  is  encountered  in 
treating  the  motion  of  a particle  m sliding  on  a horizontal  rod, 
revolving  about  a vertical  axis,  at  a distance  r from  the  axis.  Let 
the  angle  made  by  the  rod  with  a fixed  horizontal  line  be  qp,  then 
the  velocity  perpendicular  to  the  rod  is  rtp\  The  velocity  along  the 
rod  being  r\  the  kinetic  energy  of  the  body  m is 

146)  T=Y»i(rV*  + *•'*)• 


Since  qp  does  not  appear  in  T}  qp  is  a cyclic  coordinate. 
no  force  tending  to  change  the  angle  qp  we  have 

147)  = mr*<p'  = c, 

from  which  we  obtain 


148) 

to  eliminate  <p'. 

149) 


f c 

i nr* 


Thus  we  get 

r = -U  ci 

2 \mr* 


+ mr 


'■) 


Supposing  that  there  is  no  potential  energy  we  haye 
160)  0 = T'-C9)'  = yJwr',-^ij> 


If  there  is 


illustrating  the  general  property  of  0 mentioned,  ^ mr  being  the 

1 c* 

quadratic  function  of  the  remaining  velocity  r'  and  — - - being 


the  quadratic  function  of  the  constant  c,  which  contains  as  a coeffi- 
cient  a function  of  the  coordinate  r.  We  may  now,  ignoring  the 
coordinate  tp,  use  the  differential  equation  for  r, 


d (d$\ 

dt  \crr)  dr } 0r 

d%r d& c* 

m dt*  dr  mr5 


We  accordingly  see  that  the  System  acts  as  if,  there  being  no  rotation, 

it  possessed  an  amount  of  potential  energy  — $>,  producing  the  force 

c* 

directed  from  the  center.  This  example  accordingly  illustrates 

the  effect  of  ignored  cyclic  motions  in  producing  an  apparent  potential 
energy,  but  it  does  not  illustrate  the  effect  of  linear  terms  in  % for 
they  disappear  in  this  example,  which  is  chosen  on  account  of  its 
very  simplicity.  The  example  hardly  seems  to  illustrate  the  case  of 
concealed  motions,  for  the  fact  of  there  being  a rotation  qp'  could 
with  difficulty  be  concealed.  Nevertheless  this  is  exactly  what 
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happens  to  bodies  at  rest  relatively  to  the  surface  of  the  earth.  To 
the  unsophisticated  mind  they  seem  at  rest,  the  constant  rotation  of 
the  earth  being  concealed.  The  rotation  however  prodnces  an  eflfect 
in  altering  the  weight  of  the  body  by  the  yertical  component  of  the 
force  jnst  found,  which  is  known  as  the  centrifugal  force.  (In  the 
case  of  the  rotation  of  the  earth  it  is  to  be  observed  that  it  is  qpr 
that  is  constant  rather  than  p<p,  nevertheless,  if  in  the  case  above 
r is  constant,  <pf  will  be  constant  at  the  same  time  with  py.)  The 
eflfect  of  the  motion  of  the  earth  will  be  treated  in  detail  in  § 104. 


49.  Example.  Three  Degrees  of  Freedom.  General  Oase. 

As  a farther  example  of  the  process  of  ignoration  of  Coordinates  we 
will  work  out  the  case  of  a System  with  three  degrees  of  freedom, 
one  of  whose  Coordinates  is  cyclic,  this  being  the  simplest  example 
which  typifies  the  behavior  of  the  general  System.  We  haye  then, 

152)  T=  | Quq”  + i-  Qnb»  + ± Qsaqa'* 


+ Qn  9i  4i  + Qis  Si  Is  + Qis  qs'  2s'- 
If  q3  is  the  cyclic  coordinate,  all  the  Q’s  are  independent  of  q3}  and 
if  the  corresponding  force  P8  yanishes,  we  have  the  constant  momentum, 

Ps  “ Qis  £i  “b  Qss  £2  “b  Qs 3 2s  ~ ^8* 

Prom  this  we  determine  the  cyclic  velocity, 


154)  qa'  = S — l — 9n% l, 

vSS 

inserting  which  in  the  kinetic  energy  gives,  on  combining  terms, 


155)  T — y 


2 


1 *3* 


1 J*  iQstQss  Qts*\  n r*  Qii  Qss  Qis  Qss  „ t n t I jr 

+ 2 \ ft.  )q*  ft;  21  22  + 2 ft; 

It  is  noticeable  that  the  linear  terms  in  q^,  q2  haye  cancelled  each 
other.  It  will  be  proved  below  that  this  always  happens.  But  when 
we  form  the  kinetic  potential,  which  is  to  be  used  instead,  they 
reappear.  We  have 

156) 

-K 

C»Q 


9 


38 


V’+K 


Q 


88 


Q 


88 


?1  ?2 


^ (QnQss  1 ^ (QssQss  *?2S*\„f2  QiiQss  QisQss  ~ t Ä f 

13  _|_  Cs  Q*s  f 


y*- 


+ 


Qss  511  QsS  2 ? Qs  8 

Thus  the  eflfect  of  the  cyclic  motion,  which  may  itself  be  concealed 
from  us,  is  made  evident  to  our  Observation  by  the  presence  of  the 
fourth  and  fifth  terms,  which  are  linear  in  g/,  q2 . The  apparent 
coefficients  of  inertia,  that  is  the  cofficients  of  qx' 2,  q2  2,  qt*  q2,  are 


1 
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changed  from  their  real  valaes  (unless  Q1S  = Qn  = 0),  while 

Q * • . 

there  appears  the  term  — independent  of  the  velocities,  depend- 

ing  on  the  Coordinates  q1}  q%.  This  is,  since  it  gives  rise  to  a 
conservative  positional  reaction,  nndistingoishable  in  its  effect  from 
potential  energy.  In  reality,  the  reaction  to  which  it  gives  rise  is 
motional,  instead  of  positional,  as  it  appears  to  be.  If  we  coold 
explain  all  potential  energy  in  this  manner,  namely  as  due  to  concealed 
cyclic  motions,  we  shonld  have  solved  the  chief  mystery  of  dynamics. 
In  his  remarkable  work  on  dynamics,  Hertz  treats  all  energy  from 
this  kinetic  point  of  view.  In  Order  to  have  a snccessfhl  model  for 
this  representation  of  potential  energy,  which  needs  in  order  to  be 
perfect  no  linear  terms,  we  mnst  have  Q19  = Q29  = 0. 

We  can  now  see  why  the  simple  example  of  § 48  showed  no 
linear  terms,  since  by  pntting  all  the  Q' s with  one  snffix  2 equal  to 
zero  we  pass  to  the  case  of  a System  with  two  degrees  of  freedom. 
If  at  the  same  time  the  Coordinates  are  orthogonal,  Q19  = 0,  so  that 
the  single  linear  term  disappears.  This  was  the  case  above. 

Let  ns  now  pass  to  the  general  case.  We  have  for  the  momenta 
the  eqnations  53)  § 37  and,  for  the  first  r,  137)  which  are  written  out, 


Pl 

-Qu 

Ql  + @18 

9*H 1"  Qlr 

Qr 

-\rQl  r-f-X 

l“l VQlm 

i 

9- 

Pt 

• 

= Qn 
• • • 

Qi  + Qtt 

m • • • 

q*  H b Qir 

• • • • • 

qr 

• 

+ ^2r-f  1 
• • • • 

Qr+ 1 
• • • 

b Qim 

9- 

• 

Pr 

• ■ « 
- Qrl 

• • • • 
q’l  + Qr 2 

äs"! \~Qrr 

» • 
Qr 

m mm 

+ $rr+ 1 

• ■ • 
Qr+ 1 

+ -+Qrm 

Q- 

Pr  + 1 
• • 

— Qr~\-  \ 1 
• « • 

+ \-Qr+l 

rQr 

m 

+ ör+lr+l?r+l 

H b^r+lm</.. 

• 

Pm 

• • • 
= Qml 

m 

• ■ • 

• • ■ • • » 
q*%-\ h Qmr 

t • 

Qr 

• i » « 

+ ßror+ 1 

• * • 

H b Qmm 

9- 

Let  ns  now  form  the  kinetic  energy  from  the  definition,  § 36,  38), 

« = m 

158)  2 T =2W- 

Mnltiplying  the  above  equations,  the  sth  line  by  qj,  and  adding,  we 
obtain  from  the  first  r lines  on  the  right, 

4 — r 

• *=1 

The  terms  coming  from  the  last  m — r lines,  and  the  first  r columns, 
as  marked  off  by  the  dotted  lines,  are  found  to  be,  on  collecting 
according  to  columns , 
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< — r 

2 9i  Ä, 

«=*1 

on  ref erring  to  the  definition  of  the  definitions  of  the  St* s,  138), 
159)  S t = Q*,r+l<lr+l  + H * + 


Finally  the  terms  from  the  lower  right  hand  square,  of  m — r rows 
and  colnmns  gives  ns  a qnadratic  fanction  of  the  last  m — r velocities, 
namely  that  part  of  2T  which  originally  depended  on  these  velocities 
and  no  others.  This  part  we  will  call  2Ta.  We  have  therefore 

i=r 

160)  2T  = 2Ta  +2  3.'  (S.  + c,). 

9 = 1 

Now  if  we  form  the  qnadratic  fnnctions,  with  the  coefficients  JR  from 
the  determinant  of  eqnations  139), 

r 

S = {-2  2 R"8>S‘> 

9=1  t=l 
t=r  t—r 


9 = 1 f = i 

we  may  write  equations  139)  as 

i«o\  » dC  dS 

162)  q.  = ^ ^ (s  - 1,2, . . .r), 

so  that  we  may  write 

163)  2T=2Ta+2(.c,  + S,)(™ -§-§). 

9 = 1 9 9 

Bat  8ince  C,  S are  homogeneous  fnnctions  of  cs,  St  respectively, 

9 — 1 9 

\ 

so  that  the  above  becomes, 

164)  2T  - 2Ta  + 2 C - 2S  +^S,  $£  -^c.  || 

Bnt  we  also  have 


*=i 


t=r  9=r 

dC  ^ dS 


9=1 


9 — 


9=1 


9=r 


9=r  t=r 


9 = 1 


dC 

9 9 = 1 t=l 


t=r  9=r 


t=r 


s-2  c‘2  ‘ & =2 


t = 1 9 = 1 


dS 
C‘dS? 

e=i  ■{ 


so  that  the  soms  in  164)  destroy  each  other,  and  there  remains 


T - Ta  - 8 + C. 
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Bat  S is  a homogeneous  quadratic  function  of  the  SJ s,  which  are 
themselves  homogeneous  linear  functions  of  the  qj’ s,  so  that  S,  like  Taj 
is  a homogeneous  quadratic  function  of  the  non-eliminated  yelocities. 
Thus  we  have  proved  that  the  linear  terms  disappear  from  the  kinetic 
energy.  At  the  same  time  we  have  obtained  the  general  value  of 
the  part  independent  bf  the  yelocities.  Forming  the  fanction  0 for 
the  kinetic  potential, 


0 


r_v 


^ c.q. 

1 = 1 


1=1  * * 


= r0-s-c'+2«.||; 


so  that  the  part  C which  imitates  the  potential  energy  is  a homo- 
geneous qaadratic  fanction  of  the  momenta  c,  of  the  concealed  cyclic 
motions.  The  terms  ander  the  sign  of  sammation  are  linear  in  the 
remaining  yelocities. 


50.  Effect  of  Linear  Terms  in  Kinetic  Potential.  Qyro- 
soopic  Fcroes.  We  will  now  examine  the  effect  of  terms  linear  in 
the  yelocities  in  the  kinetic  potential,  arising  from  any  cause  what- 
eyer.  We  haye  seen  that  such  terms  arise  from  yariable  constraints, 
and  from  ignored  cyclic  motions.  We  shall  find  a third  case  when 
we  treat  of  relatiye  motion,  § 103. 

Suppose  now  that  the  kinetic  potential  contains  the  linear  part 

* 167)  + h 


where  the  coefficients  L are  functions  of  the  Coordinates,  and  may 
also  inyolve  the  time  explicitly.  Let  the  part  of  the  force  P,  that 
must  be  applied  on  account  of  the  part  01  be  denoted  by  Pfl\  so  that 


168) 

Now 


and  differentiating, 


d ß*i\  p m 

dt  \Ög'/  dg,  * 

_T 

^ I “ 

/t  /»' 


dL,  _ dL, 
~di  IT 


dJ± 

S<1, 


9»  "I 1" 


We  h&ye  also 

d$,  dL._,  . dL, 


I 
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Using  these  values  in  168),  we  obtain  for  the  force, 

/dL  dL.\  / dL  dL  \ dL 

170)  p.w  = + ^f) 2»  + ~ri 


dL. 


=“  G9 i£i  + G9%qJ  H 1- 

where  the  Cr  s are  functions  of  the  Coordinates  defined  by 


171) 


r _ 9L9  dLt 

^ ~ H dg. 


For  the  force  applied  to  change  a coordinate  qt  we  have  a similar 
form,  with  coefficients  such  that 


172) 


_dLt  dL,_ 

***  ~ Sq.  Tqt  ~ ~ Cr*<> 


We  have  then  the  result  that  the  terms  linear  in  the  yelocities  in 
the  kinetic  potential  giye  rise  to  reactions  linear  in  the  yelocities, 
with  the  property  that  the  coefficient  of  q{  in  the  reaction  P9  is 
eqnal  and  of  opposite  sign  to  the  coefficient  of  qj  in  the  reaction  Pt. 
Such  reactions  are  called  gyroscopic  forces  by  Thomson  and  Tait1), 
since  we  haye  examples  of  them  where  gyrostats,  or  symmetrical 
bodies  spinning  about  axes  attached  to  parts  of  Systems,  act  as 
concealed  cyclic  motions.  If  we  find  the  activity  of  the  gyroscopic 
forces, 

t=m 

m ^=2  p*(1)2*'  =2  2 

1*1  »=1  1 


we  find  that  in  the  part  P9W  qj  we  have  the  term  G9tq9  q!  while  in 
the  part  Ptql  we  have  the  term  Gt9qJ  q/,  and  since  Gtt  = — G9tJ 
these  two  terms  destroy  each  other.  Accordingly  the  gyrostatic 
forces  disappear  from  the  equation  of  activity.  These  forces  are 
consequently  conservative  motional  forces.  They  are  however  perfectly 
distinguishable  by  their  effects  from  the  conservative  motional  forces 
arising  from  the  term  G which  imitates  potential  energy,  and  they 
in  no  wise  imitate  potential  energy,  as  we  shall  see  by  an  example. 
A System  containing  gyrostatic  members  behaves  in  such  a peculiar 
manner  that  their  presence  is  easily  inferred.  The  theory  of  gyro- 
stats  will  be  treated  in  Chapter  YII.  In  the  mean  time  the  following 
simple  example  will  illustrate  the  theory,  and  at  the  same  time  serve 
to  prepare  for  the  general  theory  of  the  gyrostat,  of  which  it  con- 
stitutes  a special  case. 


1)  Thomson  and  Tait,  Nat.  Phil.  § 346 V* 
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Let  four  equal  masses,  be  fastened'  to  the  ends  of  two  mutu- 

ally  perpendicular  arms  of  negligible  mass  (Fig.  38),  which  are  fastened 

rigidly  where  they  cross,  at 
their  middle  points,  to  an  axis 
perpendicular  to  them  both, 
about  which  they  tum.  Let  the 
point  of  Crossing  of  the  three 
arms  be  fixed  while  the  System 
can  spin  about  the  axis  OP, 
which  can  move  in  any  manner. 

We  will  suppose  that  during 
the  motion  the  axis  OP  makes 
with  the  Z~  axis  a small  angle 
whose  square  can  be  neglected 
in  companson  with  unity.  Let 
the  position  of  the  axis  be 
determined  by  the  Coordinates 
|,  rj,  of  the  point  in  which  it 
intersects  a plane  perpendicular 
to  the  Z-  axis  at  unit  distance 
from  the  origin.  The  squares 
and  products  of  £,  rj,  are  con- 
sequently  to  be  neglected.  Let  us  farther  specify  the  position  of  the 
System  by  the  angle  cp  that  the  projection  of  the  arm  OA  on  the 
XY- plane  makes  with  the  X-axis.  Thus  the  three  Coordinates  £,  17,  cp 
determine  the  position  of  the  whole  System. 

If  the  Coordinates  of  the  point  A are  x,  y,  z,  since  it  lies  in  a 
plane  whose  normal  passes  through  the  point  £,  iq,  1,  we  have 

174)  z + %x  + = 0. 

But  since  OA  always  makes  a small  angle  with  the  XY- plane,  the 
projection  of  OA  on  this  plane  differs  from  it  in  length  only  by  a 
quantity  of  the  second  Order,  which  we  neglect.  We  therefore  have 

x = l cos  cp,  dx  = — y dcp, 
y — l sin  cp,  dy  = xdcp. 

Differentiating  174), 

‘ — dz  = %dx  + iqdy  + xd%  + ydi\ 

= xd%  + ydri  + (rjx  — iy)  dcp , 

so  that  we  have 

dx 2 + dy%  + dz 2 = (Z2  + rj*x*  + |2y2  — 2%yxy)  dcp 2 

+ x*d%*  + y2d//2  + 2xyd%diq 
+ 2(7}X*  — %xy)d£dcp 
+ 2 (rjxy  — |y2)  drjdcp, 
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and  the  part  contributed  by  the  particle  A to  the  kinetic  energy  is 

175)  y * {(**  + + g V - 2Uxy)<p"  + *»§'*+ yV»  + 2xyt v' 

+ 2 (tja?  — Ixy)  l’q>'  + 2 {yxy  — % y*)  i?V }. 

The  opposite  particle  C,  for  wbich  x2,  y2}  xy  have  the  same  values, 
contributes  the  same  amonnt.  The  other  pair  of  particles,  for  which 
the  values  of  x?,  y2  are  respectively  those  of  y\A  for  the  first  pair, 
and  the  yalues  of  xy  the  negatiyes  of  the  yalues  for  the  first  pair, 
consequently  contributes  an  amount  of  energy  which,  added  to  that 
already  found,  makes  the  terms  in  xy  disappear,  and  replaces  each 
term  in  x2,  y2,  by  the  same  term  with  l2  ^ritten  in  the  place  of  x2 
or  y2.  Neglecting  then  £2,  rfy  we  have  finally 

ne)  r= ^ j9'* + y(r*+ v2)  + - uw\ 


We  accordingly  see  that  <p  is  a cyclic  coordinate  for  the  System,  so 
that  if  the  System  is  spinning  without  any  force  tending  to  change  <p, 
we  are  dealing  with  a case  of  the  example  in  § 49.  We  have,  pro- 
ceeding  as  there, 

177)  |r  = m^(  + |(^,_SV)}  = c> 

and  eliminating  y>, 


178)  r = ~ j|  (!'*+,,'*) 

from  which  we  form 


+ 


2mV1 


+V1) 


CS 

2 ml* 


In  Order  to  form  the  differential  equations  for  the  motion  of  |,  q, 
we  have  by  differentiation 


d$ mV 

~df 

d$ mV 


|l'  — y*)  — IV)|  + ^ 

(JW-W)} -cf 


y 


and  neglecting  the  squares  and  products  of  the  small  quantities  £,  rj 
and  rf7  which  are  small  at  the  same  time, 


86'“ 


CT] 


3$ crf 

Jt  = ~ “2 


180) 
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Proceeding  in  the  same  manner  for  rj,  we  have  with  the  same 
degree  of  approximation 

d$  mV  i cjj 
dr[  ““  ~2~  ^ “ Y* 

c*  c k, 


If  W is  the  potential  energy  (there  being  no  apparent  potential 
energy  dne  to  the  cyclic  motion,  since  the  part  G is  here  constant), 
the  equations  of  motion  are  accordingly, 


=?r+<v  + 


2 
mV 


y"  - cJg  + 


Thus  the  gyroscopic  terms  in  c have  the  property  proved  in  172). 

If  there  is  no  potential  energy,  the  gyroscopic  forces  cause  the 
motion  to  be  of  such  a nature  that 


rr  + w - o,  yr ■+ = ^,vs'*+ v*. 

that  is  the  acceleration  is  perpendicular  to  the  velocity,  and  pro* 
portional  to  it.  Under  these  circumstances  the  motion  is  uniform 
circular  motion.  In  fact  the  equations  are  satisfied  by 

W A !=^C0Si>*>  2C 

W — 0,  . . . jp  ==  - 

7}  = A zmpt,  * ml 

Thus  the  circle,  whaterer  its  size,  is  described  in  the  same  time 

— 1 ; which  is  inversely  proportional  to  the  momentum  of  the  cyclic 

motion.  We  may  describe  the  effect  of  the  gyroscopic  forces  in 
general  for  a System  with  two  degrees  of  freedom  by  saying  that 
they  tend  to  cause  a point  to  Teer  out  from  its  path  always  toward 
the  same  side.  This  effect  is  characteristic,  and  cannot  be  imitated 
by  any  arrangement  of  potential  energy  whatever.  By  the  aid  of 
this  principle  all  the  motions  of  tops  and  gyrostats  may  be  explained. 


61.  Oyolio  Systems.  A system  in  which  the  kinetic  energy 
is  represented  with  sufficient  approximation  by  a homogeneous 
quadratic  function  of  its  cyclic  velocities  is  called  a Cyclic  System. 
Of  course  the  rigid  expression  of  the  kinetic  energy  contains  the 
velocities  of  every  coordinate  of  the  system,  cyclic  or  not,  for  no 
mass  can  be  moved  without  adding  a certain  amount  of  kinetic 
energy.  Still  if  certain  of  the  Coordinates  change  so  slowly  that 
their  velocities  may  be  neglected  in  comparison  with  the  velocities 
of  the  cyclic  Coordinates,  the  approximate  condition  will  be  fulfilled. 
These  coordinates  define  the  position  of  the  cyclic  Systems,  and  may 
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be  called  the  positional  Coordinates  or  parameters  of  the  System.  In 
tbe  example  of  § 48  if  we  snppose  the  radial  motion  to  be  so  slow 
that  we  may  neglect  rf*  in  comparison  with  r*(p'8  we  have 


184) 


T=  Ymr2(pfij 


and  the  System  is  cyclic,  r being  the  positional,  tp  the  cydic  co- 
ordinate.  In  the  case  of  a liquid  circulating  through  an  endless 
rubber  tube,  the  positional  Coordinates  would  specify  the  shape  and 
Position  of  the  tube.  The  positional  Coordinates  will  be  distinguished 
from  the  cyclic  Coordinates  by  not  being  marked  with  a bar.  The 
analytical  conditions  for  a cyclic  System  will  accordingly  be,  for  all 
Coordinates,  either 


185) 


dT 


= 0 or 


dT 


;=J).  = 0, 


- dq[ 

or  if  we  use  the  Hamiltonian  equations  78)  § 39  with  the  yalue  of  T 
obtained  by  replacing  the  yelocities  by  the  momenta,  which  we  shall 
denote  by  Tp , since  the  non -cyclic  momenta  yanish 

dT  dT 

186)  -ff-«,  »»6  Jjf-O, 

for  the  cyclic  Coordinates,  as  before.  We  accordingly  haye  for  the 
external  impressed  forces  tending  to  increase  the  positional  Coordinates, 
by  § 37,  60),  § 39,  80)  respectively,  the  first  term  yanishing, 

187)  F,  - r.  — - *-&+*>,  ‘> 

and  for  the  cyclic  Coordinates 

188) 


p _ d (dT\  _ dp, 
‘ _ dt  ^ 3; j “ 


dt 

A motion  in  which  there  are  no  forces  tending  to  change  the 
cyclic  Coordinates  is  called  an  adidbatic  motion,  since  in  it  no  energy 
enters  or  leayes  the  System  through  the  cydic  Coordinates.  (It  may 
do  so  through  the  positional  Coordinates.)  Accordingly  in  such  a 
motion  the  cyclic  momenta  remain  constant.  The  case  worked  out 
aboye  was  such  a motion. 

In  adiabatic  motions  the  cyclic  vdocities  do  not  generally  remain 
constant.  In  the  aboye  example,  for  instance,  the  cyclic  yelocity  <pf 
was  given  by 

1 c 
x mrJ 

A motion  in  which  the  cyclic  vdocities  remain  constant  is  called 
isocydic. 


dT 

1)  That  = 


parenthesis  becomes  Tf  — 2T=  — Tp. 


d T 

p may  be  »een  by  putting  r = m in  144),  when  the 
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The  motion  of  a particle  relatively  at  rest  upon  the  surface  of 
the  earth  is  isocyclic,  taking  account  of  the  earth’s  rotation. 

In  such  a motion  the  cyclic  momenta  do  not  generally  remain 
constant,  but  forces  have  to  be  applied. 

In  the  example  of  the  bead  on  the  revolying  rod  if  r yaried 
forces  would  have  to  be  applied  to  the  rod  to  keep  the  rotation  qp' 
constant. 

If  the  motion  is  isocyclic,  the  only  variables  appearing  in  T are 
the  <1  s,  the  positional  Coordinates.  The  positional  forces,  187),  are 
then  derivable  from  a force -fonction  W — Tl),  so  that  even  if  the 
System  possessed  no  potential  energy,  it  would  appear  to  possess  an 
amount  of  potential  energy  — T.  If  the  motion  on  the  other  hand 
is  adiabatic,  the  energy  in  the  form  Tp  again  contains  as  variables 
only  the  Coordinates  q9}  and  the  positional  forces  are  now  derivable 
from  the  force -function  Tp  + W , so  that  in  this  case  a System 
without  potential  energy  would  appear  to  contain  the  amount  of 
potential  energy  + Tp.  In  this  manner  we  are  enabled  to  explain 
potential  energy  as  kinetic  energy  of  concealed  cyclic  motions,  thus 
adding  materially  to  our  conceptions  of  the  nature  of  force.  For  it 
is  to  be  noted  that  kinetic  energy  is  an  entity  depending  only  on 
the  property  of  inertia,  which  is  possessed  by  all  bodies,  while 
potential  energy  is  a term  employed  only  to  disguise  our  ignorance 
of  the  nature  of  force.  Accordingly  when  we  are  able  to  proceed 
to  an  explanation  of  a static  force  by  means  of  kinetic  phenomena, 
we  have  made  a distinct  advance  in  our  knowledge  of  the  suhject. 
A striking  example  is  fumished  by  the  kinetic  theory  of  gases,  by 
means  of  which  we  are  enabled  to  pass  from  the  bare  Statement  that 
all  gases  press  against  their  confining  vessels  to  the  Statement  that 
this  pressure  is  due  to  the  impact  of  the  molecules  of  the  gas  against 
the  walls  of  the  vesseL 


52.  Properties  of  Cyclic  Systems.  Reoiprocal  Relations. 

Since  by  the  properties  of  the  kinetic  energy  we  have  three  different 
kinds  of  quantities  represented  by  partial  derivatives  of  one  or  the 
other  of  two  functions, 


applying  the  principle  that  a derivative  by  two  variables  is  independent 
of  the  order  of  the  differentiations  we  obtain  six  reciprocal  theorems. 
We  shall  throughout  suppose  that  there  is  no  potential  energy. 


1)  The  reason  for  the  appearance  of  W with  the  positive  sign  iß  that  as 
explained  in  § 37,  P,  denotes  the  extemäl  impressed  forces,  which  in  the  case 
of  equilibrium , are  equal  and  opposite  to  the  internal  forces  given  by  W. 
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Ia.  ln  an  adiabatie  motion  if  an  increase  in  one  positional  eo- 
ordinate  qr  causes  an  increase  in  the  impressed  force  P,  belonging 
to  another  positional  coordinate  q9  at  a certain  rate,  then  an  increase 
in  the  positional  coordinate  q9  causes  an  increase  in  the  impressed 
force  Pr  at  the  same  rate.  For 


dPt  d'Tp  dPr 
£qr  ~ dq/ 


Ib.  In 
above.  For 

191) 


an  isocyclic  motion  we  have  the  same  property  as 
dP9  d'T  dPr 


II  a.  If  in  any  motion  an  increase  of  any  cyclic  momentum  pr, 
the  positional  Coordinates  being  unchanged,  causes  an  increase  in  a 
cyclic  velocity  qj  at  a certain  rate,  then  an  increase  in  the  momentum  jp„ 
the  positional  Coordinates  being  unchanged,  causes  an  increase  in  the 
velocity  qrr  at  the  same  rate.  For 


epr  dprdp9  ~ dpt 

üb.  If  in  any  motion  an  increase  in  any  cyclic  velocity  qr\  the 
positional  Coordinates  being  unchanged,  causes  an  increase  in  a cyclic 
momentum  p9,  then  an  increase  in  the  velocity  qj  causes  an  increase 
in  the  momentum  pr  at  the  same  rate.  For 


dp9  d'T 
d%  “ d%dq'9 


r 


III  a.  If  an  increase  in  one  of  the  cyclic  momenta  pr)  the  posi- 
tional Coordinates  being  unchanged,  causes  an  increase  in  the  impressed 
force  P9  necessary  to  be  applied  to  one  of  the  positional  Coordinates  qt 
(in  Order  to  prevent  its  changing),  then  an  adiabatie  increase  of  the 
positional  coordinate  q9  will  cause  the  cyclic  velocity  qrr  to  increase 
at  the  same  rate.  For 

dP9=  d'Tp  = 

CPr  dPrd%  dQ, 


Illb.  If  an  increase  in  one  of  the  cyclic  velocities  qj9  the  posi- 
tional Coordinates  being  unchanged,  causes  an  increase  in  the  impressed 
force  P9  necessary  to  be  applied  to  one  of  the  positional  Coordinates  q9 
(in  Order  to  prevent  its  changing),  then  an  isocyclic  increase  of  the 
positional  coordinate  q9  will  cause  the  cyclic  momentum  pr  to  decrease 
at  the  same  rate.  For 


dP9  d'T  dpr 

öq'rti<i9-~  dq9 
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63.  Work  done  by  the  Cyolio  and  Foaltional  Foroes. 

I.  In  an  isocyclic  motion,  the  work  done  by  the  cyclic  forces 
is  double  the  work  done  by  the  System  agavnst  the  positional  forces. 
In  such  motions  the  energy  of  the  System  accordingly  increases  by 
one-half  the  work  done  by  the  cyclic  forces,  the  other  half  being 
giyen  out  against  the  positional  forces.  For  if  we  use  the  energy 
in  the  form 


we  have  in  any  change 


196)  ST  = (?*'  + P>  S*‘)> 


and  in  an  isocyclic  change,  every  SqJ  vanishing, 


197)  ST^^qJSp,. 

But  since 

198)  = P„  dp,  = P.dt,  and  since  qj  = qj  St  — dq,7 


and  the  aboye  expression  for  the  gain  of  energy  becomes 

199)  ST  = \^q,'P,9t  = ~2i*9**" 

Bat  the  work  done  by  the  cyclic  forces  is 


200) 


SÄ  = SlP,6q,  — 2ST. 


Therefore  the  last  part  of  the  theorem  is  provecL  Again,  in  any 
motion, 

*>»> 

and  in  an  isocyclic  motion, 

202)  ST=2^Sq.. 

Bat  since  the  work  of  the  positional  forces  is 

dT 


203) 


SA  =2 4, dq‘ = ~ ST’ 


the  first  part  of  the  proposition  is  also  proyed. 

II.  In  an  adiabatic  motion,  the  cyclic  yelocities  will  in  general 
be  changed. 

Then  they  change  in  such  a way  that  the  positional  forces 
caused  by  the  change  of  cyclic  yelocities  oppose  the  motion,  that  is, 
do  a positive  amount  of  work.  For  since  for  any  positional  force 
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p dT 

p*  - dq; 

the  change  due  to  the  motion  is 

204)  ör.  = -^=-yr£lr«qr 


d'T 

r ^ 7v=j  dqr . 


205) 


J <*%öqr “ *r  dq,  üq'r 

Of  this  the  part  due  to  the  change  in  the  cyclic  velocities  is 

8'T 


hP.  = ~ 





« ' dqiHr 

and  the  work  done  by  these  forces  is 

206)  S-.  A =2  ä7  F‘dV‘  = ~ 


dPr/tV 
’dq,S<lr ’ 


dp 

gy  dg,dgrf. 


Now  we  have  for  any  motion 

207)  Ip,  - ^ H+2  W.  *! . 

and  in  an  adiabatic  motion  this  is  zero,  so  that 


208) 


Snbstitnting  this  in  the  double  snm  206) , we  get 
209)  dp  A = ^ />r  ^|7  SqJ  SqJ  ==s^j^J‘  QrsSqJ  SqJ. 


But  this  expression  represents  [§  36,  35)]  twice  the  energy  of  a 
possible  motion  in  which  the  yelocities  would  be  SqJ,  and  must 
therefore  be  positive  for  all  values  of  SqJ,  SqJ!. 

Accordingly  dp  A > 0. 

The  Interpretation  of  this  theorem  for  electrodynamics  is  known 
as  Lenz’s  Law1),  namely,  an  electrical  current  being  represented  by 
a cyclic  velocity,  and  the  shape  and  relative  position  of  the  circuits 
by  positional  Coordinates,  if  in  any  System  of  conductors  carrying 
currente,  the  relative  positions  of  the  conductors  are  changed,  the 
induced  currents  due  to  the  motion  of  the  conductors  are  so  directed 
as  by  their  magnetic  action  to  oppose  the  motion. 


54.  Examples  of  Cyclic  Systems.  Let  us  consider  the  example 
of  equation  184)  as  illustrating  the  previous  theorems. 

We  have  for  the  momenta 

Pr  = äp-  = 0,  pv  = = mr2tp , 

1)  These  Theorems  are  all  given  by  Hertz,  Prinzipien  der  Mechanik, 
§§  668  — 583. 
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and  introducing  these  inatead  of  the  yelocities 

1 -,t 


210) 


T„  = 


We  have  for  the  positional  force 


211) 


P - dT  - 
dr  ~ 


mr<p 


f2 


Tr 


p 


1 _■ 


mr 


i Pr 


This  being  negative  denotes  that  a force  Pr  toward  the  axis 
mast  be  impressed  on  the  mass  m in  order  to  maintain  the  cyclic 
state.  This  may  be  accomplished  by  means  of  a geometrical  constraint, 
or  by  means  of  a spring.  The  force  or  reaction  — Pr  which  the 
mass  m exerts  in  the  direction  from  the  axis  in  virtne  of  the  rotation 
is  the  so-called  centrifugal  force.  We  see  that  if  the  motion  is  iso- 
cyclic,  the  positional  force  increases  with  r,  while  if  it  is  adiabatic, 
as  in  the  case  worked  ont  above,  it  decreases  when  r increases.  The 
verification  of  the  theorems  of  § 52  is  obvious.  The  cyclic  force 

vanishes  when  the  rotation  is  uniform,  and  the  radius  constant.  If, 
the  motion  being  isocyclic,  that  is,  one  of  uniform  angular  velocity, 
the  body  moves  farther  from  the  axis,  Pv,  the  cyclic  force  is  positive, 
that  is,  unless  a positive  force  Py  is  applied,  the  angular  velocity 
will  diminish.  In  moving  out  from  rx  to  r2  work  will  be  done 
against  the  positional  force  Pr  of  amount 

% % 

212)  —A  = — JPrdr  = my' *Jrdr  = (r2*  — r^), 

while  the  energy  increases  by  the  same  amount. 

Thus  the  first  theorem  of  § 53  is  verified.  If  the  motion  is 
adiabatic, 

pv  = mr*cp'  = c. 

If  the  body  moves  from  the  axis,  <p'  will  accordingly  decrease, 
so  that 

213)  r*d<p'  + 2rq>'  dr  = 0. 


The  change  in  Pr  due  to  a displacement  dr  is,  by  211), 

214)  dPr  = — m (<pl2dr  + 2rq>ld<pt.)f 
of  which  the  part  containing  dtp1, 

215)  Pr  = — 2mr(p'  d(pf 
does  the  work 
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216)  d<p’A  — dtp'Prdr  -=  — 2mr<pt  dqp'  dr, 
or  by  213), 

217)  d(pA  = mridq>,i} 

which  is  positive,  illustrating  Theorem  II,  § 53. 

A forther  example  is  found  in  the  motion  of  the  following 
System.  Two  particles  of  equal  masses  m are  fastened  to  a rod  of 
length  2 a pivoted  at  its  central  point  npon  an  axis  fastened  to  the 
horizontal  rod  of  the  previous  example  at  a distance  b from  the  axis 
of  rotation  in  such  a way  that  the  two  masses  c&n  move  in  the 
vertical  plane  containing  the  axis  of  rotation.  The  inclination  of  the 
pivoted  rod  to  the  vertical  being  fr,  the  distances  of  the  particles 
from  the  axis  of  rotation  are  respectively 

rx  a b + ß sin  fr,  rt  = b — a sin  fr. 

The  System  is  fully  specified  hy  the  Coordinates  fr  and  qp,  the  latter 
having  the  same  meaning  as  before. 

It  is  evident  that  the  kinetic  energy  is  given  by 

218)  r — £ir  V • + rftp'*  + 2a*d'*} 

m 

= mj^  + ^sin2^)^2  + a2^2}, 

so  that  qp  is  again  the  cyclic  coordinate.1) 

To  find  the  change  of  fr  we  have 

— 2m<j?fr',  = 2ma*<pf  2 sin  fr  cos  fr, 


219) 


giving  us  the  differential  equation, 

2wa*^  — 2ma2  (pr  * sin.  fr  cob  fr  = 0, 

==  qp'2  sin  fr  cos  fr. 

If  the  motion  is  isocyclic  q?  is  constant,  and  since  the  angular 

acceleration  vanishes  when  fr  equals  zero  or  —>  we  see  that  the 

rod  carrying  the  particles  will  remain  at  rest  relatively  to  the  hori- 
zontal rod  in  either  a vertical  or  horizontal  position.  It  is  easy  to 
see  that  the  vertical  position  is  one  of  unstable  equilibrium,  for, 
writing  the  equation  2V9) 


220) 


d*  (2  fr) 


dt ' 


= qp' 2 sin  2 fr, 


we  see  that  if  fr  be  slightly  different  from  zero,  fr  will  tend  to  become 

still  greater  in  absolute  value.  Writing  however  fr  = — fr*  the 
equation  becomes 
221) 


d*( 2#  ) »j  • o At 

~dt* (p**m2fr. 


1)  The  System  is  cyclic  if  we  neglect  a*#'*. 

13* 
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If  #f  is  slightly  different  from  zero,  it  will  accordingly  tend  to 
approach  the  yalue  zero,  so  that  the  horizontal  position  is  stable. 

A body  moving  according  to  the  differential  eqnation  221)  is 
called  by  Thomson  and  Tait1)  a quadrantal  pendulum,  since  & changes 
“according  to  the  same  law  with  reference  to  a quadrant  on  each 
side  of  its  position  of  equilibrium  as  the  common  pendulum  with 
reference  to  a half- circle  on  each  side”,  or  in  other  words,  in  the 
ordinary  pendulum  the  acceleration  is  proportional  to  the  sine  of 
the  angle  of  deviation  from  equilibrium,  and  in  the  quadrantal  to 
the  sine  of  twice  the  angle.  The  smatt  oscillation  performed  by  the 

bar  will  be  harmonic  with  the  frequency  Here  we  have  an  ex- 

cellent  example  of  an  apparent  potential  energy  which  is  really  kinetic. 

— j- — 


1)  Thomson  and  Tait,  Not.  Phil.,  § 322. 
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CHAPTER  VI. 

SYSTEMS  OF  VECTORS.  DISTRIBUTION  OF  MARS 

INSTANTANEOUS  MOTION. 

56.  Translation«  and  Rotation«.  A rigid  body  or  System 
of  material  particles  is  one  in  which  the  distance  of  each  point  of 
the  System  from  eyery  other  is  inyariable.  Its  position  is  known 
wben  the  positions  of  any  three  of  its  points  are  known,  for  eyery 
point  is  determined  by  its  distances  from  three  giyen  points.  These 
three  points  have  each  three  Coordinates,  bnt,  since  there  are  three 
conditions  between  them,  defining  their  mutual  distances,  there  are 
only  six  independent  Coordinates.  Thus,  a rigid  body  has  six  Coordinates. 

A rigid  body  may  evidently  be  displaced  in  such  a manner  that 
the  displacement  of  eyery  point  is  represented  by  equal  yectors,  that 
is  equal  in  length  and  parallel.  Such  a dis- 
placement is  called  a translation,  and,  being 
represented  by  a free  yector,  has  three  Coordinates. 

A rigid  body  may  also  evidently  be  displaced, 
so  that  two  given  points  in  it,  A and  B,  remain 
fixed.  Since  any  point  P must  move  on  a sphere 
of  radius  BP  about  B , and  also  on  a sphere  of 
radius  AP  about  A,  the  locus  of  its  positions  is 
the  intersection  of  the  two  spheres,  that  is  a circle 
whose  plane  is  perpendicular  to  the  line  AB,  and 
whose  radius  CP  is  the  perpendicular  distance 
from  P to  the  line  AB.  If  this  is  zero,  the 
point  does  not  move,  therefore  all  points  on  the 
line  AB  remain  fixed.  The  displacement  is  called 
a rotation  and  the  line  AB,  the  axis  of  rotation.  The  rotation  is 
specified  if  we  know  the  Situation  of  the  line  AB  and  the  magnitude 
of  the  angle  PCP ',  or  the  angle  of  rotation. 

A line  may  be  specified  by  giving  the  two  pairs  of  Coordinates 
of  the  points  in  which  it  intersects  two  of  the  coordinate  planes. 
A line  has  thus  four  Coordinates,  and  a rotation,  five,  — the  four 
of  the  axis  together  with  the  magnitude  of  the  angle. 
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Any  displacement  of  a rigid  body  may  be  brought  about  in  an 
indefinite  number  of  ways.  Let  three  points  ABC  (Fig.  40)  be  displaced 

to  AB'C*.  We  may  first 
give  the  body  a translation 
defined  by  the  vector  AA. 
This  will  bring  B to  Bx  and 
C to  Cv  Then  through  A 
pass  an  axis  perpendicular 
to  the  plane  BXAB\  and 
rotate  the  body  about  this 
axis  through  the  angle  BXAB\ 
This  brings  Bx  to  B ' and  Cx 
to  a new  position  C2.  Finally 
rotate  the  body  about  AB1 
until  C2  arrives  at  C\  We  have  thus  brought  about  the  given  dis- 
placement by  means  of  a succession  of  translations  and  rotations. 
Evidently  the  Order  of  these  may  be  yaried.  Accordingly, 

Any  displacement  of  a rigid  body  may  be  reduced  to  a succession 
of  translations  and  rotations. 

We  haye  seen  that  a translation  may  be  represented  by  a free 
vector,  a rotation,  by  a yector  that  must  giye  the  axis  and  the  angle. 
If  we  agree  to  draw  the  yector  in  the  axis,  and  make  its  length 
numerically  equal  to  the  angle  of  rotation,  it  will  completely  specify 
the  rotation,  if  we  adopt  a conyention  about  the  direction  of  rotation. 
This  shall  be  that,  if  the  rotation  is  in  the  direction  of  the  hands 
of  a watch,  the  yector  shall  point  from  face  to  back  of  the  w&tch. 
Yector  and  rotation  correspond  then  to  the  translation  and  rotation 
in  the  motion  of  a cork-screw,  or  any  right-handed  screw.  As  the 
yector  may  be  placed  anywhere  along  the  axis,  but  not  out  of  it, 
it  has  five  Coordinates,  and  may  be  characterized  as  a sliding  vector . 

Translations  are  compounded  by  the  law  of  addition  of  yectors. 
The  resultant  of  two  rotations  about  the.  same  axis  is  eyidently  the 
algebraic  sum  of  the  indiyidual  rotations.  The  resultant  of  a trans- 
lation and  rotation  is  eyidently  independent  of  the  order  in  whicb 
they  take  place. 

The  resultant  of  a rotation  and  a translation  perpendicular  to 
its  axis  is  equiyalent  to  a rotation  about  a parallel  axis,  for  it  is 
eyident  that  all  points  moye  in  planes  perpendicular  to  the  axis,  and 
that  the  motions  of  all  such  planes  are  alike,  or  the  motion  is 
tmiplanar . 

Now  the  motions  of  any  two  points  in  a plane  determine  the 
motion  of  the  plane  parallel  to  itself. 
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From  0 (Fig.  41)  lay  off  the  translation  vector  OOr  of  length  x and 
find  a point  C on  the  perpendicular  bisecting  00'  which  makes  the 
angle  OCO'  equal  to  cd,  the  angle  of  rotation,  and  in  the  right  sense. 
Then  if  OG  be  rotated  abont  0 throngh  the  angle  co  to  C!  and 
then  Cr  be  moved  by  the  translation  it  will 
retum  to  C.  Therefore  the  point  C remains 
fixed,  and  is  the  center  of  rotation,  and 
thus  the  rotation  co  abont  G is  equivalent 
to  the  eqnal  rotation  about  0 together  with 
the  translation, 

1)  r = 20(7  sin“? 

and  if  p is  the  perpendicular  from  C to  00', 


2)  p =*0C  cos— = 


T .CO 

2COtT 


0 


56.  Rotations  abont  two  Parallel  Azes.  As  before  the 
motion  is  uniplanar  and  is  specified  by  two  points.  Let  A and  B (Fig.  42) 
be  the  intersections  of  the  axes  with  the  plane  of  the  paper  perpen- 
dicular to  them.  Tum  about 
A through  the  angle  o1, 
bringing  B to  B\  Then  tum 
about  Bf  through  the  angle  g?2, 
bringing  A to  ^4f.  Bisect  o1 
by  AC.  B could  be  brought  a- 
to  Bf  by  rotation  about  any 
point  of  AC,  8ince  all  such 
points  are  equidistant  from 
BBf.  Bisect  <o%  by  JB'D. 

A could  be  brought  to  Af 
by  rotation  about  any  point  ~ ^ 

in  B'D.  Therefore  the  motion  rig.  42. 

of  A and  B could  be  produced 

by  a rotation  about  0,  the  intersection  of  AC  and  Bf  D,  Triangle 
AOÄ  is.  isosceles. 

Angle  AOD  = angle  OAB'  + angle  AB'O  = “‘  + , 

Angle  AOÄ  = 2 • angle  AOD  = (dx  + co2, 

that  is,  two  rotations  about  parallel  axes  compound  into  a rotation 
equal  to  their  algebraic  sum  about  a parallel  axis.  To  find  the 
Position  of  this  axis  we  haye 

ox  OB'  _ OA  AB 


sin 


sin 


sin 


©!  + ö). 


2 2 2 
H the  order  of  rotation  is  changed  we  obtain  a different  result. 
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If  the  rotations  co1  and  <d2  are  of  opposite  signs  and  of  eqnal 
magnitudes,  the  intersection  of  the  two  bisectors  is  at  infinity  and 
the  axis  of  rotation  is  thns  at  infinity.  A motion  abont  an  infinitely 
distant  axis  is  a translation.  The  direct  proof  is  as  follows. 

Let  A be  the  center  of  rotation  ©,  bringing  B to  B\  Then 
rotate  abont  Br  throngh  an  eqnal  angle  in  the  opposite  direction, 

bringing  A to  A!.  Triangles 
ABB 1 and  AA'Br  have  AB1 
common,  and  AB  = A!Bt  and 
the  included  angles  eqnal, 
therefore  AAr  and  BBf  are 
eqnal  and  parallel  and  two 
points  — conseqnently  all 
points  — have  moved  parallel 
to  each  other  the  same  distance.  The  motion  is  therefore  a trans- 
lation of  magnitnde, 

4)  t = 2 AB  sin  y • 

Accordingly  every  translation  may  be  decomposed  into  rotations,  and  tce 
may  reduce  all  displacements  to  rotations . 

57.  Rotations  abont  Interseottng  Axes.  Infinitesimal 

Rotations.  Let  OA  and  OB  be  two  intersecting  axes  about  which 

we  revolve  the  body  through  the 
angles  and  o2  respectively. 
Describe  a sphere  with  the  centerO.  | 
Let  the  rotation  o1  abont  A bring 
B to  Bf,  and  os  abont  Br  bring 
A to  Af.  Pass  planes  throngh 
the  vertices  bisecting  the  angles  o}1 
and  g>2,  then,  as  in  § 56,  the 
displacement  jnst  given  is  equi- 
yalent  to  a rotation  abont  the  line 
of  intersection  CO  of  these  planes. 
The  Order  of  the  rotations  affects 
the  resnlt. 

Since  AC  bisects  the  angle 
BAB!  and  the  spherical  triangle 
BABf  is  isosceles, 

angle  ABC  = angle  AB1  C =—' 

Thns  the  resnltant  rotation,  cd  = angle  ACA'  = angle  BCB\ 

Angle  ACE  = angle  BfCD  = angle  D CB  = y • 
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ln  the  spherical  triangle  ABC  we  have 


5) 


. 

Bin  — 
2 


Bin 


2 


sin 


o 


Bin  COB  sin  COA  sin  AOB 


The  preceding  results  are  mnch  simplified  if  the  rotaüons  are 
infinitely  small. 

We  shall  first  prove  that  two  equal  infinitely  small  rotaüons  in 
the  same  sense  about  axes  infinitely  near  each  other  may  be  regarded 
as  equal.  Suppose  the  axes 
first  parallel,  and  perpendic- 
ular  to  the  paper  which  they 
cut  in  A and  B . Let  a point  P 
be  rotated  about  A through 
the  angle  da  to  P\  and 
through  the  same  angle  about 
JB  to  Pn.  The  arcs  PP* 
and  PP"  differ  by  the  amount  drda,  if  dr  is  the  difference  between 
AP  and  BP.  They  are  inclined  to  each  other  at  an  infinitely  small 
angle  BPAy  and  aa  the  sides  PP1  and  PP"  are  infinitely  small,  and 
differ  by  an  infinitely  small  quantity  of  the  second  Order,  P'P"  is  of 
the  second  Order.  If  the  axes  are  inclined  to  each  other  at  an 
infinitesimal  angle,  there  is  a third  component 
perpendicular  to  PfP",  which  is  likewise  of  the 
second  Order.  Therefore  the  theorem  is  proyed. 

The  theorem  of  rotaüons  about  intersecting 
axes  may  then  be  stated.  Two  infinitesimal 
rotaüons  about  intersecting  axes  are  equiyalent 
to  a rotation  about  an  axis  in  their  plane, 
the  Order  of  rotaüons  being  immaterial.  To 
find  the  posiüon  of  the  axis  of  the  resultant 
rotation,  we  haye,  by  5) 

da>l  dcoy 

Q O 

6) 


d <o 

~Y 


sin  COB 


sin  COA  sin  AOB 


If  we  lay  off  on  the  axes  OA  and  OB  (Fig.  46)  lengths  OP 
and  OQ  proportional  to  the  rotaüons  dax  and  da%}  the  aboye  equa- 
tions  show  that  OC  is  in  the  direcüon  of  the  diagonal  of  a parallelo- 
gram  constructed  on  OP  and  OQ  as  sides  and  the  resultant  rotaüon  da 
is  proportional  to  the  diagonal  OB. 

Therefore  the  resultant  of  two  infinitesimal  rotaüons  whose  axes 
intersect  is  found  by  the  parallelogram  construction,  or  by  the  law 
of  addition  of  yectors.  This  process  may  be  extended  to  any  number 
of  infinitesimal  rotaüons  whose  axes  intersect. 
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The  theorem  regarding  rotations  about  parallel  axes  becomes: 
Infinitesimal  rotations  about  two  parallel  axes  compound  into  a 
rotation  about  a parallel  axis  lying  in  their  plane.  We  have  for  its 
Position  by  3), 

-v  OB  OA  AB 

i)  - - = — = ; > 

J Ö)1  O),  (Ot  + 

showing  that  the  point  of  application  of  the  resultant  is  at  the  center 
of  mass  of  masses  proportional  to  the  component  rotations  placed  at 
their  points  of  application. 

If  yectors  representing  co1  and  <u2  are  laid  off  anywhere  on  their 
axes,  the  position  of  the  axis  0 may  be  found  by  the  following 

construction.  At  A a point 
[T  on  the  axis  of  rotation  o1  lay 

off  AR  = g>2  and  at  B at  a 
point  on  the  axis  of  rotation  <a2 
in  the  opposite  direction  BS=ov 
Join  jß  and  S,  and  where  this 
straight  line  RS  cuts  AB, 
draw  OT  parallel  to  AR,  BS 
equal  in  length  to  €ox  + o2.  For 

OA AB a>9 

Fig.  47.  OB  BS 

as  required  by  7). 

The  construction  (Fig.  47)  shows  that  if  oj1  and  a>2  have  the 
same  sign,  the  resultant  + o*  has  its  axis  0 between  A and  B. 
If  CDj  and  tö2  are  of  opposite  signs  the  same  construction  may 

be  used  (Fig.  48),  but  0 
is  on  AB  produced  and 
on  the  side  of  the  greater 
rotation.  If  ©j  = — g>2 
evidently  0 is  at  infinity 
and  co  = 0.  The  resultant 
is  then  a translation  per- 
pendicular  to  the  plane  of 
the  two  axes,  and  its 
magnitude  r is  by  4)  equal 
to  times  the  perpen- 
dicular  distance  between 
the  axes. 


58.  Teetor  - couples.  A pair  of  equal,  parallel,  oppositely 
directed,  sliding  vectors  will  be  called  a vedor-couple.  A rotation 
vector-couple  is  thus  equivalent  to  a translation  perpendicular  to  its 
plane,  equal  to  the  product  of  the  length  of  either  vector  by  the 


VECTOR- COUPLES. 


57,  68,  59,  69  a] 
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perpendicular  distance  between  their  lines,  or  the  arm  of  the  couple. 
This  product  is  called  the  moment  of  the  couple. 

Two  couples  whose  planes  are  parallel  give  rise  to  parallel 
translations,  and  if  their  moments  are  equal,  to  equal  translations. 
Therefore  a rotation-  couple  may  be  displaced  without  altering  its 
effect,  if  its  plane  is  kept  parallel  to  itself  and  its  moment  is  un- 
changed. 

A vector-  couple  may  then  be  represented  by  a single  vector 
perpendicular  to  its  plane,  whose  length  is  equal  to  the  moment  of 
the  couple.  Its  direction  will  be  governed  by  the  same  Convention 
as  before,  namely,  the  vector  moment  is  to  be  drawn  in  such  a 
direction  that  rotation  in  the  direction  of  the  couple  and  translation 
in  that  of  the  moment  correspond  to  the  motion  of  a right -handed 
screw. 

Moments  will  be  represented  by  heavy  vectors.  The  moment  of 
a vector -couple  is  a free  vector,  hence  the  composition  of  couples  is 
simpler  than  that  of  the  slide- vectors  themselves. 

We  may  now  state  the  theorem  of  the  general  infinitely  small 
displacement  of  a body  as  follows:  The  infinitdy  small  displaeement 
of  a body  may  be  reduced  to  a translation  and  a rotation , or  in  other 
words  to  a rotation  and  a rotation-coaple.  The  choice  of  components 
may  be  made  in  an  infinite  number  of  ways. 


69.  Statios  of  a Rigid  Body.  Two  equal,  parallel,  opposi- 
tely  directed  forces  applied  to  a rigid  body  in  the  same  line  are  in 
equilibrium.  For  otherwise  they  can  produce  only  distortion  or 
motion.  Distortion  is  excluded  according  to  the  definition  of  a rigid 
body.  They  satisfy  the  conditions  of  equilibrium,  § 32,  for  if  applied 
at  the  center  of  mass  they  are  in  equilibrium,  and  their  moments 
about  any  point  are  equal  and  opposite.  Accordingly  a force  applied 
to  a rigid  body  may  be  applied  at  any  point  in  its  line  of  direction 
without  change  of  effect.  Thus  forces  applied  to  a rigid  body  are 
not  free,  but  are  sliding  vectors  (five  Coordinates).  (This  is  not  a 
property  of  forces,  but  of  rigid  bodies.)  Forces,  whose  lines  of 
direction  intersect,  may  be  applied  at  the  point  of  intersection  and 
compounded  by  the  rule  of  vector  addition. 

i 

59a.  Parallel  Forces.  Force  - couples.  Let  AB  and  PQ 

(Fig.  49)  represent  two  parallel  forces  applied  to  a rigid  body  at  A 
and  B.  Introdnce  at  A and  B two  equal  and  opposite  forces  AR 
and  BS  of  any  magnitude  in  the  line  AB,  These  being  in  equili- 
brium do  not  affect  the  System.  Find  the  reBultant  of  AP  and  AR 
by  the  parallelogram,  giving  AC , also  of  BQ  and  BS  giving  BD, 
All  these  forces  are  coplanar,  therefore  the  lines  AC  and  BD  will 


206  VI.  SYSTEMS  OF  YECTOES.  DISTRIBUT.  OF  MASS.  INSTANT.  MOTION. 


meet  at  E,  if  produced.  Slide  AC  and  BD  to  Ef  and  then  resolve 
into  components  parallel  to  the  original  ones.  We  get  EH  and  EJ 
equal  and  opposite  (being  eqnal  to  AB  and  BS),  and  EK  equal  to 
AP  and  EL  to  BQ  applied  at  E.  Therefore  the  resultont  of  two 
parallel  forces  is  a parallel  force  eqnal  to  their  algebraic  sum,  and 

applied  on  a line 
E09  whose  Posi- 
tion is  to  be  fonnd 
as  follows. 

From  the  simi- 
lar  triangles, 


AO  _ OE 
FK~~  KE 


BO 

GL 


OE 

LE 


OE 

AP9 

OE 

BQ 


By  di vision,  since 
FK=GL9 


AO 

BO 


BQ 

AP 


Thus  the  position  of  the  resnltant  of  parallel  forces  is  to  be  fonnd 
by  the  same  constmction  as  the  resultant  of  two  rotations  abont 
parallel  axes,  Fig.  47. 

If  the  two  forces  are  oppositely  directed  (Fig.  50),  0 is  on  AB 
produced,  and  if  the  forces  are  eqnal  0 lies  at  infinity.  Accord- 


We  shall  prove  the  following  theorems. 


59a] 


THEOREMS  ON  FORCE -COÜPLES. 
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Theorem  1 A conple  may  be  transported  parallel  to  itself  either 
in  its  own  or  a parallel  plane  without  changing  its  effect. 

Consider  the  forces  P1  and  P2  both  eqnal  to  P,  applied  perpendi- 
cularly  at  the  ende  of  AB  (Fig.  51).  At  the  ends  of  an  eqnal 
and  parallel  line  AfBf  apply 
fonr  equal  and  opposite  forces 

each  eqnal  to  P} 
which  are  in  equilibrinm.  The 
resnltant  of  the  eqnal  parallel 
forces  P19  P6  is  a force  2P 
applied  half  - way  between  A 
and  Br.  The  resnltant  of  P2 
and  P6  is  a force  2P  in  the 
opposite  direction  applied  half- 
way  between  Af  and  B.  Since 
ABJB'J!  is  a paraUelogram 
these  two  points  of  application 
coincide  and  the  two  resnltants  neutralize  each  other.  We  have  left 
the  conple  P8P4  eqnivalent  in  effect  to  the  original  conple. 

Theorem  II.  A conple  may  be  tnrned  in  its  plane  about  its 
center  of  symmetry  without  changing  its  effect. 

Let  A'Bf  be  a line  of  the  same  length  and  with  the  same  center 
0 as  ABy  the  arm  of  the  conple,  and  in  the  plane  of  the  conple 
(Fig.  52).  Apply  at 
Ä and_Z?f  fonr  eqnal 
and  opposite  forces 
in  equilibrinm,  each 
eqnal  to  P,  and 
perpendicular  to 
ArBr  and  in  the 
plane  of  the  conple. 

Consider  Px  and  P5 
applied  at  (7,  their 
point  of  inter- 
section,  and  by 
symmetry  their  re- 
sultant  willbe  along 
OG.  Similarly  the 
resnltant  of  P2  and 
P6  is  an  eqnal  force 
along  OB  in  the 
opposite  direction. 

These  two  resnltants  neutralize  each  other,  leaving  the  conple  P8P4 
which  has  the  same  effect  as  the  original  conple. 
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Theorem  HI.  A couple  may 
same  plane  having  equal  moment. 


be  replaced  by  another  in  the 

Let  the  couple  be  PjPg  and 
the  arm  be  AP  (Fig.  53).  At  C 
on  AB  produced  and  at  P apply 
four  equal  and  opposite  forces  Q 
of  such  magnitude  that 

Q AB 

P ~BC 

The  resultant  of  the  parallel 
forces,  Pv  QSf  is  equal  to  P1  plus 
Qz  applied  at  P on  account  of 
the  above  equation.  This  is 
counterbalanced  by  the  forces  P* 
and  Qt  applied  at  P,  leaving  the 
couple  QiQs  of  moment 


Q . BC  = P • AB, 

equivalent  to  the  original  couple. 

A force- couple  is  determined  therefore  by  its  plane  and  moment, 
and  may  be  represented  by  a free  vector  perpendicular  to  its  plane 
and  of  length  equal  to  the  moment. 

Theorem  IY.  Composition  of  Couples.  Suppose  the  two  couples 
are  in  different  planes.  By  tuming  each  in  its  own  plane  bring  all 

the  four  forces  into  directions 
perpendicular  to  the  intersection 
of  their  planes,  and  then  by 
varying  one  of  the  couples  cause 
them  to  have  the  same  arm  AB. 
The  fprces  QXPX  applied  at  A 
compound  by  the  paraUelogram 
into  Bv  P%  and  applied  at 
B compound  into  22g  equal  and 
opposite  to  jRj.  The  arm  of  all 
these  couples  is  the  same,  there- 
fore their  moments  are  propor- 
tional to  P,  Q and  22.  The  vectors 
repre8enting  the  moments  are  perpendicular  to  AB  and  to  P,  Q and  B 
respectively,  thus  they  form  the  sides  and  diagonal  of  a paraUelogram 
similar  to  that  of  P,  Q,  22.  Therefore  couples  are  compounded  by 
compounding  their  moments  by  the  law  of  addition  of  vectors. 


Fig.  54. 
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60.  Seduction  of  Groups  of  Forces.  Dualism.  Suppose  we 
have  any  number  of  forces  applied  to  various  points  of  a rigid  body. 
Let  one  such  be  P applied  at  A.  At  any  point 
0 apply  two  equal  and  opposite  forces  equal  and 
parallel  to  P.  One  of  these  P2  forms  a couple 
with  P.  The  other  is  equal  and  parallel  to  P. 

The  moment  of  the  couple  is  perpendicular  to 
this  force. 

In  this  manner  the  points  of  application 
of  all  the  forces  may  be  brought  to  0,  where 
they  can  then  be  compounded  into  a single 
resultant  R.  For  each  force  thus  transferred 
there  remains  a couple , and  all  the  couples 
may  be  compounded  into  a single  one.  There- 
fore  all  the  forces  applied  to  a rigid  body  may  be  replaced  by  a 
single  force  and  a single  couple. 

We  may  now  state  the  following  dualism  existing  between 
infinitesimal  rotations  and  forces: 


r 


% 

Pig.  55. 


Infinitesimal  rotations  are  slid- 
ing  vectors. 


Forces  applied  to  a rigid  body 
are  sliding  vectors. 


When  their  axes  intersect  they  are  compounded  by  the  vector  law. 


Parallel  infinitesimal  rotations  | 

have  a resultant  parallel  and  equal 
the  center  of  mass  of  their  points 

Two  equal  and  opposite  parallel 
rotations  form  a rotation  - 
couple  represented  by  its 
moment,  a free  vector. 

Every  displacement  of  a rigid 
body  may  be  reduced  to  a j 
rotation  and  a rotation- 
couple.  I 


Parallel  forces 

to  their  algebraic  sum,  placed  at 

of  application. 

Two  equal  and  opposite  parallel 
forces  form  a couple,  re- 
presented by  its  moment,  a 
free  vector. 

Every  combination  of  forces 
applied  to  a rigid  body  may 
be  reduced  to  a force  and 
force -couple. 


The  theory  of  couples  is  due  to  Poinsot. 


61.  Variation  of  the  Elements  of  the  Seduction.  Central 
Axis.  Null  - System.  We  have  seen  that  any  System  of  slide- 
vectors  may  be  reduced  to  the  resultant  of  a single  vector  and  a 
single  moment  applied  at  any  point  whatever.  We  have  now  to 
examine  the  Variation  of  the  pair  of  elements,  vector  R and  moment  S, 
as  we  vary  the  point  of  application  0.  R is  invariable.  As  we  move  0 
along  the  line  of  R there  is  no  change  since  R may  be  applied  at 
any  point  of  its  axis,  and  S may  be  moved  parallel  to  itself.  If  we 

WEBSTEE,  Dynamics.  14 
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make  the  resolution  at  any  other  point,  0\  the  couple  to  be  com- 
pounded  with  S at  0\  is  perpendicular  to  R and  OOr9  so  that  if  S 
• has  any  component  parallel  to  R it 

cannot  be  neutralized  by  the  new 
couple.  Accordingly  in  Order  that  the 
couple  may  vanish  for  any  point  0\ 
the  couple  S must  be  perpendicular 
to  R at  all  other  points.  As  a change 
of  0 introduces  only  a component 
of  S perpendicular  to  Rf  the  com- 
ponent parallel  to  R is  unchanged. 
Therefore  the  projection  of  S on  R 
is  the  same  for  all  points  0, 


Fig.  56. 


8) 


S cos  & = Ä, 


Although  in  general  R and  S have  different  directions,  we  may 
find  points  0 ' for  which  they  have  the  same  direction.  Let  S and  R 

ö include  the  angle  fl*  at  0.  Resolve  S into  S0=S  cos  & 
parallel  to  i?,  and  = S sin  & perpendicular  to  R. 
If  we  take  0'  on  a line  perpendicular  to  SR  at  a 
distance  d such  that  d • R = S sin  # in  the  positive 
direction  of  translation  corresponding  to  a rotation 
from  R to  S,  the  component  will  be  neutralized^ 
and  we  shall  have  at  0\  R and  Sf  ==  S0  in  the  same 
direction.  This  property  holds  for  all  points  on  the 
line  of  R through  0\  This  line  is  called  Poittsofs 
central  axis. 

In  order  to  consider  the  resolution  at  any  point  0 
we  may  refer  it  to  the  central  axis.  Drop  a per- 
pendicular from  0 (Fig.  58)  on  the  central  axis, 
and  take  this  perpendicular  for  the  axis  of  X,  the 
central  axis  for  the  axis  of  Z . 

Then  as  above 

8)  S cos  fl*  = S0, 

9)  Ssin#  = d • R, 

and  if  xyz  are  the  Coordinates  of  the  end  of  S,  we  have 


10) 


R 


S0 , y = Rx,  tan  & = x Y > 


and  for  any  point  on  the  line  of  S9 


11) 


Sn 


Sn 


~y  “ Rx  0T  ZX  R 
that  is  the  line  of  S lies  on  a hyperbolic  paraboloid. 


i 
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pomsors  central  axis. 
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It  i8  evident  that  if  we  slide  the  whole  of  Fig.  58  along  or  tum  * 
it  around  the  central  axis  nothing  is  changed , consequently  if  we 


suppose  the  vector  8 laid  off  at 
every  point  of  space  0,  and  con- 
sider  the  assemblage  of  couples 
thus  formed,  the  assemblage  re- 
mains  unchanged  if  we  rotate  it 
about  or  slide  it  along  the  cen- 
tral axis. 

Every  8 is  tangent  to  a cer- 
tain  helix,  or  locus  of  a point 
which  moves  on  a circular  cylinder 
in  a path  making  a constant  angle 
with  its  generators  (Fig.  59\  This 
cylinders  is  less,  so  that 


z 


angle  is  less  as  the  diameter  of  the 


10) 


tan#  = x 


R 

Ä. 


All  these  helices  have  however 
one  constant  in  common, 
namely  the  distance  traversed 
parallel  to  the  central  axis  for 
each  tum.  If  dt  be  the  trans- 
lation  for  a rotation  dco,  we 
have 

xda  a „ R 

j — — tan  # = x 0 y 

(It  S0 


da 

dx 

Then 


R S0 

SS  X-R^ 


12) 


p = 


S0 

R 


Fig.  59. 


is  the  traverse  for  each  tum, 
and  is  called  the  pitch  of  the 

helix.  Every  helix  lies  on  a mied  screw-surface,  made  by  the  revolution 
of  a line  perpendicular  to  the  central  axis,  which  slides  along  it  a 
distance  proportional  to  the  angle  of  rotation,  the  pitch  of  the  screw 

being  p = 2%  - The  lines  of  the  assemblage  of  moments  have  every 


direction  in  space  — there  are  a triple  infinity  of  lines  of  the  System 
(one  for  each  point  in  space),  but  only  a double  infinity  of  direc- 
tions  — therefore  every  plane  cutting  all  these  lines  has  for  its 
points  (a  double  infinity),  every  possible  direction  for  8.  For  one 
point  only  is  this  perpendicular  to  the  plane.  This  point  is  called 


14* 
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the  focus  of  the  plane.  Let  the  plane  ent  the  central  axis  in  A 
Through  A draw  a plane  perpendicnlar  to  the  central  axis,  intersecting 
the  given  plane  in  AO.  As  we  go  along  the  line  AO , S turns 

abont  it,  and  for  one  poiir. 
has  the  direction  of  the 
normal  to  the  given  plane. 

Accordingly  to  every 
point  in  space  there  corre- 
sponds  one  plane,  and  to 
every  plane  one  point 
The  correspondence  was 
discovered  by  Chasles,  and 
the  System  of  points  and 
planes  was  called  a Hall- 
System  by  Möbius. 


62.  Vector-  cross.  Besides  the  reduction  to  the  screw-tyjv 
we  may  reduce  the  system  of  vectors  to  two  vectors  not  lying  in 
the  same  plane,  without  a couple.  This  reduction  may  be  made  in 
an  infinite  number  of  ways,  and  the  line  of  one  of  the  vectors  may 


be  given.  Let  AB  (Fig.  61)  be  the  given  line.  At  any  point  0 
on  AB  let  B be  the  resultant  vector,  S the  resultant  couple 
( R and  S will  not  in  general  lie  in  a plane  with  AB.)  At  0 pass 
a plane  perpendicular  to  S,  intersecting  the  plane  of  R and  AB 
in  OP.  Resolve  S into  the  pair  of  vectors  OP  and  CQ  so  taten 
that  the  resultant  of  R and  OP  shall  lie  in  AB.  The  length  of  OB 
is  thus  determined,  and  the  distance  between  its  line  and  that  of  C{> 
is  determined  by  S.  Thus  the  line  AB  determines  the  line 


NULL -SYSTEM.  VECTOR-  CROSS. 
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?he  lengths  OB  and  GQ  are  determined  as  soon  as  the  line  AB  is 
[iven.  Two  such  non -parallel  and  non-coplanar  vectors  OB,  CQ  will 
»e  termed  a vector -cross.  The  Crossing  will  degenerate  to  intersection 
•nly  when  S = 0 and  to  parallelism  when  ü = 0. 

As  any  line  may  be  taken  for  AB,  and  as  there  are  a quadruple 
nfinity  of  lines  in  space,  there  are  a quadruple  infinity  of  vector- 
rosses.  They  all  possess  a property  in  common,  namely,  that  the 
etrahedron  formed  by  joining  the  four  ends  of  a vector- cross  has  a 
onstant  volume.  Let  OB,  CQ  (Fig.  61)  be  the  vector-cross,  and  let 
is  reverse  the  preceding  resolution.  The  volume  of  a tetrahedron  is 
quäl  to  one-third  the  product  of  its  altitude  by  the  area  of  its 
>ase.  The  area  of  the  base  OCQ  is  one-half  the  moment  of  GQ 

ibout  0,  or  * S,  while  the  altitude  is  the  projection  of  OB  on  the 

m 

>erpendicular  to  OCQ,  that  is,  on  S.  But  since  BR  is  parallel  to 
he  plane  OCQ,  OR  has  the  same  projection  on  S as  OB,  namely 
II  cos  fr,  consequently 


But  by  8), 


therefore 

13) 


V = * R cos  fr  *4  8 = RS  cos  fr. 

O Z D 


Scoafr  = SQ, 

r=}ns0. 


This  theorem  is  due  to  Chasles. 

Corresponding  lines  of  vector  -crosses  possess  a remarkable  relation 
to  the  null- System.  Let  AB  and  CQ  (Fig.  62)  be  the  two  lines  of 
the  vector-cross.  Through  CQ  pass  any 
plane,  cutting  AB  in  0.  The  moment 
of  CQ  is  perpendicular  to  the  plane  OCQ, 
and  the  other  vector  has  no  moment 
about  0,  since  it  passes  through  it.  Accord- 
ingly  0 is  the  focus  of  the  plane  OCQ. 

Thus,  if  a plane  turas  about  a line,  its 
focus  traverses  another  line,  and  these 
two  conjugate  lines  are  lines  of  a vector- 
cross. 

We  have  here  shown  the  intermediate 
nature  of  a line  between  a point  and  a 
plane,  in  the  dual  role  as  generated  by  the  motion  of  a point  and 
by  the  rotation  of  a plane.  In  the  first  relation  the  line  is  spoken 
of  as  a ray,  in  the  second  as  an  axis. 

If  two  conjugate  lines  are  at  right  angles,  pass  a plane  through 
one,  AB,  perpendicular  to  the  other,  CD  (Fig.  63).  By  the  preceding 
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B 


theorem,  the  point  of  intersection  of  the  plane  with  CD  is  the  focn> 
of  the  plane.  Resolving  at  any  point  P in  AB,  the  moment  of  Ob. 

being  perpendicular  to  OB 
and  OP,  lies  in  the  plane 
OAB. 

That  line  in  a plane  which 
has  the  property  that  for  all 
its  points  the  resultant 
moment  lies  in  the  plane  is 
called  the  characieristic  oi 
the  plane,  or  of  its  focus. 
Its  distance  OX  = d froin  the 
focas  is  such  that1) 

14)  dRBmd’  ==  S. 

The  line  OX,  of  length 

B sin  fr7 

is  perpendicular  to  the  plane 
of  R and  S,  and  drawn  toward  the  side  corresponding  to  the  motion  of 
a right-handed  screw  when  rotated  in  the  direction  from  R to  S.  If 

we  should  go  from  0 in  the  direction  OX  a distance  df  = ^sin^ 

should  reach  the  central  axis,  and 

15)  dd'  = ~ • 


B 


— we 


63.  Complex  of  Double -lines.  If  a plane  1 pass  through 
the  pole  of  a plane  2,  then  the  plane  2 passes  through  the  pole  of 
ß the  plane  1.  Let  P (Fig.  64 

i be  the  pole  of  the  plane  1,  and 


* 


In  this  case  the  two  poles 
of  the  planes,  and  we  see  that  if  a 
its  pole,  its  pole  traverses  that  line. 


let  PO  be  any  line  in  1 through  P.j 
The  moment  of  R about  0 is| 
perpendicular  to  PO,  and  so 
is  S,  hence  so  is  their  resultant.; 
Thus  the  moment  at  0 is  per- 
pendicular to  OP,  and  the  polar 
plane  of  0 contains  the  line  01\ 
that  is,  if  0,  the  pole  of  2 lies 
in  1,  then  P,  the  pole  of  1 lies 
in  2. 

lie  in  the  line  of  intersection 

plane  tums  about  a line  through 
Such  a double  line  is  conjugate 


1)  For  the  component  in  AR,  Rsin^1,  has  the  moment  S about  0. 
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to  itself.  The  necessary  and  sufficient  condition  that  a line  is  self- 
conjugate  is  that  the  pole  (focns)  of  a plane  through  the  line  falls 
in  the  line.  For  then  as  the  plane  rotates  about  the  line  as  an  axis, 
the  focus  describes  the  line  as  a ray.  Hence  the  double  lines  lying 
in  a particular  plane  all  pass  through  the  pole  of  that  plane,  and 
conversely,  all  the  double  lines  passing  through  a point  lie  in  the 
polar  plane  of  the  point.  Such  a System  of  lines  is  called  by  Plücker 
a line  complex  of  the  first  degree.  There  are  in  all  a double  infinity 
of  lines  passing  through  any  point  in  space,  but  of  these  only  a 
single  infinity  belong  to  the  complex.  Therefore  lines  belonging  to 
the  complex  have  one  less  degrees  of  freedom  than  lines  in  general, 
or  a complex  contains  a triple  infinity  of  lines.  A complex  may  be 
represented  analytically  by  a single  relation  between  the  four  Para- 
meters determining  a line.  If  we  mark  off  on  a line  any  length  R, 
and  give  its  projections  on  a set  of  rectangular  axes  X,  Y,  Z,  and 
the  projections  L,  M,  N of  its  moment  about  an  origin  0,  the  line 
is  completely  determined.  For  its  direction  is  given  and  giving  the 

moment  jS>  = )/jL8  + Jf2  + N*  gives  the  plane  through  0 containing  R, 
and  the  distance  from  the  line,  if  the  length  of  R is  given,  but  this 

is  given  by  R = ~/Xa  + Y*  + Z*. 

As  the  determination  of  the  line  is  independent  of  the  length 
of  2?,  the  ratios  of  the  six  quantities  determine  the  line.  But  these 
five  ratios  are  not  independent,  for  since  by  § 5,  12), 

L = yZ  — zYy 

16)  M = zX  — xZ, 

N = zY  — yX, 

we  have  the  identical  relation, 

17)  LX  + MY+NZ  — 0, 

expressing  the  fundamental  property  that  the  moment  of  a vector  is 
perpendicular  to  it.  The  Coordinates  LMNXYZ  are  known  as 
Plücker  s line -Coordinates. 

Thus  there  remain  four  independent  quantities  to  determine  a 
line.  A relation  between  these  denotes  a complex,  and  in  particular 
a linear  relation, 

18)  aX  + bY  + cZ  + dL  + eM  + fN  = 0, 

denotes  a complex  of  the  first  degree.  . 

Since  the  double  lines  of  the  null -System  are  the  loci  of  points 
which  are  the  poles  of  planes  containing  the  double-lines,  at  every 
point  of  a double -line  the  resultant  moment  is  perpendicular  to  it, 
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or  double  lines  are  lines  of  no  moment.  In  the  kinematieal  applica- 
tion,  points  on  a double -line  experience  no  translation  along  it. 

If  a double -line  cuts  one  of  a pair  of  conjugate  lines,  it  cuts 
the  other.  Let  PQ  be  a double -line  cutting  the  line  AB.  Then 
the  pole  of  the  plane  BPQ  lies  in  the  line  conjugate  to  AB.  But 
since  PQ  is  a double -line,  the  pole  of  BPQ  lies  on  PQ.  Hence 
PQ  cuts  the  conjugate  to  AB.  Conversely,  every  line  cutting  two 
conjugates  is  a double -line. 

The  complex  of  double -lines  is  symmetrical  with  respect  to  the 
central  axis.  Let  AB  (Fig.  65)  be  a line  of  the  complex,  and  let  OX 

be  the  common  perpendicular  to  it  and 
the  central  axis.  Now  AB  is  perpen- 
dicular to  the  moment  S at  X,  but  S 
is  perpendicular  to  OX,  and  the  distance 

OX  is  d = ~ tan  fr.  If  <p  is  the  angle 

that  the  line  AB  makes  with  the  central 
axis  we  have 

19)  tanqp  = ctnfr  = 

This  equation  shows  that  the  double-lines 
constituting  the  complex  are  tangent  to 
an  infinite  number  of  helices,  which  become  less  steep  as  d decreases, 
so  that  the  double-lines  cutting  the  central  axis  are  perpendicular  to 
it,  and  those  at  infinity  are  parallel  to  it.  For  the  pitch  p of  any 
helix  tangent  to  lines  of  the  complex  we  have 


2°)  dä 

Thus  the  pitch  is  not  constant,  but  varies  as  d2. 

This  construction  shows  the  triple  infinity  of  complex -lines.  In 
a plane  perpendicular  to  the  central  axis  every  point  is  on  one 
complex  line.  There  is  a double  infinity  of  such  points.  But  there 
is  a single  infinity  of  such  planes,  and  therefore  in  all  a triple  infinity 
of  complex  lines.  It  is  evident  that  the  complex  is  unchanged  if 
we  rotate  it  about,  or  slide  it  along  the  axis. 


64.  Composition  of  Screws.  Suppose  we  have  two  Systems 
of  vectors,  each  reduced  to  the  type  of  a screw.  (The  combination 
of  forces  of  this  type,  namely  a force,  and  a couple  tending  to  canse 
rotation  about  its  line  of  direction,  is  called  a wrench.  B is  called 
the  intensity  of  the  wrench,  or  the  amplitude  of  the  rotation.)  The 
resultant  of  both  Systems  may  also  be  reduced  to  a screw,  and  we 
may  find  its  position. 
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Let  us  first  suppose  that  the  axes  of  the  component  screws 
intersect  at  right  angles,  and  let  us  take  them  for  axes  of  X and  Y. 


Let  their  pitches  be 

Sx 

2xw 

i 

Let  JR  (Fig.  66),  the  resultant 
of  Hx  and  Ryj  make  an  angle  a 
with  the  X-axis,  and  let  S, 
the  resultant  of  Sx  and  Sy, 
make  an  angle  ß with  the 
same  axis.  Then  the  central 
axis  is  parallel  to  JR , and  cuts 
the  .Z-axis  at  a distance  from 
the  origin 

OZ  = ^ sin  ( ß — a). 

The  resultant  moment  along 
this  line  is 

SQ  = S cos  ( ß — a). 

We  have  now 


v 


S<t0sß  = Sz=  g RX=**XR  COS  a, 

S sin  ß — Sy  = p-  R„  = -p  R sin  a, 

9 2 7C  9 2 ä 

OZ  = ^ sin  {ß  — a)  = — sm  a 008  a> 


Sq  — S cos  (ß  — a) 


Cp*  cos*  <*  + Pv sin2  «)• 


For  the  pitch  of  the  resultant  screw  we  obtain 

L = § = h cos* « + ä sini  “)* 

22)  p = px  cos2  a + py  sin2  a . 

The  equations  of  the  central  axis  are 

y =•  x tan  a, 


23) 

Inserting  the  valües 


z = — y_  — sin  a cos  a. 

2 7C 


x . y 

cosa  = “/^r— sina  = — 


we  have 


Yx*+yl 


Vx*+y' 
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_ (j>x-p,)xy 
2 ~ 2*(**+ y*)  ’ 

z (xi  + y»)  - P,2aPz  xy  — 0, 

äs  the  equation  of  the  ruled  surface  of  the  third  Order  in  which  the 
resultant  screw  must  lie,  whatever  the  values  of  Rx,  Ry.  This  surface 
is  called  the  Cylindroid. 

Since 

P ,—p„ 

23)  z = sin  2 a 

the  surface  is  the  locus  of  a line 
which,  always  intersecting  a fixed  line 
at  right  angles,  revolves  about  it,  and 
makes  a harmonic  oscillation  along  it, 
making  two  complete  oscillations  for 
each  rotation.  In  this  manner  the  model 
shown  in  Fig.  67  was  constructed. 

For  every  screw  lying  on  the 
cylindroid  there  is  a definite  pitch, 
given  by  the  equation  22).  If  we  lav 
off  the  square  roots  of  the  reciprocals 
g;  of  the  pitches  on  lines  making  angles  a 

with  the  X-axis  in  the  plane  of  XI', 
and  call  the  Coordinates  of  their  ends  xy,  we  have 

l l 

x =■  cos  a,  «=  ^_sina, 

Vp  Yp 

and  our  equation  is 

P — PxPX?  + p„py\ 

25)  pxx*  + pyy%  = 1, 

representing  a conic  section,  such  that  the  pitch  belonging  to  the 
direction  of  any  radius  yector  is  inversely  proportional  to  the  square 
of  the  length  of  the  radius  vector.  This  is  called  the  pitch-conic. 
If  px  and  pt  are  of  the  same  sign,  the  pitch-conic  is  an  ellipse,  if 
of  opposite  signs  it  is  an  hyperbola.  In  the  latter  case,  there  are 
two  lines  of  zero  pitch,  given  by  the  asymptotes.  In  other  words, 
if  one  screw  is  right-handed,  while  the  other  is  left-handed,  there 
are  two  screws  on  the  cylindroid  representing  merely  rotation. 

Any  two  screws  determine  a cylindroid.  Let  their  pitches  be 
PiPt>  kt-  them  make  an  angle  y and  let  the  length  of  their  common 
perpendicular  be  h.  Then  if  they  lie  on  a cylindroid  we  must  have, 
by  23),  22), 
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- *i  = h>  «2  — ai  = 


26) 


= 


^^811120!,  ^=^^81112^, 
■ 2 zu  1 m arnS 


i>i  = l>x  cos*  at  + py  am2  «2, 

Ä = P*  cos2  a2  + P y sin*  «2; 

as  six  equations  to  determine  jpx,  pyf  s19  zi9  aly  «g.  We  have  by 
elimination  _ 

z*  — zi  = (8in2o2  — 81112«!) 

= cos  (®*  + *i) sin  («*-*!)> 

or  nsing  the  first  two  equations, 


27) 


Py  - P, 

2 TT 


cos  («3  + cq)  sin  y, 


*i  + zi 


Py^-J>x  (sin  2^  + sin 2 cq) 

— P 

■yg— ■ * sin  (cq  + cq)  cos  (cq  — cq) 


28) 


sin  (cq  + cq)  cos  y, 


Pt  — Pt  = px  (cos*  cq  — cos*  cq)  + pv  (sin*  cq  — sin*  cq) 
= (pz  —py)  (cos*  cq  — cos*  cq) 

= (l>«  — l>y)  sin  (cq  + cq)  sin  (cq  — cq), 

29)  i>2  - Pi  = (i>*  — l>y)  sin  (cq  + cq)  sin  y, 

30)  Pt +Pi=  Px  (cos*  cq  + cos*  cq)  + pt  (sin*  cq  + sin*  cq) 

= Pz+Pv  + (P*  — Py)  (cos*  cq  — sin*  cq) 

= Px+Py  + (Px  — Py)  cos  (cq  + cq)  cos  y. 
From  27)  and  29)  we  obtain 

4jt*A*  + (i>j  -jq)*  = (jJy  -i>,)*  sin*  y, 


31)  Pi  ~ P*  = 

From  27)  and  30), 


V4**Ä*  + (J)s  -p,)* 


sin  i 


From  29)  and  31), 


Py  + Px  —P%  + Pt  — 2 JtA  ctn  y. 


sin  (cq  + cq)  = 
cos  (cq  + cq)  = 


Ps-Pi 


Vix'h*  + (y,  —pt)* 
2-jth 

2nh 


tan  (cq  + cq)  = Pl 


32) 
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From  32)  with  «g  — ax  = y, 


-i  Pi  -Pi 

%7th 

-i  Pi  -Pi 

2 7th 


Since  the  cylindroid  is  thus  determined  by  31)  and  33),  a twist 
about  pt  can  be  resolved  into  a twist  about  px  and  one  about  py. 
A twist  about  p2  can  be  likewise  resolved.  The  two  components 
about  px  add  together,  so  do  those  about  py,  and  since  the  resultant 
of  any  twists  about  px  and  py  lies  on  the  cylindroid,  the  resultant 
of  px  and  |>2  does.  Its  direction  can  be  found,  since  the  amplitudes  R 
of  the  two  twists  about  pxp*  compound  by  the  parallelogram  law, 
hence  the  angle  made  by  the  resultant  with  the  axes  is  known.  The 
pitch  is  then  found  from  the  pitch -conic. 


65.  Work  of  Wrench  in  Producing  a Twist.  Let  us  find 
an  expression  for  the  work  done  during  a twist  of  amplitude  Rk 
about  a screw  of  pitch  pk  by  a wrench  of  intensity  Rf  about  another 
screw  of  pitch  pf.  We  already  know  the  work  done  by  a force  in 
a translation,  namely,  it  is  equal  to  the  product  of  the  magnitudes 
by  the  cosine  of  the  included  angle.  If  the  force  is  Rf  and  the 
translation  (rotation-couple)  is  Sk,  we  have 

W = R/Sk  cos  ( R/Sk ). 

Notice  that  the  vector  of  one  System  is  multiplied  by  the  vector- 
couple  in  the  other. 

We  can  find  the  work  done  by  the  force-couple  in  a rotation 
about  its  axis.  Apply  the  couple  so  that  one  of  its  members  P 

passes  through  the  axis  of  rotation.  In  a rotation  this  member  does 

no  work,  for  its  point  of  application  is  at  rest,  while  that  of  the 
other  member  Q moves  in  a rotation  a distance  dm,  where  d is  the 
arm  of  the  couple.  Accordingly  the  work  is  W=  Pdm  which  is 
equal  to  the  product  of  the  twist  by  the  moment  of  the  couple. 

Here  again  we  multiply  the  vector  of  one  System  by  the  vector- 

couple  of  the  other. 

If  the  axis  of  rotation  is  perpendicular  to  the  axis  of  the  couple, 
the  motion  is  perpendicular  to  the  force,  and  no  work  is  done.  Hence 
we  must  take  the  resolved  part  of  the  couple  on  the  vector,  as  before. 

We  can  now  find  the  work  of  a wrench  during  a twist.  The 
work  of  the  force  in  the  displacement  Sk  is  R/Sk  cos  a,  a being  the 

Pf 

angle  between  the  two  screws.  The  work  of  the  couple  S/= 
in  the  rotation  Rk  is 

Pf 

S/JR*cosa  = -- RfRkcoaa. 

& 7t 
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But  when  Iif  is  changed  to  the  origin  of  Rk  it  gives  rise  to  a moment 
perpendicular  to  11/  eqaal  to  11/ d,  d being  the  perpendicnlar  distance 
between  the  screws.  This  moment  therefore  makes  with  Rk  the 

angle  a + the  wor^  done  by  it  in  the  rotation  Rk  is 

dRfRk  cos  (a  + ) = — dRfRk  sin  a. 

Thus  the  whole  work  is 

34)  W=  R/Rt cos a-d sin «). 

It  is  symmetrical  with  respect  to  both  screws,  hence  the  wrench  and 
twist  might  have  been  interchanged. 

The  geometrical  quantity  in  parentheses  is  called  the  virtual 
coefficient  of  the  two  screws,  and  if  it  vanishes  no  work  is  done, 
that  is,  a body  free  to  twist  only  about  a particular  screw  is  in 
equilibrium  under  a wrench  about  another  screw  if  the  virtual  coef- 
ficient  of  the  two  screws  is  zero.  The  two  screws  are  then  said  to 
be  reciprocal, 

66.  Analytical  Representation.  Line  Coordinates.  In 

Plücker’s  line  Coordinates  referred  to  any  origin,  since  each  component 
of  vector  does  work  on  the  corresponding  component  of  couple  in 
the  other  System, 

35)  W = XfLk  + YfMk  + ZfNk  + LfXk  + MfYk  + NfZk. 

If  a screw  is  reciprocal  to  two  screws  on  a cylindroid,  it  is 
evidently  reciprocal  to  all  the  screws  on  it. 

For  two  screws  to  be  reciprocal,  the  condition  is, 

36)  Xx  L%  -|-  Yx  -f-  Zx  -f-  Lx  X%  -f-  3£x  Y%  -f-  Nx  Z%  = 0. 

If  the  Coordinates  of  one  of  the  screws  be  constant,  while  those  of 
the  other  be  variable,  this  is  the  equation  18)  of  a complex  of  the 
first  degree,  so  that  all  the  screws  reciprocal  to  a given  screw  form 
such  a complex. 

Since  between  the  six  Coordinates  XiY1Z1LxM1Nl  there  is 
always  the  identical  relation 

XxLt  + YtMx  + ZxNt  = 0, 

we  may  always  make  them  satisfy  five  equations  like  the  above, 
that  is,  we  may  always  find  a screw  reciprocal  to  five  arbitrarily 
given  screws. 

Suppose  the  Coordinates  of  the  System  of  vectors  for  an  origin  0 
are  XYZLMN,  being  the  projections  of  R and  S at  0.  Let 
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XYZL'M'N 1 denote  the  same  for  a point  Of  whose  Coordinates 

Th“  L-L'  + .Z-mT, 


37)  M = M'  + zX-xZ, 

N=N*  + xY-yX. 

ln  Order  that  the  point  0!  may  lie  on  the  central  axis,  the  direction 
of  resultant  and  conple  must  coincide,  or 

U __  Mr  N' 

X ~ Y Ä Z’ 


hence  the  eqnations  of  the  central  axis  in  Cartesian  Coordinates  are 

qqv  L-yZ+zY  M-zX  + xZ  N-xY+yX 

38)  x Y " ~~  ' ^ 

The  equation  of  the  focal  or  polar  plane  to  a point  x'  yr  zf  is, 
since  it  is  perpendicular  to  UM*  Nf, 

39)  (x-x’)L'  + (y-y')M’  + (z-z')N'  = 0 
and  inserting  the  valnes  of  I!  Mf  N1, 

(x-x')(L-yrZ+z’Y)  + (y- y')  (M- z’X  + x'  Z) 

+ (z-z')  (N-x’Y+y’X)  = 0, 

or , more  symmetrically  arranged, 

40)  L(x-x')  + M (y  — yf)  + N(z  — zf)  + X(zyf  — yz1) 

+ Y (xzr  — zxf ) + Z ( yxr  — xy1)  = 0. 


This  equation  is  symmetrical  with  respect  to  xyz , x'y1  z1,  hence  if 
xf  y' z'  is  fixed,  xyz  is  on  its  polar  plane,  or  if  xyz  is  considered 
fixed,  x1  yf  z'  is  on  its  polar  plane,  showing  the  reciprocal  relation 
of  pole  and  polar. 

If  the  vector  System  is  to  reduce  to  a single  vector,  the  resultant 
and  couple  at  any  point  must  be  perpendicular,  or 


41)  LX  4-  MY  + NZ  = 0. 

We  must  have  in  general,  at  any  point,  S cos  # = S0  that  is, 


LX+MY+  NZ 

it  - yx*+Y*  + z* 


and  the  pitch  p is  given  by 

P = ^0 
2 sr  Ji 


LX+MY+NZ 
x*4  + 


The  volume  of  the  tetrahedron  on  a vector- cross  is 
44)  1 HS0  = l (. LX+MY+  NZ), 


and  this,  like  the  last  expression,  is  independent  of  the  choice  of 
origin  or  axes,  that  is,  is  an  invariant. 


66]  REPRESENTATION  BY  LINE -COORDINATES.  223 

Suppose  that  the  two  members  of  a vector-  cross  have  Plücker’s 
Coordinates 

XxYxZxLxMxNx  and  X2Y2Z2L2M2N2 
with  the  identical  relations, 

LxXx  + MxYx  + NxZx  = 09  L2X2  + M2Y2  + N2Z2  = 0. 

Their  resnltant  has  components 

X = Xx  + X2  , L = Lx  + L2, 

y=yx  + y2,  m = mx  + m2, 

Z=ZX  + Z2,  n=nx  + n2, 

and  the  volume  of  the  tetrahedrön  is  one  sixth  of 

LX  + MY  + NZ  — 

(L,  + L ,)  (X,  + XJ  + (Mt  + Mg)  ( Tt  + Ft)  + (N,  + Ng)  (Zt  + Zg), 

which  in.  virtue  of  the  two  identities  is 

45)  LxX2  + MXY2  + NXZ2  + L2Xx  + M2YX  + N2ZX. 

If  any  two  lines  are  given  by  their  Plücker ’s  Coordinates,  the 
condition  that  they  shall  intersect  is  that  the  above  expression  shali 
vanish. 

We  may  now  find  the  equation  of  the  complex  of  double-lines. 
We  have  seen  that  every  line  meeting  two  conjugate  lines  is  a 
double -line.  Let  the  Coordinates  of  the  two  conjugate  lines  be 
Xx  ...  NXf  X2  ...  N2f  satisfying  the  conditions 

^1  + i*  = io,  A + = LQf 

46)  Yx  + Y2  = F0,  Mx  + M2  = 3/0, 

+ Z2  = Z0,  + ^2  = N0f 

where  X0Y0Z0L0M0N0  define  the  vector- System.  Let  the  Coordinates 
of  a double-line  be  XYZLMN.  The  condition  that  it  meets  the 
line  XxYxZxLxMxNx  is 

LxX  + MxY+  NXZ  + XxL  + YXM  + ZXN  - 0, 
and  that  it  meets  X2Y2Z2L2M2N2f 

I^X+M2Y+  N2Z+  XtL  4 Y2M  + Z2N=  0. 

Adding  these  equations,  and  using  the  conditions  46)  we  obtain, 

47)  L0X  + M0Y+  N0Z  + X0L  + Y0M  + Z0N=  0, 

as  the  equation  of  the*  complex,  that  is,  any  linear  relation  in 
Plücker’s  Coordinates  represents  a linear  complex,  as  stated  in  § 63. 

It  is  to  be  noticed  that  the  equation  47)  does  not  signify  that 
the  line  XYZLMN  cuts  the  line  XQY0Z0L0M0N0  unless  the  latter 
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are  the  Coordinates  of  a line  (not  of  a general  System  of  vectors'), 
that  is  fulfill  the  relation 

LqXq  + M0Y0  -f  N0Z0  = 0. 

If  they  do,  then  every  line  of  the  complex  cuts  the  line  X0Y0Z0L0M0X0 , 
and  the  equation  may  be  considered  the  eqnation  in  Plücker’s  Co- 
ordinates of  the  line  X0Y0Z0L0M0N0  (see  Clebsch,  Geometrie,  Yol.  H, 
p.  51).  For  further  information  on  this  subject,  the  reader  may 
consult,  Ball,  Theory  of  Screws. 

67.  Momentum  Screw.  Dynamics.  The  previous  sections 
have  shown  how  to  combine  Systems  of  vectors  having  different 
points  of  application,  provided  they  are  unchanged  if  slid  along  their 
lines  of  direction.  As  one  particnlar  System  to  which  the  Operation 
is  applicable  we  have  had  the  varions  rotation  - velocities  of 
a rigid  body,  as  another,  sets  of  forces  applied  to  a rigid  body. 
That  these  vectors  are  snsceptible  of  such  treatment  may  be  considered 
as  due  to  properties  of  a rigid  body,  rather  than  of  the  vectors 
themselves.  We  have  however  previously  dealt  with  two  other  sorts 
of  vectors  which  may  be  dealt  with  in  similar  fashion,  on  account 
of  their  physical  nature,  and  independently  of  the  nature  of  the 
bodies  in  which  their  points  of  application  lie.  By  means  of  these 
properties  we  are  able  to  connect  the  kinematical  aspect  of  a rigid 
body,  as  expressed  by  its  instantaneous  screw  motion,  with  its 
dynamical  aspect,  as  expressed  by  an  applied  wrench  about  another 
screw. 

If  for  each  point  of  the  System  we  consider  the  momentum, 
whose  six  Coordinates  (one  being  redundant),  in  the  sense  of  § 66  are, 

mvX9  mvyy  mvz,  '>n(yv9  — zvy)y  m(zvx  — xv9)y  m(xvy  — yrx)y 

and  form  the  general  resultant,  we  obtain  a System  whose  Co- 
ordinates are 

Mx  =*  2mvxy  Hx  = 2m  (yv9  — zvy), 

48)  My  = 2mvyy  Hy  = 2m  (zvx  — xv9), 

M,  — 2mvZf  Hz  = 2m(zvy  — yvx), 

which  represent  the  momentum  of  the  System,  the  three  projections 
MXy  Myy  M-y  being  more  particularly  characterized  as  the  linear 
momentum,  the  others  Hxy  Hyj  Ht,  as  the  angular  momentum  or 
moment  of  momentum  with  respect  to  the  origin. 

We  have  now  by  the  general  principles  of  dynamics,  as  shown 
in  § 32,  45),  § 33,  61),  the  fact  that  the  time -derivatives  of  these 
six  components  of  momentum  are  equal  to  the  corresponding  com- 
ponents  of  the  resultant  wrench, 
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X = 2X,  r=  2Y,  Z=  2Z, 

L = 2(yZ—gT),  M = 2(eX  — xZ),  N — 2(x 


z,  y 

= 2(x%- 


yX), 


applied  to  the  System.  That  is, 


dM  „ dMu 

* V V t r 

A* 


dM 


49) 


dt 

dH 

2 

dt 


= A 


dt 

dH 

dt 


dt 

dH 


- = z, 


dt 


’-  = N. 


Integrating  these  equations  with  respect  to  the  time, 


ooo 

we  may,  in  the  sense  of  § 27,  call  the  momenttun  the  impulsive 
ivrench  of  the  System.  PhysicaUy,  then,  the  momentum  that  a System  . 
possesses  at  any  instant  is  equal  to  the  impulsive  wrench  necessary 
to  suddenly  commnnicate  to  it  when  at  rest  the  velocity-  System  that 
it  actnaJly  possesses.  As  a prelude  to  the  dynamics  of  a rigid  body 
we  must  accordingly  study  the  properties  of  the  momentum  or 
impulsive  wrench  of  a body  possessing  a given  instantaneous  twist- 
velocity. 

All  the  Systems  of  vectors  in  question  may  be  reduced  to  the 
screw  type,  and  their  respective  screws  are  in  general  all  different. 
Thus  we  may  speah  of  the  instantaneous  velocity -screw  and  instan- 
taneous axis,  the  momentum  screw,  and  the  force -screw.  As  the 
body  moves,  all  these  screws  change  both  their  pitch  and  position 
in  the  body,  describing  ruled  surfaces  both  in  the  body  and  in  space. 
The  integration  of  the  differential  equations  of  motion  49)  will  enable 
us  to  find  these  surfaces.  The  kinematical  description  of  the  motion 
will  be  complete  if  we  know  the  two  ruled  surfaces  described  in 
space  and  in  the  body  by  the  instantaneous  axis,  together  with  such 
data  as  will  give  their  mutual  relations  at  each  instant  of  time. 


68.  Momentum  of  Rigid  Body.  The  properties  of  the 
momentum  of  a rigid  body  are  conveniently  investigated  by  the 
consideration  of  the  velocity -System  as  an  instantaneous  screw -motiorn 
Let  V be  the  velocity  of  Translation,  and  © of  rotatiom  Then  every 
particle  of  mass  m has  one  component  of  momentum  parallel  to  the 
axis  of  the  instantaneous  twist  (which  we  will  täte  for  Z-axis), 
equal  to  mvz  = mV  and  the  resultant  for  all  is 

51)  Mz  ==  2mV  = VHm  = MV, 

WEBSTER,  Dynamics. 


16 
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where  M is  the  total  mass  of  the  body.  By  the  construction  of 
§§  57,  59  the  resultant  of  parallel  vectors  P and  Q is  applied  at  the 
center  of  mass  of  masses  proportional  to  P and  Q placed  at  their 
points  of  application.  Consequently  the  yarious  elements  being  pro- 
portional to  the  masses  m, 
this  component  of  the 
momentnm  is  applied  at 
the  center  of  mass  of  the 
body. 

There  remains  the 
component  of  momentnm 
perpendicular  to  the  instan- 
taneous  axes.  Let  OZ 
(Fig.  68)  be  the  instan- 
taneons  axis,  and  let  r be 
the  perpendicular  distance 
from  it  of  any  point  P, 
and  let  the  angle  made 
by  r with  the  X-axis  be  th 
Now  P is  moving  parallel 
to  the  XY- plane  with  the 
velocity  v=*ra)  perpendic- 
ular to  r,  so  that  the  projections  of  this  velocity  are 

» 

vx  = — v sin#  = — cor  sin  fr  = — coy, 

Vy  — 17008#  = ajrcos#  = c ox. 

Thence  we  obtain  the  components  of  momentum 

Mx  — — Xmcoy  — — coXmy  — — May, 

My  = 2Jmax  — coXmx  = Max, 

where  x,  y are  the  Coordinates  of  the  center  of  mass.  The  resultant 
momentum  is  accordingly  equal  and  parallel  to  the  momentum  that 
the  body  would  have  if  concentrated  at  the  center  of  mass,  but  its 
point  of  application  is  different,  for  the  components  Mx,  My  are  not 
applied  at  the  center  of  mass,  inasmuch  as  their  elements  are  pro- 
portional, not  to  m but  to  my  and  mx.  The  magnitude  of  the 
resultant  momentum  being  given  by  Mx,  My,  Ms,  we  may  find  its 
axis  by  obtaining  its  three  remaining  Coordinates,  representing  the 
angular  momentum.  We  have 

Hx  = 2J(ymvs  — zmv,J)  = VXmy  — aXmzx  = MVy  — a2mzx, 

53)  Hy  = 2(zmvx  — xmv:)  = — aXmyz  — VXmx  = — MVx  — co2myz% 
Hx  — X(xmvtJ  — ymvx ) = aXm  (x?  + y2)  ==aXmr2. 
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Of  these  the  terms  in  V are  the  moments  of  the  vector  MV 
in  the  direction  of  the  iT-axis  applied  at  the  center  of  mass,  while 
the  terms  in  <o  are  applied  elsewhere.  The  equations  of  the  central 
axis  of  momentam  are,  by  § 66,  38),  x1  y*  zr  being  the  running 
Coordinates, 

Hx-y'M,  + z'M,J  Hy-JMx  + a?M2  H,-x'My  + y'Mx 

} M. 

or  inserting  the  yalnes, 

MVy  — coZmxz  — y'  MV  -f  z'  Maföc 

— May 

— MV~x  — coZmyz  -f  z'  Moiy  + of  MV 

Modx 

a)2fn(x*-\-y*)  — x?  Max  — t/  May 

MV 


This  does  not  pass  throngh  the  center  of  mass  nnless,  pntting 
x'  = x,  y'  = y,  s'  =J, 


— coZmxz  -f-  Mcozx — coZmyz  + Mcoyz 

— Mcoy  Mtaix 


co  Zm  (x*  + «/*)  “ Mo  (x*  -f  V *) 
MV 


We  see  that  the  resnltant  momentam  inyolves  the  yarioas  sams 


Emx,  Emy,  Emxz,  Emyz,  Z!mr*, 

the  axis  of  Z being  the  instantaneons  axis.  These  sums  are  constants 
for  the  rigid  body,  depending  on  the  distribution  of  mass  in  it.  The 
first  two  represent  the  mass  of  the  body  multiplied  by  the  Coordinates 
of  the  center  of  mass.  The  last  represents  the  sum  of  the  mass  of 
each  particle  multiplied  by  the  square  of  its  distance  from  the  Z-axis, 
and  is  what  has  been  called  the  moment  of  inertia  of  the  body  with 
respect  to  that  axis.  We  are  thas  led  to  consider  the  sams 


A = Em  (y*  + fl),  B = Em  ($*  + x?),  G = Em  (x?  + y2), 
D = Emyz,  E = Emzx,  F=  Emxy. 


Of  these  the  last  three,  D,  E,  F,  are  termed  the  products  of  inertia 
with  respect  to  the  respectiye  pairs  of  axes. 

ln  the  case  of  a continuous  distribution  of  mass,  we  must  diyide 
the  body  up  into  infinitesimal  elements  of  volume  dt,  and  if  the 
density  is  p,  the  element  of  mass  is  dm  = qdt  and  the  six  sums 
become  the  definite  integrals 


15* 
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The  determination  of  these  quantities  is  then,  like  that  of  Centers  of 
mass,  a subject  belonging  to  the  integral  calcnlus. 

The  six  constants  A,  B,  C,  D , E,  F together  with  the  mass  M 
and  Coordinates  x,  y,  ~z9  of  the  center  of  mass,  completely  characterize 
the  body  for  dynamical  purposes,  since  when  we  know  their  values 
and  the  instantaneous  twist,  the  momentum  or  impulsive  wrench  is 
completely  given.  The  body  may  therefore  be  replaced  by  any  other 
having  the  same  mass,  center  of  mass,  and  moments  and  producta 
of  inertia,  and  the  new  body  will,  when  acted  upon  by  the  same 
forces,  describe  the  same  motion. 


69.  Centrlfkxgal  Forces.  As  the  body  moves,  its  different 
parts  exercise  forces  of  inertia  upon  each  other,  so  that  there  is  a 
resultant  tending  to  change  the  instantaneous  screw  in  the  body. 
Let  us  suppose  the  translation  to  vanish,  and  examine  the  kinetic 
reactions  developed  by  the  rotation,  or  the  centrifugal  forces.  The 
instantaneous  axis  being  again  taken  as  the  axis  of  Z9  a particle  P 

experiences  the  centripetal  acceleration  V—  = ro8  towards  the  axis,  and 

the  centrifugal  force  is  Bc  = mra2  (see  p.  119)  directed  along  the 
radius  r from  the  axis  OZ,  and  having  the  projections 


Xc  = Rc  y = mxa >2, 

57)  Yc  = Rcy  = myco*, 

Zc  = 0. 


For  the  moment  of  the  centrifugal  force  we  have 


Lc  = yZc  — zYc  = — myzG>*, 
58)  Mc  — zXc—  xZc  = mxzcPy 

Nc  = xYc  — yXe^  0 , 


so  that  the  Coordinates  of  the  resultant  centrifugal  force  and  couple  are 


Xc  = 

co2Xmx  = 

miMx} 

rc  = 

G>*2Jmy  = 

a2My, 

zc  = 

0 , 

Lc  = 

— &%2myz  = 

— 2)<d*  , 

Jfc  = 

to*  £mzx  = 

Eco * , 

Nc  = 

0 . 

Thus  the  centrifugal  force  is  equal  and  parallel  to  that  of  a 
mass  placed  at  the  center  öf  mass,  and  moving  as  the  latter  point 
does.  It  vanishes  when  the  center  of  mass  lies  in  the  axis.  The 
System  of  centrifugal  forces  is  however,  as  in  the  case  of  the 
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momentum,  not  to  be  replaced  by  a single  force  placed  at  the  center 
of  mass,  for  the  couple  is  not  equal  to  wbat  its  value  would  be  in 

tbat  case,  unless  4?  = -JL*  If  the  center  of  mass  lies  on  the  axis, 

Mi  X f 

although  the  centrifagal  force  Rc  vanishes,  the  centrifngal  couple  8C 
does  not,  unless  D = E = 0. 

The  centrifugal  forces  then  in  general  tend  to  change  the  instan- 
taneous  twist,  unless  the  axis  of  the  latter  passes  through  the  center 
of  mass,  and  for  it  D = E = 0.  Such  axes  are  called  prindpal  axes 
of  inertia  of  the  body  at  the  center  of  mass,  and  are  characterized 
by  the  property  that  if  the  body  be  moving  with  an  instantaneous 
twist  about  such  an  axis,  it  will  remain  twisting  about  it,  unless 
acted  on  by  extemal  forces.  In  Order  to  examine  the  effect  of  the 
distribution  of  mass  of  the  body,  we  are  led  to  interrupt  the  con- 
sideration  of  dynamics  in  Order  to  consider  the  purely  geometrical 
relations  among  moments  and  products  of  inertia. 

70.  Koments  of  Inertia.  Parallel  Axes.  Consider  the 
moments  of  inertia  of  a body  about  two  parallel  axes.  Let  the 
perpendicular  distances  from  a point  P 
on  the  two  axes  be  px  and  p%  and  let 
the  distance  apart  of  the  axes  be  d. 

Let  A and  B (Fig.  69)  be  the  inter- 
sections  of  the  axes  with  the  plane  of 
px  and  p2.  If  we  take  AB  for  the 
X-axis,  A for  origin,  we  have 

p2  = J>!2  + d*  — %Ptd  cos  {pxx)} 

60)  Xmp2  — Bmpi*  + McP  — 2dBmpl  cos  (pxx) 

= Bmp^  + McP  — 2dZJmx. 

The  last  term  is  equal  to  — 2dMx  and  vanishes  if  the  axis  1 passes 
through  the  center  of  mass.  Consequently  the  moment  of  inertia 
about  any  axis  is  equal  to  the  moment  of  inertia  about  a parallel 
axis  through  the  center  of  mass  plus  the  moment  of  inertia  of  a 
particle  of  mass  equal  to  that  of  the  body  placed  at  the  center  of 
mass,  about  the  original  axis.  Consequently  of  all  moments  of  inertia 
about  parallel  axes,  that  about  an  axis  through  the  center  of  mass 
is  the  least.  In  virtue  of  this  theorem  the  study  of  moments  of 
inertia  is  reduced  to  the  study  of  moments  of  inertia  about  axes  in 
different  directions  passing  through  the  same  point. 

71.  Koments  of  Inertia  at  a Point.  Elllpsold  of  Inertia. 

Consider  now  moments  of  inertia  about  different  axes  all  passing 
through  the  same  point  0.  Let  a , ß , y be  the  direction  cosines  of 
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any  axis.  Let  p be  the  perpendicular  distance  of  a point  P from 
the  axis,  r its  distance  from  0,  and  q the  distance  from  0 of  the 
foot  of  the  perpendicular.  Now  since  q is  the  projection  of  r on 
the  axis, 

61)  q = ccx  + ßy  + ys, 
and  we  have 

p*  = r2  — q2  = x2  + y*  + z2  — (ax  + ßy  + yz)2 

62)  = x2  (1  — a2)  + y2  (1  — ß2)  + z2  (1  — y2) 

— 2 (ßyyz  + yazx  + aßxy). 

Now  since  we  have 

«2  + £2  + y2  = i, 

1 — a2  = ß2  + y2,  1 — 1 82  = y2  + a2,  1 — y2  = a2  + ß 2, 

and  replacing  in  62), 

p2  = a2  (y2  + s2)  + ß2  (z2  + x2)  + y2  (x2  + y2) 

— 2 (/Jyy*  + r«*»  + aßxy), 

' Emp2  = a2Em  (y2  + z 2)  + ß 2Em  (z2  + x 2)  + y22^m  (a?2  + y2) 

— 2ßyEmyz  — 2yaEmzx  — 2 aßZtnxy. 

Thus  the  moment  of  inertia  K about  any  axis  whose  direction  cosines 
are  a,  ß , y,  is  given  by 

64)  -£=  -4  a2  + Pj82  + Cy2  - 22)/Jy  - 2Pya  - 2Faß  = F(a,ßt  y), 

as  a homogeneous  quadratic  function  of  the  direction  cosines  of 
the  axis. 

The  sum  of  products  of  the  mass  of  each  particle  multiplied  by 
the  square  of  its  distance  from  a given  plane  is  called  the  moment* 
of  inertia  of  the  system  with  respect  to  the  plane.  Although  it  has 
no  physical  significance  it  will  be  convenient  to  consider  it.  For  a 
plane  normal  to  the  preceding  axis  we  have 

65)  Q — Emq 2 = a2Emx?  + ß2Emy 2 + y2Emz2 

+ 2ß  yEmyz  + 2yaEmzx  + 2aßEmxy , 

and  if  we  put 

Ä *=  Emx2,  Bf  = Emy2,  C1  = Emz2, 

we  have 

66)  Q = Afa2  + B1  ß2  + C'y 2 + 2Dßy  + 2Eya  + 2Faß  ~ jP'(a,  /J,y). 

The  six  quantities,  A , Bt  C,  Af,  B!,  Cr,  being  sums  of  squares,  are  all 
positive.  We  have  evidently 

A = B'  + G\  B=Cf  + Af,  C = Ar  + B ', 

67)  B+G=A  + 2Ä,  C + A = B+2B’,  A + B=C+2C’, 
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so  that  the  sum  of  any  two  of  the  moments  A,  By  C is  greater  than 
the  third. 

If  we  lay  off  on  the  axis  a length  p and  call  the  Coordinates  of 
the  point  P so  determined  g,  rjy  £ we  have 

£ = 0«,  12  = 0/3,  £ = Qy, 

9 

68)  r (i,  v,  t)  = q*F'  («,  ß,  y)  = q*Q. 

If  we  now  make  the  length  of  OP  vary  in  such  a manner  that 
q2  Q = 1,  we  obtain  for  the  Coordinates  of  P the  equation 

69)  F ' (g,  V,  £)  =Ä?  + B'r?  + Cf  £*  + 2DV$  + 2 EU  + 2Pgi?  = 1, 

or  P lies  on  a central  quadric  surface . Since  9 = is  always  real, 

this  is  an  ellipsoid.  It  possesses  the  property  that  the  moment  Q 
with  respect  to  any  plane  through  its  Center  is  inversely  proportional 
to  the  square  of  a radins  vector  perpendicular  to  it.  It  will  he 
termed  the  fundamental  ellipsoid  of  inertia  at  the  point  0.  It  was 
discovered  by  Binet. 

In  a similar  manner  the  moments  of  inertia  about  the  various 
axes  are  inversely  proportional  to  the  square  of  the  radii  vectores  in 
their  direction  of  another  ellipsoid 

70)  JF( g,  v,  t)  = Al2  + Br?  + Cg2  - 2Brii  - 2E% g - 2J)U  = 1. 

This  is  known  as  Poinsot’s  ellipsoid  of  inertia  at  the  point  0. 

Since  a central  quadric  always  has  three  principal  axes  perpen- 
dicular to  each  other  (see  Note  IV),  we  find  that  tbere  are  at  any 
point  in  a body  three  mutually  perpendicular  directions,  namely  those 
of  the  axes  of  the  two  ellipsoids  of  inertia,  characterized  by  the 
property  that  for  them  the  products  of  inertia  2),  E,  Fy  are  equal  to 
zero.  These  are  termed  the  principal  axes  of  inertia  of  the  body  at 
the  point  in  question.  They  have,  as  shown  in  § 69,  the  property 
that  if  the  body.be  rotating  about  one  of  them  the  centrifugal  couple 
vanishes,  so  that  if  the  center  of  mass  lies  on  the  axis  the  body 
remains  rotating  about  the  same  axis,  unless  acted  on  by  extemal 
forces. 

The  moments  A,  By  C about  these  axes  are  called  principal 
moments  of  inertia. 

It  is  important  to  notice  that  as  we  pass  along  a line  which  is 
a principal  axis  at  one  of  its  points,  the  directions  of  the  axes 
of  the  ellipsoids  at  successive  points  are  not  the  same,  so  that  in 
general  a line  is  a principal  axis  of  inertia  at  only  one  of  its  points. 
We  are  thus  led  to  study  the  relative  directions  of  the  principal 
axes  at  different  points  of  the  body. 
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72.  Ellipsoid  of  Gyration.  The  moment  of  inertia  about  any 
axis  may  be  considered  equal  to  that  of  a particle  whose  mass  is 
that  of  the  body  placed  at  a difitance  Je  from  the  axis,  such  that 
K = Mlc*.  Je  is  called  the  radius  of  gyration  for  this  axis.  The 
radii  of  gyration  about  the  principal  axes  of  inertia  at  any  point  are 
called  the  principal  radii  of  gyration  for  that  point.  If  we  call  their 
lengths  a,  6,  c we  have 

A = Ma\  B = Mb2,  C = Mc\ 

and  70)  becomes 

71)  Je2  = a2a2  + ß*b 2 + y*c*. 


Another  ellipsoid  besides  Poinsot’s,  which  referred  to  its  axes  is 
72)  F(x,  y,  z)  = Az?  + By 2 + Cz%  = 1 

is  sometimes  convenient.  If  at  any  point  x9  y,  z on  Poinsot’s  ellipsoid 
we  draw  the  tangent  plane,  and  from  the  center  let  fall  a perpen- 
dicular  upon  it,  its  length  p will  be  the  projection  of  the  radius 
vector  r on  a line  parallel  to  the  normal, 


73) 

But  since 


p = x cos  ( nx ) + y cos  (ny)  + z cos  (nz). 


«M-E/{(S),+(g),+(g),}T- 

«)  -(.a-s/(©'+0+<g)f- 


Ax 


+ B*y*  + CV 


By 


yA'xt  + B*y*+C'i* 

Ce 

yAtx*  + Biy*+C*t* 


this  givee  for  the  ellipsoid 

dF 

xdi  + y 


dF 


r 


1 fÄ'x'  + B'y'+C'z* 


Thus  the  direction  cosines  of  p are,  by  74), 

af  = cos  (nx)  = Apx  = Apra, 

75)  ßf  = cos  (ny)  = Bpy  = Bprß, 

y'  = cos  (nz)  = Cpz  = Cpry . 

If  on  the  perpendicular  we  mark  off  a point  P',  at  a distance 
OP'  — r'  — - ->  and  call  its  Coordinates  x , y , z,  we  have 


72] 
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x'  = r' «'  = Apr'x  — IßAx, 
76)  tj'  =*r'ß'  = Bpr'y  = RiBy> 

z'  = r'  y'  = Cpr’g  = B?Cs, 

from  which  we  obtain 

f t I 

y 


77) 

and  by  72) 

78) 


# = 


x 


y = 


-BJB2  9 


z = 


Ci?5 


/i 


r'I 


z 


n 


_L  — — _L  _ — r=  JR.^ 

A ^ B * C * ‘ 


Accordingly  the  locus  of  Pf  is  an  ellipsoid,  whose  axes  are 
inversely  proportional  to  those  of  the  original  ellipsoid.  It  is  called 
the  inverse  ellipsoid.  If  we  take 


S4  = T7  we  haye 
M 


79) 


xfj  yt » zt » 

a*  ' c* 


= 1 


and  the  semi-axes  of  the  inverse 
ellipsoid  are  equal  to  the  principal 
radii  of  gyration  a,  b , c . 

Since  the  two  ellipsoids  haye  the 
directions  of  their  principal  axes  coin- 
cident  (namely  the  directions  in  which  p 
and  r coincide) , the  relations  are 
evidently  reciprocal,  and  OP  is  per- 
pendicular  to  the  tangent  plane  at  P'. 

Let  the  length  of  the  perpendicular  in 
this  direction  be  p\  Then  since  the  triangles  OPQ}  0Pf  Q*  (Fig.  70) 
are  similar, 

80)  P,r  = r'p  = Ri. 

Since  the  moment  of  inertia  about  OP  is 


Pig.  70. 


81)  K=Mk*  = i-  = ^‘  = Mp'*, 

we  haye 

k*=p', 

and  the  property  of  the  inyerse  ellipsoid  is  that  the  radius  of  gyration 
about  any  line  is  equal  to  the  part  intercepted  by  a plane  perpen- 
dicular to  it  tangent  to  the  inyerse  ellipsoid.  The  inyerse  ellipsoid 
is  accordingly  called  the  ellipsoid  of  gyration. 

It  is  eyident  that  the  direct  ellipsoid  more  nearly  resembles  the 
given  body  in  shape  than  the  inyerse  ellipsoid,  for  if  the  body  is 
spread  out  much  about  any  particular  axis  the  inertia  and  radius  of 


234  VI.  SYSTEMS  OF  YECTORS.  DISTRIBÜT.  OF  MASS.  INSTANT.  MOTION 


gyration  about  that  axis  are  large,  so  that  the  inverse  ellipsoid  has 
a large  dimension  in  the  direction  of  that  axis,  while  the  direct 
ellipsoid,  like  the  body,  has  a small  one. 


73.  Ellipsoidal  Coordinates.  The  equation  of  a central 
quadric  referred  to  its  axes  may  be  written, 


X 1 t/*  . Z%  „ 

-+-+-  = 1, 

«1  a,  9 

where  alf  a2,  Oj,  may  be  positive  or  negative.  If  they  are  all  negative, 
the  surface  is  imaginary,  for  the  equation  is  not  satisfied  by  any 
real  values  of  x,y,  z. 

1°.  Suppose  one  is  negative,  say 


while 


Let 

The  equation  now  is 


ai  = -ct, 


= a8,  as  = 6*. 
a > b > c. 


x 


y 1 


~ i y i 

a*  ^ b * c*  ~~ 


The  surface  is  cut  by  the  XF- plane  in  the  ellipse 

**  . y1 


whose  semi-axes  are  a and  b , and  whose  foci  are  at  distances  from 
the  center 

Ya2  — b*  = yuj  — a2 

on  the  X-axis. 

The  section  by  the  ZX- plane  is  the  hyperbola 


x 


* 


al 


z 1 

c* 


1 


with  semi-axes  a,  c,  and  foci  at  distances  Ya2  -f  c2  = Y^i*"  as  on 
the  X-axis.  The  section  by  the  FZ- plane  is  the  hyperbola, 


y*  _ **  _ . i 

b * “ ** 


with  semi-axes  b , c,  and  foci  at  distances  )/&  8 + C8  = ]/Og 
the  F-axis.  The  surface  is  an  hyperboloid  of  one  sheet. 

2°.  Let  two  of  the  constants  al}  ai}  a3,  be  negative,  say 


Oj  on 


The  equation  is 


— c 


3 


x*  y*  z* 

a*  b 1 c* 
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The  sections  by  the  coordinate  planes  and  their  focal  distances  are 

Xr  a 1 Hyperbola,  )/ä2  + ft2  = Vax  - a2  on  X-axis, 

/pj  jpi  j — . i 

— , f = 1 Hyperbola,  ya * + c*  = y at  -a,  on  X-axis, 


XX 


a 

|i  + = - 1 Imaginary  Ellipse,  /-  (ft*  - c*)  — /a,-  a,. 


The  surface  is  an  hyperboloid  of  two  sbeete. 

3°.  If  at,  Oj,  a8  are  all  positive*  the  sections  are  all  ellipses,  and 
the  surface  is  an  ellipsoid.  In  all  three  cases,  the  sqnares  of  the 
focal  distances  are  the  difPerences  of  the  constants  a19  a2,  a9.  Gon- 
sequently  if  we  add  to  the  three  the  same  number,  we  get  a surface 
whose  principal  sections  have  the  same  foci  as  before,  or  a surface 
confocal  with  the  original.  Accordingly 


83) 


«s*  , _ </*__  , *' 

a*  + e b*+Q  c*  + q 


= 1 


represents  a quadric  confocal  with  the  ellipsoid 

x%  t/*  z * 

L ? L - - = 1 

a*  ^ b*  ' c*  A' 

for  any  real  value  of  p. 

If  a > 6 > c and  p > — c2,  the  surface  is  an  ellipsoid.  If 

- c2  > p > — ft2,  the  surface  is  an  hyperboloid  of  one  sheet,  and  if 

— fc2  > p > — a2,  an  hyperboloid  of  two  sheets.  If  p < — a2,  the 
surface  is  imaginary. 

Suppose  we  attempt  to  pass  through  a given  point  x,  y,  zy  a 
quadric  confocal  with  the  ellipsoid 


x 

a 


ft* 


rä  + r?  + ^ = 1 


z: 

4 

C‘ 


(a>ft>c). 


Its  equation  is  83),  where  the  parameter  p is  to  be  determined. 
Clearing  of  fractions,  the  equation  is 

84)  f(o)  — (as  + p)  (ft*  + p)  (c*  + p)  - jb*  (ft*  + p)  (c*  + p) 

— y*  (c*  4-  p)  (a*  + 9)  — s*  (a*  + p)  (6*  + p)  = 0 

a cubic  in  p.  But  this  is  easily  shown  to  have  three  real  roots. 
P.utting  successively  p equal  to  oo,  — c2,  — ft2,  — a2  and  observing  signs 

°f  /■(?); 


9 = 

/•(p)  = 00 

+ 

9 = 

-c\ 

/■(p)  = — £2  (o2  — c2)  (ft2  — c2) 

— 

9 — 

/"(p)  — — 6”)  («*—&*) 

+ 

9 = 

f(g)  = — #2  (ft2  — a2)  (c2  — a2) 

— 
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Call  the  roots  in  Order  of  magnitnde  X,  y,  v.  The  changes  of 
sign  above  show  that  X lies  in  the  interval  X>  — c2  necessary  in 
Order  that  the  snrface  shall  be  an  ellipsoid,  p in  the  interval 

— c*  > [i  > — b2  that  it  may  be  an  hyperboloid  of  one  sheet,  and  v 

in  the  interval  — b2  > v > — a2  that  it  may  be  an  hyperboloid  of 
two  sheets.  There  pass  therefore  through  every  point  in  space  one 
surface  of  each  of  the  three  kinds.  If  we  call 

85)  F(X,  x,  y,  e)  = — 

the  eqnation  F = 0 defines  X as  a function  of  z,  y,  z.  The  normal 
to  the  surface  X (xyz)  = const.  has  direction  cosines  proportional  to 

ax  ax 

Cx  dy * dz 

Now  8ince  identically  F = 0,  differentiating  totally, 

, jp  dF  , . dFj  , dF,  , dF  ,,  A 

dF  =Fidx  + didy  + d ldz  + dl  = °» 

and  we  have 

dl  __(dX\ dF /dF 

dx~  \dx)**z°o~  dx  / dx7 

for  the  required  partial  derivative  of  X with  respect  to  z,  when  y 
and  z are  constant. 

Therefore 


dx  2 x l i x*  y%  z*  ) _ 

Cx  ~ ö*  + X / \W+W'  + (&*  + X)1  + (c*  + X)*j  ~ 


Similarly 

dl 

86) 

dy 

(b*  + l)  F'(l) 

dl  _ 

2* 

dz 

(cs  + 1)  F'  (i) 

2x 

(a1  + X)  F*  (X)  ’ 


The  sum  of  the  squares  of  the  derivatives  being  called  hf,  we  have 

Q7N  I , f*x\*  I föx\*_  4 f X*  j y*  , **  ) 

8 V 1 Vä  x)  + \dy)  + \dz)  {J"  (1)}'*  |(a'  + l),+  (&*  + *)’ + (c*  + *)* ) 


■F'«' 


hi  = ± 


V-  F'(l) 

Now  the  direction  cosines  of  the  normal  to  the  surface  X — const.  are 


cos  (fixX) 
88)  cos  (my) 


l dl  V-.F'(l)  2j5 

0*  — ± 2 ■ (a*  + i)  F'(X) 


= + 


(«a+i)y-^w 


= ± 


y 


cos  ( niz ) = ± 


(6*  + i)V-^W 

z 

(c'  + X)  V-Fr(X) 
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Similarly  for  the  normals  to  the  surface  [i  = const 


89) 


cos  (n^x)  = ± 
cos  (n^y)  = ± 


x 


(fl*  + fl)  V-  F'  (fl) 


(b'+riY-F'iti) 


COS  (flfiZ)  = ± — 


(c*+rt 

The  angle  between  the  normals  to  X and  p is  given  by 

90)  cos  = | (a‘  + 1)  (a*  + ft)  + (b'  + Vib'  + ri 

+ ?! \ 

(c’  + l)  (c*+  J*)/  yF'(l)F'(fl) 

Now  by  subtracting  from  the  eqnation 

g*  , yT 

o*+l  'r  v 

the  eqnation 

«*  . _*!_  . _fL_  = i 

+ ^ ^ 6*  + f*  ‘ <?*~L  " 9 

we  obtain 


+ ^TT  = l, 


91)  ^{«*+1  «*+^}  y*{&*  + A b*-|-(i}  + *S{c*  + l c*+ft|  ° 


or 

92)  (X  - ft)  { ^iqrx7 (fl* Vfl)  + <FR>V* 


+ 


+ fl)^  (e»  + *)  («*  + «0 


} = 0. 


Accordingly,  unless  X = p,  cos  (n^w^)  = 0,  and  the  two  normals  are 
at  right  angles.  Similarly  for  the  other  pairs  of  surfaces.  Accord- 
ingly  the  three  surfaces  of  the  confocal  System  passing  through  any 
point  cut  each  other  at  right  angles. 

If  we  give  the  yalues  of  X,  p,  v we  determine  completely  the 
ellipsoid  and  two  hyperboloids,  and  hence  the  point  of  intersection 
x,  y,  z.  To  be  sure  there  are  the  seyen  symmetrical  points  in  the 
other  quadrants  which  haye  the  same  yalues  of  X,  p,  v,  but  if  we 
specify  which  quadrant  is  to  be  considered  this  will  cause  no 
ambiguity.  Thus  the  point  is  specified  by  the  three  quantities  X,  fi,  v, 
which  are  called  the  dlipsoidal  or  dliptic  Coordinates  of  the  point. 


74.  Axes  of  Inertla  at  Varions  Points.  Let  K = Mk2  be 

the  moment  of  inertia  about  an  axis  whose  direction  cosines  are 
«,  ß,  y,  at  a point  0 whose  Coordinates  with  respect  to  the  principal 
axes  at  the  center  of  mass  O are  xyz.  Let  p be  the  distance  of  the 
axis  at  0 from  a parallel  axis  through  G,  and  q the  distance  of  the 
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foot  of  the  perpendicular  from  6r.  Then  by  the  two  theorems  of 
§ 70  and  § 71, 

K = Aa*  + Bß*  + Cy*  + Mp 2, 

^ k 2 = a2a2  + b*ß*  + c*y2  4-  p2. 

Now 

p*  = r2  — g2  = r%  — (aa?  + ßy  + yzf} 

94)  fc2  = a2a2  + &2/J2  + c2y2  + r2  - q\ 

In  Order  to  find  the  principal  axes  at  0 we  must  make  this  a 
maximum  or  minimum  with  respect  to  a,  ß,  y snbject  to  the  condition, 

+ /JÄ  + y2=l. 

Moltiplying  this  by  a constant  6,  subtracting  from  94),  and  diffe- 
rentiating 


ff(a*  + F + y*)}  = «*a  - qx  — 6a  — 0, 


95) 


l a 


äfl  {**  - ff  («*  + /j*  + /)}  — - qy  - 6 ß — 0, 


2 dß 

i a 


96) 


2 ^ {**  - ffC^  + ^ + r*)}  = c*y  - - ffy  = 0. 

Moltiplying  these  equations  respectively  by  cc,  ß,  y and  adding, 

a2«2  + b*ß*  + c2y2  — q (ax  -f  ßy  + yz)  — 6 = 0, 

&2  — r2  — tf  = 0. 

Thus  <J  is  determined  as 

97)  ö — fc2  - r2. 

Inserting  this  valoe  in  95)  we  have 

(a2  + r2  — ä;2)  a = ga;, 

98)  (62  + r2  - Jfc2)  ß = gy, 

(c2  + r2  — Je9)  y = g$. 

Moltiplying  these  eqoations  respectively  by 

x y z 

&»+rÄ-i*'  c*  + r5  - I* ' 

and  adding,  we  get,  since  q divides  oot, 


99) 


x9  y* 


a*+  r*-**  + r1- ■*"  c*+r*“*! 

If  we  now  pot  r2  — fc2  = p,  this  is  the  same  cobic  as  83)  to 
determine  p,  and  gives  three  real  roots  for  fc2, 

V = r2  — 1, 


n + 


M=l. 
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The  direction  cosines 


are  then  given,  according  to  95)  and  98),  by 


(a2  + r* — Jct 2)  = ^ (6a  + r2  — Tcx2)  = y (c*  + r2  — J^2), 
100)  -J  (a®  + rä- ä,®)  = & (&®  + r®  - &**)  = Ix  (c®  + r*  - V), 

(o*  + r*-  V)  = y (6*  + f*- V)  = y (c*  + r*  - V)> 


that  is 


etc. 


Hence  the  principal  axes  of  inertia  at  any  point  0 are  normal 
to  the  three  surfaces  through  0 confocal  with  the  ellipsoid  of  gyration 
at  the  center  of  mass.  This  theorem  is  dne  to  Binet. 

Since  X > p > v,  the  least  moment  of  inertia  is  about  the  normal 
to  the  ellipsoid,  the  greatest  about  the  two-sheeted  hyperboloid,  and 
the  mean  about  the  normal  to  the  one-sheeted  hyperboloid. 

We  have 

"b  3p2  — (A  + fi  + v). 


t 


But  the  sum  of  the  three  roots  is  the  negative  of  the  coefficient 
of  p2  in  the  cubic  83), 

X + (i  + v = x*  + y2  + z*  — (a2  + b2  c2), 

101)  k*  + V + V = 2r2  + a2  + &2  + c2. 

Thus  the  sum  of  the  principal  moments  of  inertia  is  the  same  for 
all  points  lying  at  equal  distances  from  the  center  of  mass. 

It  is  now  easy  to  see  that  any  given  line  is  a principal  axis  for 
only  one  of  its  points,  unless  it  passes  through  the  center  of  mass, 
when  it  is  such  for  all  of  its  points.  It  is  also  evident  that  not 
every  line  in  space  can  be  a principal  axis. 

If  the  central  ellipsoid  of  gyration  is  a sphere,  all  the  ellipsoids 
of  the  confocal  System  are  spheres,  and  all  the  hyperboloids  cones. 
Every  ellipsoid  of  inertia  is  a prolate  ellipsoid  of  revolution,  with 
its  axis  passing  through  the  center  of  mass. 

K the  central  ellipsoid  has  two  equal  axes,  the  ellipsoids  of 
inertia  for  points  on  the  axis  of  revolution  are  also  of  revolution. 
If  the  distance  of  a point  on  this  line  from  the  center  of  mass  is  d> 
and  the  moment  of  inertia  about  it  is  M kx 


K*  = a2, 
fc22  = 62  + d\ 
) fc32  - 62  + d*. 
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If  b < a there  are  two  points  for  which  the  ellipsoids  of  inertia  are 
spheres,  namely  where  d = ± Ya%  — b*.  This  is  the  only  case,  except 
the  above,  where  there  are  spheres. 

If  we  look  for  ellipsoids  of  revolution  in  the  general  case  when 
a,  b,  c are  unequal,  we  mnst  distinguish  between  prolate  and  oblate 
ellipsoids  of  gyration. 

1°.  Prolate.  The  two  eqnal  radii  of  gyration  are  the  two  smaller 
kt  and  1%.  For  these  to  be  eqnal,  we  mnst  have  X = p.  But  as  X 
and  p are  separated  by  — c2,  if  they  are  eqnal  they  must  be  eqnal 
to  — c2.  In  this  case  the  axis  of  the  ellipsoid  and  one-sheeted 
hyperboloid  are  both  zero,  and  the  ellipsoid  becomes  the  elliptical 

dislc  with  axes  Ya2  — c2,  )/63  — c2,  forming  part  of  the  XF- plane, 
and  the  hyperboloid  all  the  rest  of  the  XF- plane.  Points  lying  on  ! 

both  snrfaces  lie  on  the  ellipse  whose  axes  are  j/a2  — c2,  |/fc2 — c3 , 
which  passes  throngh  the  fonr  foci  of  the  System  lying  on  the  X- 
and  F-axes,  and  is  accordingly  called  the  focal  ellipse  of  the  confocal 
System.  (We  saw  by  92]  that  if  X = p the  two  snrfaces  were  not 
necessarily  orthogonal.)  All  points  lying  on  this  ellipse  have  prolate 
ellipsoids  of  gyration,  the  axes  of  rotation  lying  in  the  plane  of  the 
ellipse. 

2°.  Oblate  ellipsoids  of  gyration.  In  this  case  we  have 

h = fi  = v = — b2. 

The  F-axes  of  the  two  hyperboloids  now  vanish.  That  of  one  sheet 
becomes  the  part  of  the  XZ- plane  lying  within  the  hyperbola 

X * z%  ^ 

ä'-b*  “ b'-  ci~ 

and  that  of  two  sheets  the  remaining  parts.  The  points  common  to 
both  are  those  lying  on  the  hyperbola,  whose  axes  are  Ya%  — b2}  "/fc2—  er 
and  which  passes  through  the  remaining  two  foci  of  the  System,  and 
is  called  the  focal  hyperbola.  The  axes  of  revolution  of  the  ellipsoids 
of  gyration  lie  in  the  plane  of  the  hyperbola. 

75.  Caleulatlon  of  Moments  of  Inertia.  In  the  case  of  a 
continnons  solid,  the  sums  all  become  definite  integrale,  as  stated 
in  § 68.  All  the  preceding  theorems  of  course  are  unaltered.  If 
the  body  is  homogeneous  all  the  integrale  are  proportional  to  the 
density.  Since  the  mass  is  likewise,  the  radii  of  gyration  are  in- 
dependent of  the  density.  We  will  therefore  put  q = 1. 
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Bectangnlar  Parallelepiped,  of  dimensionB  2a,  2b,  2c. 

a b e 


A!  j*  J*a?dxdydz  = a*bc, 


a — 6 — c 
a b c 


B*  = J*  J*  J*y*dxdydz  = *b9ca,  (M=Sabc) 


■a  — b — c 
abc 


Cr  =J*  J*  J*z2dxdydz  = ^-c9ab, 


— a — b — c 


8 


102) 


A - B'  + C>  = y abc  (6*+c*), 

B = C'  + A'  — j abc  (c*  + a*), 

8 


C = Ä + Bf 


abc(a*  + b 2). 


Thus  the  radii  of  gyration  aQ,  bQ,  c0  are 
103) 


a<>=v  3—’  bo =Vz’  c«=y-¥— 

Sphere,  with  radius  ü. 

==J*J*J*x?dxdydz,  B1  -fffi  *dxdydz,  C!  -fffi  2dxdydz, 
tlie  limits  of  Integration  being  given  by  the  inequality  x2+  y2+  z2<B2. 

Ä + Bf  + C!  = {°^  + y*  + 1?)  dx  dy  dz. 

Changing  to  polar  Coordinates, 

R 

A’  + B'  + C'  = Unr*dr=~  jrB5, 

0 

A'  = B'  = C'  = -*  %R\ 

15  ; 

A = B' + C' = *-xR6,  M=±itR\ 

15  7 0 1 

104)  A =B  =C  = ~MRt,  Ä = ü]/J- 

Ellipsoid,  with  semi-axes  a,  b,  c. 

A!  = dxdydZy 

the  limits  of  integration  being  given  by  the  inequality 


* + r + *<lm 

er  o*  c* 


WEBSTER,  Dynamics. 


16 


I 
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The  Integration  is  most  easily  performed  by  a change  of  variable. 
If  we  put 


x t y t z 
= X\  — - = y \ — = z 

a ’ b y 9 c 


r 


-///-■  adx'bdy'  cdz'  «■  a*bcj'j'j'x'2dz'dy'dz', 

the  integral  being  taken  for  values  corresponding  to  points  within 
the  sphere 

z'2  + y'2  + z'2  < 1. 

Now  the  moment  of  inertia  of  the  sphere  with  respect  to  a diametral 
plane  is  * hence 

A'  = ^zita*bc,  B'  = ~itb*ca,  Gr  = ^z%c*ab. 
io  io  io 

A — B’  + C'  = *5-  nabe  (b3  + c3), 

B = C'  + A'  = ~ nabe  (c3  + <**),  (M=^xabcj 
C = A'  + B'  = * nabe  (a3  + b3), 


105) 


lA’+c*  r i /6*  + «‘  „ lAHi5 

106)  «o  = y - g— » &0  = v 5— » c«  = k 6 — 


Thin  Circular  Disk  normal  to  Z-  axis. 

J.'  = ffx3dxdy,  B'  —JJ fdxdy,  C'  = 0, 

R 

A!  + B'  = '**  + ^*)  äx  dy  =J 2nr*dr  = y nR*, 

o 

M = nR3,  A!  = 5'  = ±MR3,  C'  = 0, 

107)  .4  = 2?  = -*-  3/ü8,  C = yMR3. 

The  moment  about  the  normal  to  the  disk  is  double  that  about  a 
diameter. 

Circular  Cylinder  of  radius  R,  length  2Z. 

The  moment  about  the  axis  of  rotation,  is,  as  for  the  disk, 

C=\-  MR3,  Ä - B'  = -J-  üfi?*, 

I 

C'= f %R3e3ds  = \ nR3l3  = -\  Ml3, 

— 1 

108)  ^ = C=y2tf\RS. 
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We  have  A — B = C if 

B*  . I*  B* 

4 ■**  '8  — 2 ’ 

i-x^- 

Then  the  cylinder  is  dynamically  equivalent  to  a sphere,  as  is 
also  the  case  for  a cnbe. 

These  examples  fumish  the  means  of  treating  the  cases  that 
nsually  appear  in  practice. 

76.  Analytical  Treatment  of  Kinematios  of  a Rigid 
System.  Moving  Axes.  In  §§  55 — 57  we  have  treated  the 
general  motion  of  a rigid  System,  from  the  pnrely  geometrical  point 
of  view,  without  analysis.  We  shall  now  give  the  analytical  treatment 
of  the  same  snbject.  Let  us  refer  the  position  of  a point  in  the 
System  to  two  different  sets  of  Coordinates.  Let  x1,  y\  z 1 be  its  Co- 
ordinates with  respect  to  a set  of  axes  fixed  in  space,  and  let  x,  y,  z 
be  its  Coordinates  with  respect  to  a set  of  axes  moving  in  any 
manner.  The  position  of  the  moving  axes  is  defined  by  the  position 
of  their  origin,  whose  Coordinates  referred  to  the  fixed  axes  are 
rj,  £,  and  by  the  nine  direction  cosines  of  one  set  of  axes  with 
respect  to  the  other.  Let  these  be  given  by  the  following  table 


X' 

r 
zf 

The  eqnations  for  the  transformation  of  Coordinates  are  then, 

xf  = | + atx  + ßxy  + Ti*, 

109)  yr  = n+  a 2X  + ßiV  + Ts*, 

*'  = $ + z + ß*y  + 

Since  cq,  cc«,  cc§  are  the  direction  cosines  of  the  X-axis  with 
respect  to  Xf,  Y\  Z\  we  have 

*i2  + «22  + «38  = 1, 

A,  + A,  + A,-i, 

?i  + r2*  + r*  = i* 


110) 

and  similarly 
110) 


X Y Z 


«1 

ft 

Yi 

ft 

y» 

^3  | ßz 

1 

Y» 

16* 
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Since  the  axes  Y,  Z are  perpendicular,  their  direction  cosines  satisfy 
the  conditions, 

Hl)  ßlYl  + ßi?2  + ß$Ys  = 0, 

and  similarly, 

. n«  i + y»  a»  + y»“»  = o, 

aißi  + “s  ßt  + v^ßa  — 0* 

Thus  the  nine  cosines  are  not  independent,  but,  satisfying  six 
conditions,  may  be  expressed  in  terms  of  three  parameters.  These, 
with  the  three  £,  17,  £,  show  the  six  degrees  of  freedom  possessed 
by  a rigid  System. 

By  interchanging  the  roles  of  the  axes,  and  considering  the 
direction  cosines  of  X',  Y\  Z f with  respect  to  X,  Y}  Z we  find  the 
equivalent  conditions 


«i*  + A*  + Yi  = 1, 

112) 

“2*  + ßt  + Yt  — 1) 

«s*  + ßa  + Ya  — 1 > 

«i«s  + ßißa  + YiYt  = 0, 

113) 

«i«j  + ßtßa  + YtYa  = °» 

«sai  + ßaßi  + YaYi  = 

If  we  now  differentiate  the  first  of  equations  109),  supposing 
x , y,  z to  be  constant,  we  obtain 


114) 


V ' = d-  = Xd“1  + Vdßl  + g-n-  + 

* dt  dt  ' ^ dt  dt  ' dt 

dr\ 
dt 


dt 


t 


dt 
dz 1 


dua 

dt 

du. 


v‘-dt-x-dt 


+ y 


dt 

*Ji  + ss 
dt  +e 


dt 

d'h  , 
dt  "V  dt' 


for  the  components  in  the  directions  of  the  fixed  axes  of  the  velocity 
of  a point  fixed  to  the  moving  axes. 

Let  us  now  resolve  the  velocity  in  the  direction  which  is  at  a 
given  instant  that  of  one  of  the  moving  axes.  To  resolve  in  the 
direction  of  the  X-axis  we  have 

. -4  fi  fi  t dt*  1 d 71  . df* 

115)  vx  = axvj  + cczvj  + o^vM  =*ldt +«2dt  +«3^ 


The  coefficient  of  x in  this  expression  is  the  derivative  of  the  left- 
hand  member  of  the  first  of  equations  110),  and  is  accordingly  equal 
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to  zero.  If  we  now  denote  the  coefficients  of  y and  z by  single 
letters,  and  compare  them  with  the  results  of  differentiating  equa- 
tions  111),  writing 


116) 


we  obtain 


dcCj 
8 dt 


vr  = 


i 


117) 


«V= 

v. 


dt 


dt 


dn  a 

’*  dt  + A 


di 


*dt 

di  dr\  d£ 

= n di  + ?*Tt  + *Tt+  py  ~ 


+ rx  — 


ry, 

pz, 

qx. 


These  eqaations  express  the  fact  that  the  velocity  of  a point  attached 
to  the  moving  axes  is  the  resultant  of  two  yectors,  one  of  which, 
V9  is  the  same  for  all  points  of  the  System,  being  independent  of 
x}  y,  zy  and  haying  the  components  in  the  direction  of  x\  y\  z ' equal 


to 


dl  dr\  di  , 
dt 9 dt ’ dtf  and 


in  the  direction  of  x , y , zy  equal  to 


118) 


This  part  of  the  motion  is  accordingly  a translation. 

The  other  part  of  the  velocity,  whose  components  in  the  direc- 
tion of  the  instantaneous  positions  of  the  X,  Y,  Z-  axes  are  given  by 


vx  — qz  — ry% 

119)  vy  = rx  — pZy 

Vz=py-qx} 

being  the  vector  product  of  a vector  cd  whose  components  are  p,  qfry 
and  of  the  position  vector  q of  the  point,  is  perpendicular  to  both 
these  vectors  and  is  in  magnitude  equal  to  cDpsin(op).  It  accord- 
ingly  represents  a motion  due  to  a rotation  of  the  body  with  angular 
velocity  o about  an  axis  in  the  direction  of  the  vector  cd.  Thus  we 
have  an  analytical  demonstration  of  the  vector  nature  of  angular 
velocity.  If  we  täte  as  a position  of  the  fixed  axes  one  which 
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coincides  with  that  of  the  moving  axes  at  some  particular  instant 
of  time,  the  direction  cosines  vanish  with  the  exception  of  o^,  ßif 
which  are  equal  to  unity.  We  then  have 


120) 


dy*  n_  <*ri 
dt  ’ ® dt 


dcct 

dt 


dA. 

dt 


But  since  /3S=  cos  (yz*),  = cos  (zy')f  we  have  on  differentiating 

% - - & - - .Ü>(V) 


dt 


dt 


and  since 


sin  (yg')  = sin  (ey1 ')  = 1 , Af*  = 


« = _ dAzl 

p dt 


dt 

d(gy’) 

dt 


dt 


Thus  it  is  clearly  seen  that  p,q,r  are  angular  velocities,  being  the 
rates  of  increase  of  the  angles  zy\  xz\  yx\  or  in  other  words,  the 
angular  velocities  with  which  the  moving  axes  X,  Y,  Z are  turaing 
about  each  other . 

It  is  to  be  noticed  that  p,  q,  r,  though  angular  velocities,  are 
not  time -derivatives  of  any  functions  of  the  Coordinates,  which  might 
be  taken  for  three  generalized  Lagrangian  Coordinates  q. 

They  are  merely  linear  functions  of  the  derivatives  of  the  nine 
cosines,  which  latter  may  themselves  be  expressed  in  terms  of  three  q' s. 

If  we  seek  to  find  those  points  of  the  body  whose  actual  velocity 
is  a minimum,  we  must  differentiate  the  quantity, 


121)  v*  = (Yx  + qz  — ryf  + (Fy-f  rx—  pz)*  + (Vt  + py  — qx)* 


with  respect  to  x,  y,  z,  and  equate  the  derivatives  to  zero.  We 
thus  obtain 

r ( Vv  + rx  — pz)  — q ( F,  + py  — qx)  = 0, 

122)  p[Vs  + py  — qx)  — r(Vx  + qz  — ry)  = 0, 

q ( Yx  + qz  — ry)  — p ( Vy  + rx  — pz)  = 0, 


which  are  equivalent  to  the  two  independent  equations, 

Vx  + Z*-ry  _ Vy  + rx-pz  _ V,+py-qx 

n n r 


These  are  the  equations  of  a line  in  the  body,  namely  of  the  central 
axis,  as  found  in  § 66,  38). 

Calling  the  value  of  the  common  ratio  1,  Clearing  of  fractions, 
multiplying  by  p,  q,  r,  and  adding,  we  obtain  the  value  of  JL, 

X{p*+  q*  + rs)  = pVx  + qVy  + rVt, 

pVs  + qVy  + rV. 


124) 


RELATIVE  MOTION. 
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Making  use  of  this  value  of  X with  equations  121),  123),  we  obtain 
for  v for  points  on  the  central -axis 


= X2  (p*  + q2+  r*)  = 


(pV*  + *Vp  + rVay 
JP*+22  + '* 


125) 


v = 


pyx  + <lVy  + rV, 
Vp'+a'  + r* 


agreeing  with  42). 

If  the  velocity  of  points  on  the  central  axis  is  to  be  zero,  we 
must  have 


126)  pVx  + qVy  + rVz  = 0, 


when  the  motion  rednces  to  a rotation,  as  in  41). 


77.  Relative  Motion.  In  forming  equations  114)  and  the 
following,  we  haye  supposed  the  point  in  question  fixed  in  the  body, 
so  that  x,  y,  z were  constants.  If  this  is  not  the  case  we  have  to 
add  to  the  right  hand  members  of  114)  the  quantities 


127) 


"»  di  + « di  + di’ 

dx  t a dy  t dz 
+ & dt  "*■  Vtdi’ 


which,  on  being  multiplied  by  the  proper  cosines,  will  appear  in 
equations  117)  as  80  we  ^ave  ^or  comPonen*8 


of  the  actual  velocity  in  the  direction  of  the  axes  X,  Yy  Z at  the 
instant  in  question,  if  the  origin  of  the  latter  is  fixed, 


vx  = 


dx 

di  + 2* 
dy 


vv  = dt  +rX~ 
dz  , 

'•-di+p*- 


ry, 

pz, 

qx. 


9 


These  equations  are  of  very  great  importance,  for  by  means  of  them 
we  may  express  the  velocity  components  in  directions  coinciding 
with  the  instantaneous  direction  of  the  moving  axes  of  the  end  of 
any  vector  x , y , z.  If  for  x , y , z we  put  the  components  of  the 
velocity  v,  we  obtain  the  acceleration- components  (§  103),  if  the 
components  of  angular  m omentum  H we  have  a dynamical  result 
treated  in  § 84. 
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If  we  apply  these  equations  to  a point  fixed  in  space,  for  which 
vXJ  vy,  vs  vanish,  we  obtain 

dx  dy  dz 

129)  di*=ry-v*>  dt=p*-rx>  si^^-py- 

Taking  a point  on  the  X'-axis  at  unit  distance  from  the  origin,  we 
haye  x = au  y = 0,,  z = ylf 

13°)  d£$  = ?iP  - w dJi  = aiy-hp> 

and  in  like  manner  taking  points  on  the  Y f and  Z'-axes, 

-dt  =•  ß»r  - y»i>  d$t=v*p -<***>  -J(  = as4-  ßiP, 

ddt  = ß*r  - y>v>  dff = r*p  ~ “*r>  dJi  = a*y-ß>p- 

Using  these  yalues  of  the  derivatives  of  the  cosines,  we  find  that 
they  identically  satisfy  equations  116). 


78.  Angular  Acoeleration.  If  we  call  p\  q',  r1  the  compon- 
ents  of  the  angular  velocity  on  the  fixed  axes  X ',  Y\  Z\  we  have 

P'  = «iP  + ft  q + yxr, 

131)  q'  = «üjp  + ßaq  + yar, 

r’  =>aip  + ßsq  + jyr. 

The  time  derivatives  of  these  quantities  will  be  called  the  angular 
accelerations  about  the  axes  X\  Y\  Z\  Differentiating  the  first, 


d£ 

dt 


at 


and  substituting  the  values  of 


dax 

dt 


dß,  d'A 
dt  ’ dt 


from  130),  we  have 


dp' 

dt 


dp  . o dq 
dt  + Pl  dt 


+ y\ 


dr 

di9 


dr ' dp  a dq  dr 

dt  “ **  dt  + dt  + dt' 


Thus  the  angular  acceleration  is  obtained  by  resolving  a vector  whose 

components  about  the  axes  X , Yf  Z are  ^ In  other  words, 

the  time  derivatives  of  the  components  p,  g,  r,  of  the  angular  velocity 
in  the  directions  of  the  moving  axes  at  any  instant  are  equal  to  the 
angular  accelerations  of  the  motion  about  axes  fixed  in  space 


7,  78,  79] 
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oinciding  in  direction  with  the  position  of  the  moving  axes  at  the 
;iven  instant.  This  theorem,  which  is  by  no  means  seif  evident,  is  of 
preat  importance,  as  is  the  similar  property  of  the  angular  velocity, 
f which  we  have  already  made  use. 


70.  Kinetio  Energy  and  Momentum  dne  to  Rotation. 

i'rom  equations  119)  we  find  for  the  part  of  the  kinetic  energy  of 

he  rigid  body  due  to  the  rotation,  supposing  ^ ==  ~ ==  ^ ==  0, 


dt  dt 


133)  l = ~Zm  (vj  + V + «.*) 


= y p*2m  (y8 + z*)  + * q*2m  (z* + a;8)  + y rlZm{xi  + y8) 
— qrEmyz  — rpEmzx  — pqEmxy 
= 2 Ap*  + * Bq 8 + y Cr*  — D<lr  — ErP  - FPi> 


and  for  the  angular  momentum,  introducing  119)  in  48), 

Hx  = Um  [y{py  — qx)  — z ( rx  — pz)]  = Ap  — Fq  — Er, 
134)  Hy  = 2m[z(qz  — ry)  — x(py  — qx)]  = — Fp  + Bq  — Br, 
Hz  = Um  [x(rx  —pz)  — y {qz  — ry)]  = — Ep  — Bq  + Cr, 


the  last  column  being  what  we  obtained  in  § 68,  53). 
1t  is  evident  that 


so  that  in  this  respect  p,  q,  r,  Hx,  Hy,  H,  have  the  relation  of 
Lagrangian  generalized  velocities  and  momenta. 

Since  we  have 

136)  1 - 1 (p  8|  + { + r ")  - i (pB,  + tB,  + rB,), 

the  kinetic  energy  is  one-half  the  geometric  product  of  the  angular 
velocity  and  angular  momentum. 
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CHAPTER  YII. 

DYNAMICS  OF  ROTATING  BODIES. 

80.  Dynamics  of  Body  moving  about  a Fixed  Axis.  The 

simplest  case  of  motion  of  a rigid  body  next  to  that  of  trauslation 
is  a moyement  of  rotation  with  one  degree  of  freedom,  namely  a 
motion  about  a fixed  axis.  The  centrifugal  force  exerted  by  the  body 
on  the  axis  is  Mdm*  where  d is  the  distance  from  the  axis  of  the 
center  of  mass  of  the  body,  and  since  this  is  in  the  direction  of  d, 
which  is  continually  changing,  if  a body  is  to  ran  rapidly  in  bearings 
the  center  of  mass  should  be  in  the  axis,  otherwise  the  bearings  are 
subjected  to  periodically  varying  forces.  At  the  same  time,  even  if 
this  condition  is  fulfilled,  there  will  be  a centrifugal  couple,  also 
tending  to  tear  the  body  from  its  bearings,  unless  the  axis  is  a 
principal  axis  of  inertia.  It  is  worth  noticing  that  the  first  condition 
may  be  obtained  in  practice  by  statical  means,  by  making  the  axis 
horizontal,  and  attaching  weights  until  the  body  is  in  equilibrium  in 
any  position,  but  that  the  second  condition  is  only  obtained  bv 
experiments  on  the  body  in  motion.  For  this  reason  the  former 
condition  is  generally  fulfilled  in  such  pieces  of  machinery  as  the 
armatures  of  dynamos,  while  the  latter  is  not  especially  provided  for. 

Let  us  consider  the  motion  of  a heavy  body  about  a horizontal 
axis.  The  resultant  of  all  the  parallel  forces  acting  on  its  various 
particles  is  by  § 59  a equal  to  a single  force  equal  to  the  weight  of 
the  body  Mg  applied  at  the  center  of  mass.  The  position  of  the 
body  is  determined  by  a single  coordinate  which  we  will  take  as  the 
angle  «fr  made  with  the  vertical  by  the  perpendicular  from  the  center 
of  mass  on  the  axis.  If  the  length  of  the  perpendicular  is  h the 
work  done  in  tuming  the  body  from  the  position  of  equilibrium  is 

1)  W = Mgh  (1  — cos  fr). 

The  kinetic  energy  is 

2) 

The  equation  of  energy  accordingly  is 


3) 


A K Mgh  (1  — cos  fr)  = const. 


COMPOUND  PENDULUM. 


0] 
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tat  this  is  the  equation  of  motion  of  a simple  pendulum  of  length 


_ K W 
~~  Mh~  h 


The  body,  which  is  offcen  called  a compound  pendulum,  accord- 
agly  moves  like  a simple  pendulum  of  length  l.  This  is  called  the 
quivalent  simple  pendulum.  It  is  to  be  noticed  that  in  virtue  of 
he  constraint  of  rigidity,  points  at  distances  from  the  axis  less 
hau  l move  more  slowly  than  they  would  if  moving  alone  in  the 
ame  paths,  while  those  at  greater  distances  move  faster,  and  those 
kt  distance  l move  just  as  they  would  if  free  to  move  in  the  same 
ircular  paths. 

Let  Tcg  be  the  radius  of  gyration  of  the  body  about  a parallel 
ixis  through  the  center  of  gravity.  Then  by  § 70, 


V = ft*  + ft* 


so  that  l is  always  greater  than  A . If  we  take  a parallel  axis  0 9 at 
i distance  ft'  = 1 — A beyond  the  center  of  mass  Cr,  so  that  it,  (?, 
md  the  original  axis  are  in  the  same  plane,  we  have 

5)  Äft'  = kl 

If  now  the  axis  0*  be  made  the  axis  of  Suspension,  the  equi- 
valent  simple  pendulum  has  a length 

f fc'*  Ä*  + h'* 

6)  I'  —jr 


The  axis  Or  is  called  the  axis  of  oscillation,  and  we  have  the 
theorem  that  the  axes  of  Suspension  and  oscillation  are  interchangeable 
and  separated  by  the  distance  equal  to  the  length  of  the  equivalent 
simple  pendulum.  This  is  the  principle  of  Katers  reversible  pen- 
dulum, used  to  determine  the  acceleration  of  gravity.  The  pendulum 
is  fumished  with  two  knife  edges,  so  that  it  may  be  swung  with 
either  end  down.  Movable  masses  attached  to  the  pendulum  are  so 
adjusted  that  the  time  of  Vibration  is  the  same  in  both  positions, 
and  then  the  distance  between  the  knife -edges  gives  the  length  l 

from  which  g = * The  present  example  also  includes  the  metro- 

nome  and  the  beam  of  the  ordinary  balance.  The  masses  of  the 
pans  may  be  regarded  as  concentrated  at  the  knife- edges. 

If  the  fixed  axis  is  not  horizontal,  the  modification  in  the  result 
is  very  simple.  Suppose  the  axis  makes  an  angle  a with  the  vertical. 
Let  us  take  two  sets  of  fixed  axes,  Z ' vertical,  Z the  axis  of  rota- 
tion,  Yr  horizontal  in  the  plane  of  Z and  Z\  Y in  the  same  plane, 
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and  X and  Xf  coincident.  Then  we  have  for  the  transformation  of 
Coordinates 

z1  ==  — y sin  cc  + z cos  a, 

and  determining  the  position  of  the  System  by  the  angle  # made  by 
the  perpendicular  from  the  center  of  mass  on  the  axis  of  rotation 
with  the  F-axis, 

y = r cos 

z'  = — r sin  cc  cos  # + z cos  a . 

The  potential  energy  is  as  before 

W — Mgzf  = — Mgh  sin  cc  cos  # + cotist., 
thus  the  eqnation  of  energy  is 

7)  y K — Mgh  sin  cc  cos  # = const . 

Thus  the  eqnation  is  the  same  as  before,  except  that  the  length  of 
the  equivalent  simple  pendnlnm  is  increased  in  the  ratio  of  1 : sin  a. 
This  example  includes  the  case  of  a swinging  gate  and  of  the  im- 
portant  physical  instrument,  the  horizontal  pendulum  of  Zöllner. 
The  mode  of  action  of  the  latter  depends  on  the  fact  that  the  moment 
of  the  force  required  to  produce  a given  deflection 

0 = — ” Mgh  sin  a sin 

may  be  made  as  small  as  we  please  by  decreasing  cc,  which  is 
observed  in  practice  by  making  the  time  of  Vibration  long. 

81.  Motion  of  a Rigid  Body  abont  a Fixed  Point. 
Blnematics.  We  shall  now  consider  one  of  the  most  important 
and  interesting  cases  of  the  motion  of  a rigid  body,  namely  that  of 
a body  one  of  whose  points  is  fixed,  and  which  thus  possesses  three 
degrees  of  freedom.  This  case  was  dealt  with  very  fully  by  Poinsot, 
in  his  celebrated  memoir  “ Theorie  nouvelle  de  la  rotation  des  corps 
in  the  Journal  de  Liouville,  tom.  XVI,  1851.  On  account  of  the 
instructive  nature  of  his  processes,  which  are  entirely  geometrical, 
we  shall  present  his  method  first.  The  treatment  of  the  properties 
of  the  moment  of  inertia,  which  is  contained  in  the  same  paper,  has 
already  been  given  in  §§  70 — 72. 

If  one  point  of  the  body  remains  fixed,  the  instantaneous  axis 
mast  at  all  times  pass  through  that  point.  The  motion  is  completely 
described  if  we  know  at  all  times  the  position  of  the  instantaneous 
axis  in  the  body  and  in  space,  and  the  angular  velocity  about  it. 
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Let  0,  Fig.  71,  be  the  fixed  point,  and  let  0IX  be  the  instan- 
meous  axis  at  a given  instant.  Düring  tbe  time  z/£  suppose  a 
ne  0/2  moves  to  the  position  0I2',  and 
uring  the  next  interval  /H  let  the  body 
um  about  this  line  as  instantaneous  axis. 

)uring  this  interval  let  another  line  0I3  möve 
o 01$  which  then  becomes  the  instantaneous 
xis,  and  so  on.  We  ha^e  thus  obtained  two 
•yramids,  one  0^01*01$...  fixed  in  space, 
he  other  OIxOT£OI£ . . . fixed  in  the  body, 

.nd  we  may  evidently  describe  the  motion 
>y  saying  that  one  pyramid  rolls  upon  the 
>ther.  As  we  pass  to  the  limit,  making  zlt 
nfinitely  small,  the  pyramids  evidently  become 
iones,  and  the  generator  of  tangency  is  the 
nstantaneous  axis  at  any  instant. 

The  rolling  cone  may  be  extemal  or  internal  to  the  fixed  one. 
[n  the  former  case,  Fig.  72  a,  the  instantaneous  axis  moves  around 
:he  fixed  cone  in  the  same  direction 
in  which  the  body  rotates,  and  the 
motion  is  said  to  be  progressive,  in 
the  second  case,  Fig.  72c  it  goes  in 
the  opposite  direction,  and  the 
motion  is  said  to  be  regressive  or 
retograde.  It  is  to  be  noticed  that 
it  makes  no  difference  whether  the 
rolling  cone  is  convex  (Fig.  72  a)  or 
concave  (Fig.  72b)  toward  the  fixed 
cone.  (In  the  figures,  in  which 
merely  for  convenience  the  cones 
are  shown  circular,  Cx  denotes  the 
fixed,  C$  the  rolling  cone.) 

If  one  of  the  cones  closes  up  to  a line,  upon  which  the  other 
rolls,  it  always  remains  in  contact  with  the  same  generator,  that  is, 
the  instantaneous  axis  does  not  move.  Accordingly  if  either  cone 
degenerates  to  a line,  the  other  does  also,  and  the  instantaneous  axis 
remains  fixed  in  space  and  in  the  body.  This  case  has  been  already 
treated. 

If  we  lay  a plane  perpendicular  to  the  instantaneous  axis  at  a 
distance  E from  0,  Fig.  73,  and  if  the  radii  of  curvature  of  its  inter- 
sections  with  the  fixed  and  rolling  cones  be  qx  and  pg  (taken  with 
the  same  sign  if  they  lie  on  the  same  side  of  the  common  tangent), 
and  the  angles  made  by  consecutive  tangents  at  the  ends  of  correspond- 
ing  arcs  ds1  and  ds2  are  drlf  dr2,  we  have  ds1  = Qidrly  ds%  = Q2dt2. 


0 


Fig.  71. 
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The  angle  tnmed  by  the  body  in  rolling  the  arc  dsi  on  its  eqnal 
dst  is  dr2  — dr19  and  the  angolar  velocity 


8) 


CO 


Now  if  w denote  the  angular  velocity  with  which  the  instantaneous 
axis  is  tuming  about  an  axis  through  0 perpendicular  to  the  common 
tangent  plane  to  the  cones,  we  have 


JRw  = 


äs 
dt 1 


which  inserted  in  8)  gives 

9)  -=R  (---)• 

J w \Qi  Qj 

If  the  cones  have  extemal  contact, 
q2  is  negative,  and  if  we  consider  the 
absolute  values,  we  must  teke  the 
sign  plus. 

8')  + :,r)- 

9’>  5 - * Kt + Kr)- 


Consequently  if  we  give  the  values  at  every  instant  of  three  of 
the  quantities,  o,  the  angular  velocity  about  the  instantaneous  axis, 
w,  the  angular  velocity  of  change  of  the  instantaneous  axis,  and  (4 
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md  the  radii  of  curvature  of  the  sections  of  the  fixed  and  rolling 
lones,  the  fourth,  and  consequently  the  whole  motion,  are  determined. 
rhis  corresponds  to  the  fact  that  the  body 
las  three  degrees  of  freedom. 

If  01,  Fig.  72,  is  the  instantaneous 
ixis,  OCt  and  OC2  the  lines  of  centers  of 
curvature,  the  point  I may  be  considered 
to  be  travelling  around  the  cones  with  the 

velocity  and  about  the  lines  0Ct  and 

O C2  as  axes  with  the  angular  velocities  v,  p, 
of  wbich  cd  is  the  resultant.  This  was 
proved  by  Poinsot  as  follows.  Let  Fig.  74 
represent  a section  of  Fig.  72  a in  the  plane 
of  the  axes  0Clf  01,  0C2.  If  r19  r2  are 
the  perpendicnlars  from  I on  0Clf  0C2, 

and  v and  u are  the  angles  CxOI,  C*OI,  we  have,  considering  absolute 
value8  only. 


Fig.  74. 


10) 


dJ  = w1=vq1  cos«  = dj  = nrt  = cos  u, 


1 ds, 

.T  = VCOSVj 

9,  dt  > 


ds,  


Qi  dt 


= (icoau 


Inserting  in  8r) 

11) 

also  since 

we  have 

12) 


CD  = fl  COS  U + V COS  V, 


sint; 


sin  u 


and 


vrx  = [ir%, 


\i  sin  u = v sm  t?. 


That  is,  since  the  three  axes  are  in  the  same  plane,  and  cd  is  the 
sum  of  the  components  of  [i  and  v in  its  direction,  while  their 
components  in  the  perpendicular  direction  are  equal  and  opposite, 
03  is  the  resultant  of  fi  and  v . Figs.  72a,  72b,  72c  show  the  three 
cases,  where  the  cones  have  extemal  contact,  where  the  fixed  cone 
is  internal,  and  the  rolling  cone  is  internal,  respectively.  The 
parallelogram  construction  is  shown  on  the  figures,  and  the  direction 
of  rotation  is  shown  by  the  arrows  representing  the  vector  rotations. 
It  will  be  noticed  that  in  each  case  the  arrow  on  the  figure  showing 
the  direction  in  which  I is  travelling  around  the  rolling  cone  is 
opposite  to  the  direction  of  rotation  p about  C2. 

The  rotation  about  0CX  is  known  as  precession.  If  both  fixed 
and  rolling  cones  are  cones  of  revolution,  and  p,  v , cd  constant,  the 
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precession  is  called  regulär . If  we  call  fr  the  angle  C^OC^  between 
the  axes  of  the  cones,  we  have 


ft  v o 

sin  v sin  u sin  fr 

o2  ==  /i3  + v2  + 2ftv  cos  fr. 

An  important  case  of  a regulär  precession  is  furnished  us  in  the 
motion  of  the  earth,  which,  disregarding  nutation  (§  93),  describes 
a cone  with  #•  = 23°27f  32"  in  the  time  25,868  years,  the  motion 
being  retrograde,  Fig.  72  c.  We  thus  have 


13) 

14) 


sinw  = 


sin  23°  27'  32" 
25,868  x S65.256 


sin  0", 0087, 


so  that  the  pole  of  the  earth  describes  a circular  cone  whose  half 
angle  is  0",0087,  an  angle  too  small  to  be  perceived  by  astronomical 
means,  the  radius  of  the  circle  cut  by  this  cone  on  the  surface  of 
the  earth  being  only  27  centimeters. 


82.  Dynamics.  Motion  linder  no  Foroes.  We  have  already 
found,  §§  68,  69,  following  Poinsot,  the  expressions  for  the  momentnm 
and  the  centrifugal  forces  for  the  general  motion  of  a rigid  body. 
If  the  fixed  point  be  the  center  of  mass,  both  the  linear  momentnm 
and  the  centrifugal  resultant  yanish,  and  we  have  to  deal  only  with 
the  angular  momentum  and  the  centrifugal  couple.  At  the  same 
time  the  resultant  of  the  effect  of  gravity  passes  through  the  fixed 
point,  and  is  neutralized  by  the  reaction  of  the  support.  Let  us 
then  consider  the  motion  of  a body  turaing  about  its  center  of  mass, 
or  more  generally,  the  motion  of  a body  under  the  action  of  no 
forces.  Such  a motion  will  be  called  a Poinsot -motion. 

Let  OZ  be  the  instantaneous  axis.  Then  we  have  from  § 68,  53) 

Hx  — — Eo, 

15)  Hy  — — Deo  y 

Ä-  Co, 

Let  us  call  the  resultant  of  Hx  and  Hy,  Hif  Fig  75.  We  have  for 
the  centrifugal  couple  Sc,  from  § 69,  59), 

Lc Do2, 

16)  Mc  = Eo2, 

Nc  = 0. 

Since  Nc  is  zero,  the  axis  of  the  centrifugal  couple  is  perpendicular 
to  the  instantaneous  axis.  But  since 
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17)  HXLC  "I-  ByMc  + BaN0  = 0, 

it  is  also  perpendicular  to  the  angular  momentum.  Consequently 
bhe  axis  of  the  centrifugal  conple 
is  perpendicnlar  to  the  plane 
containing  the  instantaneous  axis 
and  the  axis  of  angular  momen- 
tum,  and  is  drawn  in  such  a 
direction  that  if  S0  be  tnraed 
through.  a right  angle  in  the 
direction  of  the  body’s  motion  it 
will  coincide  in  direction  with  H2. 

Also  since  the  components  of  Sc 
are  eqnal  in  absolute  value  to  the 
components  of  H2  multiplied 
by  cd,  we  have 

18)  Sc  = E%(o  = (oH sin  (Hai). 

Thus  the  centrifugal  couple  is  equal  to  the  vector  product  of 
the  angular  momentum  by  the  angular  velocity.  In  case  the  instan- 
taneous axis  is  a principal  axis  at  0,  the  direction  of  H coincides 
with  that  of  cd  and  the  centrifugal  couple  vanishes.  The  body  will 
then  remain  permanently  tuming  about  the  same  axis.  This  property 
of  a heayy  body  tuming  about  its  center  of  gravity  about  a principal 
axis  of  maintaining  the  direction  of  that  axis  fixed  in  space  was 
utilized  by  Foucault  in  his  gyroscope,  the  axis  of  which  points  in  a 
fixed  direction  while  the  earth  tums,  and  thus  the  motion  of  the 
earth  is  made  observable.  The  same  principle  is  utilized  practicaJly 
in  the  Obry  steering  gear  contained  in  the  Whitehead  automobile 
torpedo,  in  which  a rapidly  rotating  gyroscope  is  made  to  give  the 
direction  to  the  torpedo , and  by  acting  on  the  steering  gear  to  make 
it  retum  to  its  course  if  it  accidentally  leaves  it. 

Suppose  on  the  other  hand  that  the  instantaneous  axis  is  not  a 
principal  axis.  The  centrifugal  couple  then  tends  to  generate  an 
angular  momentum  whose  axis  is  in  its  own  direction,  and  this  new 
momentum  compounde  with  that  which  the  body  already  possesses. 
Let  us  consider  two  suecessive  positions  of  the  body.  Suppose  that 
in  the  time  dt  the  body  turas  about  the  instantaneous  axis  through 
an  angle  dtp  — odt.  At  the  end  of  that  time  the  vector  (Fig.  75), 
would  have  tumed  through  the  angle  dtp  into  the  position  H^,  the 
length  of  the  infinitesimal  vector  ü^üT2'  being  H2dtp  = H^mdt.  But 
during  this  time  the  centrifugal  couple  Sc  has  given  rise  to  the 
angular  momentum 
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This  vector,  being  parallel  to  S0  and  thus  perpendicular  to  H* 
gives,  when  compounded  with  HJ  a resultant  exactly  equal  to  Hr 
The  component  of  H parallel  to  a being  unchanged  by  the  motion, 
we  find,  geometrically,  that  the  angular  momentum  remains  constant 
throughout  the  motion,  as  we  have  found  by  a general  theorem 
in  § 33. 

Aß  we  now  wish  to  follow  the  motion  of  the  body  from  one 
instant  to  another,  it  will  be  convenient  to  free  ourselves  from  the 
choice  of  axes  which  made  the  instantaneous  axis  the  Z-axis.  Let 
us  take  for  axes  the  principal  axes  of  the  body  at  0.  Let  the  com- 
ponents  of  the  angular  velocity  cd  on  the  axes  be  p,  q,  r.  Then  the 
angular  momentum,  being  the  resultant  of  the  three  angular  momenta 
due  to  the  three  angular  yelocities  p,  q,  r,  are  by  § 68,  53)  or 
§ 79,  134), 

19)  Hx  = Ap,  Hy  = Bq,  Hz  = Cr . 

If  we  draw  any  radius  vector  to  the  ellipsoid  of  inertia  at  the 
fixed  center  of  mass 

F=Ax*  + By2  + Cz*=l, 


the  perpendicular  d on  the  tangent  plane  at  the  point  x,  y,  z has 
direction  cosines  proportional  to  Ax,  By,  Cz. 

If  we  draw  the  radius  yector  q in  the  direction  of  the  instan- 
taneous axis,  so  that 

JPa=«_==J_==^_==w 
x y z q 9 

equations  19)  giye 

21)  Hx  = nAx,  Hy  = n By,  Hg  = n Cz, 


or  the  angular  momentum  yector  bears  to  the  angular  yelocity  yector 
the  relation,  as  to  direction,  of  the  perpendicular  on  the  tangent 
plane  to  the  radius  yector.  Otherwise,  if  the  angular  momentum  is 
given,  the  instantaneous  axis  is  the  diameter  conjugate  to  the 
diametral  plane  of  the  ellipsoid  perpendicular  to  the  angular  momentum. 

The  centrifugal  couple  being  per- 
pendicular to  the  plane  of  d and  p, 
Jt  lies  in  the  diametral  plane  conjugate 

to  q.  It  produces  in  the  time  dt  an 
angular  momentum  S0dt  whose  axis 
is  in  the  same  direction.  To  find 
the  axis  of  the  angular  yelocity 
corresponding  thereto  we  must  find 
Flg* 76>  the  diameter  conjugate  to  the  plane 

perpendicular  to  Sc,  that  is  the  plane  pd.  But  the  diameter  conjugate 
to  a plane  is  conjugate  to  all  diameters  in  it,  hence  the  required 
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diameter  is  conjugate  to  q and  lies  in  the  plane  conjngate  to  p,  that 
is,  parallel  to  the  tangent  plane  at  x,  y,  0.  Consequently,  if  we 
compound  with  the  yelocity  c 0 about  p the  velocity  corresponding  to 
Scdt  parallel  to  the  tangent  plane,  the  resultant  has  the  same  com- 
ponent  perpendicular  to  the  tangent  plane  as  ©.  In  other  words  the 
component  ©cos  (p,H)  is  constant  throughont  the  motion. 

Now  we  haye  found  that  H is  constant  in  magnitude  and  direc- 
tion, hence,  multiplying  by  the  constant  ©cos (co-H), 

22)  H<o  cos  (©  J?)  =a  const. 

But  27 cos  (H<d)  is  that  component  of  the  angular  momentum  which 
is  parallel  to  the  instantaneous  axis,  and  is  accordingly  equal,  by 
§ 68,  53)  to  the  product  of  the  angular  yelocity  by  the  moment  of 
inertia  about  the  instantaneous  axis. 

23)  H cos  (H<o)  = Ka. 

Accordingly  22)  becomes 

24)  Aco*  = const. 

But  this  is  equal  to  twice  the  kinetic  energy.  Accordingly  we  obtain 
geometrically  the  integral  of  energy.  Thus  for  a rigid  body  this 
principle  follows  from  that  of  the  conseryation  of  angular  momentum. 

In  the  ellipsoid  of  inertia  we  haye,  § 71, 


Accordingly 

25)  Ka>'  = £ = n', 

and  the  equation  of  energy  shows  that  n is  constant  during  the 
motion,  or  during  the  whole  motion  the  angular  yelocity  is  propor- 
tional to  the  radius  vector  to  the  ellipsoid  of  inertia  in  the  direction 
of  the  instantaneous  axis.  But  since  ©cos(j?©)  is  constant,  pcos(pd)  = d 
must  be  constant,  and  therefore  the  tangent  plane  is  at  a constant 
distance  from  the  center  during  the  motion.  But  since  the  direction 
of  the  line  8 is  constant  in  space,  and  its  length  is  also  constant, 
the  tangent  plane  must  be  a fixed  plane  in  space.  As  the  point 
where  it  is  touched  by  the  ellipsoid  of  inertia  is  on  the  instantaneous 
axis  the  ellipsoid  must  be  tuming  about  this  radius  yector,  and  hence 
rolling  without  sliding  on  the  fixed  tangent  plane.  The  motion  of 
the  body  is  thus  completely  described,  and  we  see  that  the  problem 
of  a Poinsot-motion  is  equivalent  to  the  geometrical  one  of  the 
rolling  of  an  ellipsoid  whose  center  is  fixed  on  a fixed  tangent 
plane,  together  with  the  kinematical  statement  that  the  angular 
velocity  of  rolling  is  proportional  to  the  radius  vector  to  the  point 
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of  tangency.  Before  taking  up  (he  discussion  of  this  result,  as  given 
by  Poinsot,  we  will  consider  (he  analytical  method  of  establishing 
(he  result. 


84.  Bnler’s  Dynamical  Equations.  If  HJ,  Hy,  HJ  represent 
(he  angular  momentum  about  (he  fixed  X',  Y1,  Z'- axes,  1!,  N', 

(he  momen(  of  (he  applied  couple,  (he  equations  of  § 67,  49)  are 


dHJ 

x TI 

~dr-L> 


dH J , dH* 

9 = Mf  - - = N* 

* ’ dt  iy  > 


dt 


where  (cf.  § 7 6) 

HJ  = cq22*  + ß1Sif  + yx  B», 
27)  Ry  = 0*22*  -h  ßtHy  + y,22„ 

HJ  = a9Hx  + ßsHy  4-  y82/#. 


Differentiating  we  have,  after  making  use  of  § 77,  130), 


_ dH’  dH  dH  dH 

2*>  -3T  — ■ ir  + A if  + r,  if 


+ BI(ß,r-ylg)  + -«,!•)  + Ä(a,J  - ftp). 


If  we  now  choose  for  fixed  axes  (he  instantaneous  positions  of  the 
moving  axes,  we  have  a,  = ft  = ys  — 1?  all  o(her  oosines  zero,  and 
(he  equatione  28)  become  simply 


dHx 

dt 


+ QRm  vRy  =»  L, 


dH 


-±  + rHx-PHt  = My 


dt 


dH 


dt 


- + pSy  — qHx  = N. 


We  may  obtain  the  eame  resulte  by  (he  use  of  (he  equations  § 77, 
128).  Let  us  (ake  for  (he  point  x,  y9  ft  (he  end  of  (he  vector  H. 
Its  Coordinates  wi(h  respect  (o  (he  moving  axes  being  Hx,  Hy,  22„ 
substituting  (hem  in  equations  § 77,  128)  we  obtain  for  their  velocities 
resolved  along  the  X,  Y}  Z-axes  the  expression  on  the  left  of  29). 

We  must  now  put  for  22*,  Hy,  Ht  the  expressions  § 79,  134). 
If  now  the  moving  axes  are  taken  at  random,  (he  moments  and 
products  of  inertia  of  (he  body  with  respect  to  them  will  yary  with 
the  time,  so  (hat  their  time -derivatives  enter  into  (he  dynamical 
equations,  which  are  thus  (oo  complicated  to  be  of  any  use.  It  is 
(herefore  immediately  suggested  (hat  we  choose  for  (he  moving  axes 
a set  of  axes  fixed  in  (he  body,  and  moving  with  it.  The  quantities 
A,  B , C,  D,  E,  F are  (hen  constants.  If  in  addition  we  take  as  axes 
(he  principal  axes  at  (he  origin  of  (he  moving  axes,  2),  E,  F vanish, 
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and  then  since  Hx  = Ap,  Hy  = Bq,  Hz  = Cr,  the  eqnations  become 
simply 

A%  + (C-B)qr  = L, 

30)  B%  + (A-C)rp-M, 

c£  + (B-Ä)pq  = N. 

These  are  Euler’s  dynamical  eqnations  for  the  rotation  of  a rigid  body. 

In  case  the  moments  of  the  applied  forces  about  the  origin 
vanish,  they  become 

A%  = (B-C)qr, 

31)  Bg-(C-A)rp, 

c£  = (A-B)pq, 

-*7 

and  we  see  that  the  qnantities  on  the  right,  being  the  vector  prodnct  ft  x 
of  the  angular  yelocity  by  the  angular  momentum,  represent  the 
centrifugal  couple,  which  alone  acts  to  produce  the  angular  accel- 
eration,  whose  components  appear  on  the  left.  We  thus  obtain  the 
result  obtained  geometrically  by  Poinsot,  the  qnantities  on  the  left 
denoting  the  yelocity  of  the  end  of  H in  the  body . * 

The  eqnations  29)  may  be  simplified  in  another  manner,  if  the 
ellipsoid  of  inertia  is  of  reyolution.  If  for  one  of  the  moying  axes 
we  take  the  axis  of  reyolution,  and  for  the  others,  any  axes  perpen- 
dicular  to  it,  whether  fixed  in  the  body  or  not,  the  axes  will  be 
Principal  axes,  and  the  moments  of  inertia  constant,  since  the  moment 
of  inertia  about  all  axes  perpendicular  to  the  axis  of  rotation  in  the 
same.  Examples  of  this  will  be  giyen  in  §§  96,  106. 

85.  Poinaotfs  Disousaion  of  the  Motion.  We  may  now 

integrate  the  eqnations  31)  by  making  use  of  the  fact  that  the 
centrifugal  couple  is  perpendicular  to  the  angular  yelocity  and  the 
angular  momentum.  Multiplying  eqnations  31)  respectiyely  by  p,  q,  r 
and  adding 

32)  A,  + Bs  li  + T>  " 0. 
which  is  at  once  integrated  as 

33)  y Ap*  + 1^Bqi  + ~ GV*  = const. 

This  is  the  equation  of  energy. 
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Multiplying  now  by  Ap,  Bq , Cr,  and  ad  ding, 

M)  Ä'p^  + B'q^  + C'r^-O, 


which  is  integrated  as 

35)  A*p*  + B*q*  + C*r*  = const. 

Bnt  this,  since  the  left-hand  member  is  equal  to  17  8 is  the  equation 
of  Conservation  of  angular  momentum.  The  equation  alone  does  not 
show  the  fixity  of  the  direction  of  H in  space. 

The  point  P in  which  the  instantaneous  axis  intersects  the 
ellipsoid  of  inertia  at  the  fixed  point  0 is  - called  the  pole  of  the 
instantaneous  axis.  Its  Coordinates  are 

x = — > y = — 9 z = — • 

CD  9 CO  CD 

Now  the  length  of  the  perpendicular  8 is,  since  it  is  the  projection 
of  q on  the  direction  of  the  normal, 

36)  8 = x cos  ( nx ) + y cos  (ny)  + z cos  (nz) 

= Ax*  + By*  + Cz*  = 9(Ap%  + Bq%  + Cr*) 

“ yA9x*+B'y'+c*z*  o>i /iy+BV+c'r* 

~ <o  H ~~  H ’ 

since 

2r=JEa>8=5a’!. 

Accordingly  since  T and  H are  constant,  8 is  constant,  and  the 
tangent  plane  being  perpendicular  to  the  invariable  line  H is  fixed 
in  space.  Poinsot  called  the  locus  of  the  pole  of  the  instantaneous 
axis  on  the  ellipsoid,  the  pöüiode  (itölog  axis,  686s  p&th),  and  its 
locus  on  the  tangent  plane  the  herpölhode. 

The  ellipsoid  of  inertia  being 

37)  Ax 8 + Py8  + Cz 1 = 1, 

the  distance  of  the  tangent  plane  at  x,  y,  z from  the  center  is 


l 

1 /A*x*  + B'y'  + C V * 


Since  this  is  to  be  constant,  this  equation  with  that  of  the  ellipsoid 
define  the  polhode  curve.  Gombining  the  equation 

39)  A'a?  + B'y*  + CV  = £ 

with  that  of  the  ellipsoid,  divided  by  d8,  we  obtain  by  subtraction 


40)  AQ,  -A)x’  + B Q,  -B)y'+C  (/,  - C)  z*  = 0. 
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Hiis  is  the  equation  of  the  cone  passing  through  the  polhode,  with 
ts  vertex  at  the  fixed  point,  that  is  the  rolling  or  polhode  cone. 

We  find  then  that  the  rolling  cone  for  a body  moving  nnder 
10  forces  is  of  the  second  Order.  If  it  is  to  be  real,  we  must  have 

41) 

that  is  the  perpendicnlar  must  have  a length  intermediate  between 
the  greatest  and  least  axes  of  the  ellipsoid.  If  ^ ==  A the  cone  is 

42)  B(A  - B)  y*  + 0(4  - C)  z* « 0 

representing  a pair  of  imaginary  planes,  intersecting  in  the  real  line 
y = z =*»  0,  the  X-axis.  Thus  in  this  case  the  rolling  cone  reduces 

to  a line,  fixed  both  in  the  body  and  in  space.  If  ^ =*  C,  we  have 
a similar  resnlt.  If  ^ = B,  we  have 

43)  A(A-B)i*-C(B-C)z%  = 0, 

representing  two  real  planes  intersecting 
in  the  Y-axis,  and  making  an  angle  wüh 
the  X Y- plane  whose  tangent  is 

These  are  the  planes  which  separate  the 
polhodes  snrrounding  the  end  of  the  major 
axis  from  those  about  the  minor  axis.  The 
polhodes  are  twisted  cnrves  of  the  fonrth 
Order,  whose  appearance  is  shown  in 
perspective  in  Fig.  77.  The  separating 
polhodes  are  drawn  black. 

Since  the  polhode  is  a closed  curve, 
the  radins  vector  of  a point  on  it  oscillates 
between  a maximnm  and  a minimnm 
value.  If  6 is  the  distance  of  a point 
on  the  herpolhode  from  the  foot  of  the 
perpendicnlar  d,  since  <7*  = pÄ  — d*  6 oscillates  between  two  constant 
values,  and  the  herpolhode  is  tangent  to  two  circles.  Since  the 
polhode  is  described  periodically  the  varions  arcs  of  the  herpolhode 
corresponding  to  repetitions  of  the  polhode  are  all  alike.  The  her- 
polhode is  not  in  general  a reentrant  curve.  The  name  herpolhode 
was  given  by  Poinsot  from  the  verb  ?Qit£ivy  to  creep  (like  a snake) 
from  the  supposedly  undulating  natnre  of  the  curve,  it  has  however 
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been  proved  to  have  no  points  of  inflexion,  and  is  like  Fig.  78,  which 
has  been  calculated  for  A — 8,  B = 5,  (7=3,  ^ ==  4 ■ 9. 

86.  Stability  of  Axes.  We  have  seen  tbat  the  body  if 
rotating  abont  either  of  the  principal  axes  of  inertia  will  remain 
rotating  about  it.  If  the  instantaneous  axis  be  the  axis  of  either 
greatest  or  least  inertia,  and  be  displaced  a little,  as  the  polhodes 
eqcircle  the  ends  of  these  axes  the  instantaneous  axis  will  travel 

around  on  a small  polhode, 
and  the  herpolhode  will  be 
small,  neither  ever  leaving  the 
original  axis  by  a large  amount 
These  axes  are  acoordingly 
said  to  be  axes  of  stable  motiorn 
If  on  the  other  hand  the  mean 
axis  be  the  instantaneous  axis, 
and  there  is  a slight  displace- 
ment,  the  axis  immediately 
begins  to  go  farther  and  farther 
from  the  original  position,  and 
nearly  reaches  a point  diame- 
trically  opposite  before  return- 
ing  to  the  original  position. 
The  mean  axis  is  thus  said  to 
be  an  axis  of  instability.  It  is 
however  to  be  noticed  that  if  either  A — BorB—Cis  small  with 
respect  to  the  other,  the  separating  polhode  doses  up  about  either 
the  axis  of  greatest  or  least  inertia  respectively,  and  thus  a small 
displacement  may  lead  to  a considerable  departure  from  the  original 
pole,  the  rotation  is  thus  less  stable.  The  rotation  about  either  axis 
is  most  stable  when  the  wedge  of  the  separating  polhode  endosing 
it  is  most  open. 

87.  Projections  of  the  Polhode.  From  the  equations  of  the 
polhode  37),  39),  we  may  obtain  its  projections  on  the  coordinate 
planes  by  eliminating  either  of  the  Coordinates.  Eliminating  x, 

45)  dt{B(A  — B)yt  + C(A  — C)z*)  = Ad2  — 1, 

an  ellipse  of  semi-axes, 

1 -1/  Äd*-1  1 -i/  Ad%-  1 

d V 9 V C(A-C)’ 

the  ratio  of  which  is 


n/CCA-C) 
V B(A-B )’ 
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a constant,  so  that  all  the  projections  are  similar.  The  motion  about 
the  axis  A is  most  stable  when  the  small  polhode  is  a circle,  that 
is  when  the  above  ratio  is  unity,  or  2?  = C. 

Eliminating  z we  obtain 

46)  d*  [A  (A  - C)  & + B (B-  C)  y*}  = 1 — Cd\ 
an  ellipse  the  ratio  of  whose  axes  is 


and  for  maximum  stability  this  is  unity,  or  A =»  B.  These  projections 
are  shown  in  Fig.  79. 


Eliminating  y,  we  haxe 

47)  ' 6*{A(A-B)x*  - C(B-C)z*)=l  - B8\ 

an  hyperbola  the  ratio  of  whose  axes  is 


v. 


C(B-C) 
A (Ä  — B) 


All  the  hyperbolas  haxe  the  separating  polhode  projections  as 
asymptotes  (Fig.  80). 


88.  Invariable  Line.  The  inxariable  line  describes  a cone  in 
the  body.  Its  equation  may  be  simply  found  from  consideration  of 
the  reciprocal  ellipsoid 


-+y+- 
A ' B ^ C 


whose  radius  in  the  direction  of  d is  — and  therefore  constant.  The 

cone  of  the  inxariable  axis  is  accordingly  the  cone  passing  throngh 
the  intersection  of  the  ellipsoid  48)  with  the  sphere 
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a * + y*  + e*  = 


8 


d 1 


(*■- x)  **+  («’  - i)  *’+(*■- £)  «■- °- 


The  axis  of  this,  like  that  of  the 
polhode  cone,  is  the  axis  of  greatest 
or  least  inertia. 

Let  us  find  how  fast  the  invariable 
line  revolves  around  one  of  the  principal 
axes.  Since  the  invariable  axis  is  fixed 
in  space,  its  relative  motion  is  equal 
and  opposite  to  the  actual  motion  of 
the  part  of  the  body  in  which  it  lies. 
If  we  call  X the  diedral  angle  between 
the  plane  of  the  invariable  axis  and 
the  axis  of  X and  the  XF-plane,  we 
may  find  Projecting  H upon  the  FZ- plane  (Fig.  81),  the  pro 

jection  makes  with  the  F-axis  the  angle  X , given  by 


dl 


51) 

from  which 
Differentiating, 


H Cr 

tan  X = w-  = 

B.  Bq * 


8ec*  x = 

860  K B'q* 

• 1 dl  Cf  dr  dq\  1 

860  ^ dt  B V dt  rTt)  3*’ 


62) 


dl 

dt 


BC  / dr  dq\ 

— C*r'  \q  dl  ~r  lt) 


Inserting  from  Euler’s  equations  31), 


dq 

di 


C-A  dr 

r*>  di 


A-B 


53) 


dl 

dt 


B dt  C 

p{B(A-B)q'+C(A-C)r'} 


P 2: 


B'q'  + C'r' 

| A(Bq*+Cr*)  ,1 

\A(%T-Ap *)  tiAT-H*\ 

-*\-h*=hF  “1(=-p{  ) 


2 AT 
H* 


-1 


-(§)' 


= JP 


d'A-i 
ein*  {Hx) 
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Similarly  for  the  rotatdon  around  the  Y and  Z-  axes, 


54) 


d fi  — 1 

dt  s ^ am* (Hy) 

dv  d'C-l 
dt  r sin*  (He) 


Looking  at  the  signs  of  the  numerators,  we  see  that  the  invariable 
axis  rotates  around  the  axis  of  greateat  moment  of  inertia  in  the 
direction  of  rotation,  about  the  least  axis  in  the  direction  oppoaite 
to  that  of  rotation,  and  about  the  mean  axis  according  to  the 
valne  of  d. 

If  we  mark  off  on  the  invariable  axis  a line  of  unit  length,  its 
end  describea  a sphero-conic,  the  intersection  of  the  invariable  cone 

50)  (d*  - j)  **  + (d*  - i)  y*  + (ds  - 1)  ** = 0 

with  the  sphere 

s*  + y*  + *2  = 1, 

whose  projections  on  planes  perpendicular  to  the  X and  üT-axes  are 
ellipses,  and  perpendicular  to  the  F-axis  an  hyperbola.  The  radius 

vector  of  the  X-  projection  is  rx  = sin  (Hx)  and  since  it  tums  with 

dX 

the  angular  velocity  -tt  it  describes  area  at  the  rate 


55) 


dt 
dS 


dl 


dt 


The  time  of  one  revolution  of  the  body  turning  with  the  velocity  p 

2 ic 

would  be,  if  p were  constant,  t = — 

j P 

The  equation  of  the  ellipse  is  obtained  by  eliminating  x from 
the  equations  of  the  sphero-conic  as 


6«)  a-üf+G-bv-i 

whose  axes  are 


Ä -i/d'AB-B 

1 1 V A-B  ’ 


A B 


£ i/d'AC-C 

1 1 ““  V A-C  ’ 


and  whose  area  is 

57)  x(AV-  1)Y~ 


BC 


(A-B)(A-C) 
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Now  the  area  described  in  one  revolution  about  the  inatantaneous 
axia  would  be,  if  p were  conetant  [aee  55)], 


68)  S.«  \ (4M-l)f-.x(«U-l), 


and  the  number  of  turne  the  body  makee  for  one  revolution  of  the 
invariable  axia  about  the  Z-axia  ia  the  area  67)  divided  by  thia,  or 


69) 


Yv 


Thia  may  be  made  aa  large  as  we  please  by  making  A approaeh  B 
or  C.  If  B «=  C or  the  ellipaoid  of  inertia  ia  of  revolution,  about 
the  X-axia,  p ia  conatant,  and  the  invariable  cone  ia  circular,  and 
deacribed  with  uniform  velocity,  the  number  of  revolutiona  of  the 
body  for  one  circuit  of  the  invariable  axia  being  ~b)  ^ie  mo^on 

i8  direct  or  inverse, 
according  aa  the 
X-axia  ia  that  of 
greateat  or  least 
inertia. 


These  properties 
may  all  be  illustra- 
ted  experimentally 
by  meana  of  Max 
well’a  Dynamical 
Top1),  conatructed 
by  Maxwell  for  the 
purpoae  of  atudying 
the  motion  of  the 
earth  about  ita 
center  of  maaa.  An 


example  of  thia  top 
conatructed  in  the 


workahop  of  the 
Department  of  Phy- 
aica  of  Clark  Uni- 
veraity  ia  ahown  in 
Fig.  82.  The  aix 
weighta  projecting 
from  the  bell  allow 
the  momenta  of  in- 
ertia to  be  changed 
in  a great  variety  of  waya,  while  at  the  aame  time  the  center  of 


1)  Maxwell,  Paper*,  Vol.  I,  p.  848. 
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mass  is  constantly  kept  at  the  point  of  support,  a sharp  steel  point 
tuming  in  a sapphire  cnp.  Maxwell’s  ingenious  device  for  the 
observation  of  the  motion  of  the  invariable  axis,  is  the  disk,  divided 
into  four  colored  segments,  attached  to  the  axis  of  figure.  The 
colors  chosen,  red,  blue,  yellow  and  green,  combine  into  a neutral 
gray  when  the  top  is  revolving  rapidly  about  the  axis  of  figure.  If 
however  the  top  revolves  about  a line  passing  through  a point  in 
the  red  sector,  there  will  be  in  the  center  a circle  of  red,  the 
diameter  of  which  is  greater  as  the  axis  is  farther  from  the  center 
of  the  disk  and  the  boundaries  of  the  red  sector.  Thus  the  center 
of  the  gray  disk  changes  from  one  color  to  another  as  the  pole 
moves  about  in  the  body,  and  by  following  the  changes  of  color  we 
can  study  the  motion.  By  noticing  the  Order  of  the  succession  of 
colors  we  can  determine  whether  the  axis  of  figure  coincides  most 
nearly  with  the  axis  of  greatest  or  least  inertia,  and  by  changing 
the  adjnstments  we  may  make  it  a principal  axis,  which  is  known 
by  the  disappearance  of  wabbling,  or  we  may  make  it  deviate  by 
any  desired  amount  from  a principal  axis.  If  the  deviation  is  great, 
and  the  top  spun  about  the  axis  of  figure,  and  then  left  to  itself, 
the  top  will  wabble  to  a startling  amount,  but  eventually  the  pole 
will  reach  its  first  position  and  the  wabbling  will  cease,  to  be  repeated 
periodicaUy.  The  recovery  of  the  top  from  its  apparantly  lawless 
gyrations  is  very  striking.  If  the  adjustment  is  such  as  to  make  the 
axis  of  figure  lie  near  the  mean  axis  of  inertia,  the  top  will 
not  recover,  but  must  be  stopped  in  its  motion  before  striking  its 
support. 

The  path  of  the  invariable  axis  has  been  made  visible  by 

Mr.  G.  F.  G.  Searle,  of  the  Gavendish  Laboratory,  Cambridge,  by 

attaching  to  the  axis  of  figure  a card,  upon  which  ink  was  projected 
from  an  electrified  jet.  Acting  upon  this  Suggestion,  the  author 

attached  to  the  top  a disk  of  smoked  paper,  upon  which  a steel 

Stylus,  playing  easily  in  a vertical  support  (shown  in  Fig.  82  lying  on  the 
table)  could  write  with  very  slight  friction.  One  easily  finds  by  looking 
at  the  disk  in  its  gyrations  a point  which  remains  fixed,  and  by  applying 
the  Stylus  to  this  point,  holding  it  on  a proper  support,  the  path  of  the 
invariable  axis  is  drawn,  and  found  to  be  an  ellipse  or  hyperbola.  If  the 
Stylus  is  not  held  exactly  on  the  invariable  axis,  small  loops  are  formed, 
which  enable  us  to  count  the  number  of  tums  of  the  top  in  going 
around  the  polhode,  and  thus  to  verify  the  theory.  The  results  of 
several  spins  are  shown  in  Fig.  83,  reproduced  from  actual  traces. 

The  loops  are  turned  out  if  the  principal  axis  at  the  center  of 
the  ellipse  is  that  if  greatest  inertia,  and  in  if  it  is  the  least,  for  the 
reason  that  in  the  former  case  the  invariable  axis  and  the  herpolhode 
cone  lie  within  the  polhode  (Fig.  83  a),  while  in  the  latter  they  lie 
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without  (Fig.  83  b)  so  that  if  we  consider  the  relative  motion,  in  the 
former  case  a point  fixed  to  the  herpolhode  describes  a sort  of 


Fl g.  88.  Fig.  88.  Fig.  88. 


hypocycloid  (loops  out)  on  the  card  attached  to  the  polhode,  in  the 
latter  a sort  of  epicycloid  (loops  in). 


Fig.  88a.  Fig.  88a. 

« 

The  recent  astronomical  discovery  of  the  motion  of  the  earth’s 
pole  is  probably  due  to  a sort  of  variable  Poinsot-  motion,  the  moments 
of  inertia  of  the  earth  being  gradually  varied. 


Fig.  88b.  Fig.  88b. 
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80.  Symmetrlcal  Top.  Gonstralned  Motion.  While  we 
have  in  the  preceding  aection  considered  the  very  interesting  and 
instructive  queation  of  the  motion  of  the  most 
general  rigid  body  ander  the  action  of  no  forces, 
by  far  the  most  frequent  case  ander  the  practical 
conditions  of  experiment  is  that  in  which  the  body 
is  dynamically  symmetrical  about  an  axis,  that  is, 
the  ellipsoid  of  inertia  is  of  revolution.  Sach  a 
body  we  shall  call  a symmetrical  top.  This  will 
inclnde  not  only  all  ordinary  tops  and  gyroacopes, 
aa  well  aa  flywheela,  rolling  hoops,  billiard  balla, 
bat  even  the  earth  and  planeta.  Suppose  such  a 
body  to  be  spinning  ander  the  action  of  no  forces, 
abont  its  axia  of  aymmetry.  We  have  aeen  that  it  will  remain  ao 
spinning,  and  the  angular  momentum  will  have  the  direction  of  the 
axis  of  aymmetry.  If  now  the  axia 
of  symmetry  OF  (Fig.  84),  is  to 
move  to  aome  other  position,  OF', 
which  ia  then  to  coincide  with  the 
new  instantaneoas  axia,  the  angular 
momentum  HH'  muat  be  communi- 
cated  to  the  body,  that  is  a couple 
whoBe  axia  i8  parallel  to  HH'  muat 
act  on  the  body.  Thia  may  be  made 
evident  experimentally  by  placing  a 
loop  of  string  over  the  axi8  F of 
a symmetrical  top  balanced  on  its 
center  of  masa  (Fig.  85)  and  pulling 
on  the  atring.  The  axia  of  the  top, 
inatead  of  following  the  direction  of 
the  pull  P moves  off  at  right  anglea 
thereto,  although  the  atring  can  only 
impart  a force  in  its  own  direction. 

The  pull  of  the  string,  together  with 

the  reaction  of  the  point  of  aupport 

constitnte  a couple,  whoae  moment 

ia  perpendicular  to  the  plane  of  the 

string  and  of  the  point  of  aupport, 

and  it  is  in  this  direction  that  the 

end  of  the  axis,  or  apex  of  the  top,  ***•  “• 

moves,  aa  is  required  by  the  theory. 

This  simple  experiment  and  the  theory  which  it  illuatratea  will  make 
clear  moat  of  the  apparantly  paradoxical  phenomena  of  rotation.  We 
may  deacribe  it  by  aaying  that  the  kinetic  reaction  of  a symmetrical 
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Fig.  86. 


rotating  top  is  not  at  in  the  direction  of  the  motion  of  the  apex, 
bnt  nearly  at  right  angles  thereto.  (Exactly  at  right  angles  to  the 
motion  of  OH.) 

An  ingenions  application  of  this  principle  is  fonnd  in  the  Howell 
automobile  torpedo,  invented  by  Admiral  Howell  of  the  United  States 
navy.  ln  this  the  energy  necessary  for  driving  the  torpedo  is  stored 
up  in  a heavy  steel  flywheel,  weighing  one  hundred  and  thirty-five 
pounds,  and  tuming  with  a speed  of  ten  thousand  turas  per  minute. 

The  axis  of  the  flywheel 
lies  horizontally  perpen- 
dicular  to  the  axis  of 
the  torpedo  (Fig.  86),  thus 
steadying  the  torpedo  in 
its  course.  If  now  any 
force  acts  tending  to 
deflect  the  torpedo  hori- 
zontally from  its  course, 
by  means  of  a moment 
about  a vertical  axis,  the  end  of  the  axis  of  the  disk  moves  vertically, 
causing  the  torpedo  to  roll  instead  of  yielding  to  the  deflecting  force. 
The  rolling  is  utilized,  by  means  of  a vertically  Imnging  pendulum, 

to  bring  rudders  into 
action,  and  to  cause 
the  torpedo  to  roll 
back  to  its  original 
Position,  while  main- 
taining  its  course. 

A strikingexample 
of  the  principle 
enunciated  above  is 
fonnd  in  an  inge- 
nious  top  (Fig.  87), 
spinning  on  its  Center 
of  mass,  with  its  axis 
rolling  on  various 
curves  constructed  of 
metalwire.  Nomatter 
what  the  shape  of  the  wire,  the  axis  of  the  top  dings  to  it  as  if 
held  by  magnetism,  no  matter  how  sharply  the  curve  may  bend.  The 
passing  around  sharp  comers  at  a high  speed,  in  apparant  defiance 
of  centrifugal  force,  is  extremely  remarkable.  The  explanation  of  the 
action  is  immediate,  on  the  lines  just  laid  down.  The  instantaneous 
axis  passes  though  the  point  of  support  0 (Fig.  88)  and  the  point  of 
contact  of  the  axis  of  the  top  with  the  wire.  The  wire,  in  fact> 
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H 


Flg.  88. 


constitutes  the  directrix  of  the  herpolhode  cone.  Since  the  ellipsoid 
of  inertia  is  of  rotation,  the  axis  of  figure  OF, 
the  instantaneous  axis  01,  and  the  axis  of 
angular  momentum  OH,  lie  in  the  same  plane, 
which  is  perpendicular  to  the  tangent  plane  to 
the  herpolhode  cone.  Düring  the  rolling,  all 
these  axes  move  parallel  to  this  tangent  plane, 
so  that  the  yector  HH\  representing  the  change 
of  angular  momentum,  is  parallel  to  the  tangent 
plane,  and  in  the  direction  of  advance  of  the 
axis  of  figure.  The  couple  causing  the  motion 
accordingly  due  to  the  reaction  between  the 
wire  herpolhode  and  the  top,  is  always  parallel 
to  the  tangent  plane,  and  never  vanishes,  but 
always  tends  to  press  the  top  against  the  wire. 

Or  in  general,  in  constrained  motion,  the  motion 
causes  the  polhode  cone  to  press  against  the  herpolhode  cone.  This 
seems  to  have  been  first  explicitly  stated  by  Klein  and  Sommerfeld, 
Theorie  des  Kreisels,  p.  173. 

An  application  of  the  above 
principle  on  a large  scale,  and  the 
only  one  known  to  the  author,  is 
found  in  the  Grriffin  grinding  mill.  A 
massive  steel  disk  or  roller  A (Fig.  89) 
hange  from  a vertical  shaft  by  a uni- 
versal or  Hooke’s  joint  C,  in  the  middle 
of  a steel  ring  B forming  the  side  of 
a pan.  If  now  the  shaft  be  set  rotat- 
ing,  the  roller  spins  quietly  about  a 
fixed  axis,  .with  no  tendency  to  move 
sidewise.  If  on  the  contrary  it  be 
brought  into  contact  with  the  ring, 
it  immediately  rolls  around  with  great 
velocity,  pressing  with  great  force 
against  the  steel  ring  or  herpolhode, 
and  grinding  any  material  placed  in 
the  pan  with  great  efficiency.  It  is 
interesting  to  note  that  a somewhat 
similar  mill,  in  which  the  axis,  instead 
ofpassing  through  a fixed  point,  hangs 
vertically  from  a revolving  arm,  and 
therefore  is  devoid  of  the  action  just 

described,  although  both  mills  possess  in  common  the  centrifugal 
force  due  to  the  circular  motion  of  the  center  of  mass  of  the  roller, 

WEBSTER , Dynamics.  lg 
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is  much  lese  'efficient.  The  first  mill  is  an  exceHent  example  of  the 
centrifugal  force  and  centrifngal  couple,  while  the  second  lacks  the 

centrifngal  couple,  the  instantaneons  axis  and  the  axis 
of  angular  momentum  being  parallel. 

Let  us  calculate  the  couple  involved  in  the  con- 
strained  motion  involved  in  a regulär  precession,  as 
here  applicable,  in  terms  of  the  constants  of  § 81.  If 
the  angular  momentum  make  with  the  axis  of  figure 
the  angle  a,  its  end  is  at  the  distance  from  the  axis 
of  the  fixed  cone  JTsin(a  + #),  so  that  it  moves  with 
the  velocity  i/JTsin  («  + #■)•  This  must  be  equal  to  the 
applied  couple, 


Fig.  90. 


60) 


K = 1/27 sin  (a  + #). 


V 

8inM 


Now  resolving  H parallel  and  perpendicular  to  the  axis  of  figure, 
we  have 

61)  H cos«  = Co  cos uy  H sin a = A<o sin u, 
so  that 

62)  K = vg)  (.4 -sin  u cos  fr  + C cos  u sin  fr). 

But  we  have,  § 81, 

13) 

' Bin# 

14)  o2  = fi9  + i/2  - 2/4 v cos#, 

from  which 

cd  sin  w = vsm#,  cocobu  = /t  — i/cos-fi, 

so  that  finally 

63)  K = v [Av  sin  %•  cos  fr  + (7  sin  fr  (/t  — v cos  #)} 

= v Bin  fr  {CiL  + {A  — C)vcosfr}. 

It  is  to  be  noticed  that  the  body  will  perform  a regulär  precession 
under  no  constraint  or  other  applied  couple,  if  putting  K = 0, 

64)  cos  fr  «=  — rr  -A  • 

7 v C—  A 


90.  Heavy  Symmetrical  Top.  We  will  now  take  up  one  of 
the  most  interesting  problems  of  the  motion  of  a rigid  body,  namely 
the  motion  of  a body  dynamically  symmetrical  about  an  axis,  on 
which  its  center  of  mass  lies,  and  spinning  about  some  other  point 
of  that  axis.  This  is  the  problem  of  the  common  top  or  gyroscope. 
In  Order  to  determine  the  position  of  the  top  it  will  be  convenient 
to  introduce  three  coordinate  parameters,  namely  the  three  angles 
of  Euler.  Let  these  be  fr  the  angle  between  the  Z-a?cis,  which 
we  take  as  the  axis  of  symmetry,  and  the  fixed  vertical  Z'-axis 
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(Fig.  91).  We  may  call  the  ZF- plane  the  equator  of  the  top. 
Let  ON  (Fig.  91)  be  the  line  of  nodes,  or  the  line  in  which  the 
eqaator  mtersects  the  fixed 
X' 3T'-plane.  Let  ^ be  the 
longitnde  of  the  line  of 
nodes,  or  the  angle  X’ON 
measured  positively  from  X' 
to  Y\  Let  <p  be  the  angle 
from  the  line  of  nodes  to 
the  X-axis,  the  positive 
direction  of  increase  being 
from  X to  I By  means 
of  the  three  angles  ty,  q>, 
we  may  express  the  nine 
direction  cosines,  and  the 
Position  of  the  body  is 
completely  determined.  The 
meaning  of  the  angles  is 
e&sily  seen  on  the  gyroscope 
in  gimbals  (Fig.  92).  It 
will  not  be  necessary  for  ns  to  express  the  co eines,  as  we  need 
only  the  valnes  of  p,  q,  r in  terms  of  Euler’s  angles  and  their  velocities, 

d&  dty  dtp 

dt 9 dt 9 dt 

As  these  are  the  angular  velocities  about  ON,  ÖZ'  and  OZ,  respectively, 
we  need  only  the  cosines  of  the  angles  made  by  these  lines  with  the 
X,  Y,  Z- axes,  which  are  evidently  as  given  in  the  following  table. 


Z' 

N 

Z 


X Y Z 


sin#  sin  qp 

sin  fr  cos  (p 

cos# 

cos  tp 

— sin  (p 

0 

0 

0 

1 

Resolving  now  in  the  direction  of  the  three  axes,  we  obtain 


65) 


P 

2 

r 


d 1b  . r.  . , d& 

sin  # sin  (p  + cos  q>, 

dty  » de*  . 

dt 


dty  i dtp 

-dtcoa*  + dt 


18* 
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These  are  Euler’s  kinematical  equations.  They  illustrate  the  Statement 
made  in  § 76,  abont  p,  q,  r as  not  being  time  derivatives,  for  it  is 
easily  seen  that  pdt,  qdt,  rdt  do  not 
satisfy  the  conditiona  of  being  exact 
differentiale. 

The  resultant  of  the  weight  of  all 
the  parts  of  the  body  is  Mg  applied  at 
the  center  of  mass.  If  this  is  at  a 
distance  l from  the  fixed  point  the  moment 
of  the  applied  force  is  Mg  l sin  abont 

the  axis  ON. 

L = sind- cos  <p, 

66)  M = — Mgl  sin  & sin  tp, 

N=  0, 

so  that  Enler’s  dynamical  equations  are 
A = {B  — C)  qr  + Mgl  sin  # cos  tp, 

67)  B-ä,j-{C-A)rp-  Mgl  sm», in  q,, 

Multiplying  respectively  by  p,  q,  r and 
Mg.  M.  adding,  we  obtain 

68)  Ap  + Bq  + Cr  = Mgl  (p  sin  # cos  q>  — q sin  sin  tp\ 

• = Mgl  sin  D 

Integrating  we  get  the  eqnation  of  energy, 

69)  -4p*  + Bq * + Cr * = 2 (h  — Mgl  cos  D). 

Since  the  moment  of  the  applied  forces  has  no  vertical  component, 
the  vertical  component  of  the  angular  momentum  is  constant,  or  the 
end  of  the  vector  H describes  a plane  curve  in  a horizontal  plane. 
Resolving  Hx  = Ap,  H„  = Bq,  H,  — Cr  on  the  vertical  OZ\  we  obtain 

70)  ff,'  = Ap  sin  # sin  tp  + Bq  sin  & cos  rp  + Cr  cos  & = const. 

If  the  top  is  symmetrical  about  the  Z- axis,  we  have  A = B. 
Then  the  third  equation  67)  is 
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The  integral  of  energy  69)  becomes 

o , o 2h  — Cr*—  2 M gl  cob&  _ 

72)  p*  + q*  = -j- — - = a — a cos  0, 

if  we  introduce  the  constants 


73) 


2h 

a = . — 


H,' 


a = 


2Mgl 


A AC' A 

The  integral  of  yertical  angular  momentnm  70)  becomes 

74)  sin0(jpsingp  + q cosg>)  =» = ß — 6cos0, 

putting 

75)  ß-  A 
Inserting  the  yalues  of  p,  q from  65), 


H ' 

z 


X ^ 

& = Ä~ 


76) 


®*+  8in*  ♦ (4f ) = « ~ « cos  fr, 

sin*#  = ß — b cos  0, 
dil)  - , dqp 

^cos^  + ^ = r. 


Eliminating  between  the  first  two  giyes 

77)  (ß  — 6 cos  0)*  + sin*  -fr  — sin*  0 (a  — a cos  0), 
which  if  we  put  for  cos0  the  single  letter  z becomes  simply 

78)  (If)  - (i  -#*)(«-  w)  - oi  - &*)* = /w 

From  the  second  equation  76), 

ß — bz 

and  from  the  third, 

80) 


dt 


l—zi 


*<P  = __ 


1-** 


The  letter  0 represents  the  height  above  the  origin  of  a point  on 
the  axis  of  symmetry,  at  unit  distance  from  the  fixed  point.  This 
point  will  be  spoken  of  as  the  apex  of  the  top.  Equation  78)  deter- 
mines  the  rise  and  fall  of  the  apex,  equation  79)  its  horizontal  motion. 

91.  Top  Bquattons  deduoed  by  Lagrange’s  Method. 

Before  proceeding  with  the  discussion,  let  us  find  the  equations  by 
means  of  Lagrange’s  method.  We  h&ye  the  kinetic  energy 


81) 


T=  \ MC^  + j^  + Cr»} 

= * {A  (0f  * + sin* 0 • ißfi)  + C (q>!  + cos  0 • ^')*} 
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so  that  it  appears  that  cp  and  ty  are  cyclic  coordinates.  The  forces 
tending  to  change  #,  ip,  cp  are 


dt  d&'  dt 

— {-4^' 2 sin#  cos# 


A*' 

— C(<pf  + cos#-^')^'  sin#}, 


1 ^ fwy  J 

+ 0(9'+  cos#.*')  cos#}, 
*■  d t ftp' = dt^to' + w*»-#9). 


If  there  is  no  force  tending  to  change  the  spinning  of  the  top,  Pv  — O, 

ä*  {£(?>'  + cos  #•*')}  = (), 

83)  C (cp*  + cos  # • *')  ==  const.  =*  IZ,, 

which  is  the  integral  71).  Eliminating  cp1  by  means  of  this  equationu 
and  forming  the  kinetic  potential, 

H 

84)  cp'  = — cos  # • *', 

85)  0 = T-  S,tp'  = -J-  Ai»'*  + sin*«- ■ ^'*)  + H,  cos «■  • *'  - ± 2*-, 

the  second  term  containing  *'  in  the  first  power.  Sach  terms  in 
the  kinetic  potential  give  rise  to  what  have  been  called  by  Thomson 
and  Tait  gyroscopic  forces,  whose  theory  has  been  treated  in  § 50. 
Using  this  form  to  determine  the  forces,  we  have 

P»  = Tt&)  ~ + -1>', 

p* = dt  (H) = tM™**  • *' + H‘ cos 

The  influence  of  the  cyclic  motion  may  be  yery  simply  shown  if  the 
spinning  body  is  mounted  as  a balanced  gyroscope  in  gimbals,  as  in 
Fig.  92.  Suppose  the  vertical  ring  be  held  fixed.  Then  * = const,,  0, 


<J*# 
dt* 9 


— Hz  sin  # 


dt 


Spinning  the  inner  ring  about  the  horizontal  axis  requires  the 
same  force  P*  whether  the  cyclic  motion  exists  or  not,  whereas  a 
force  is  deyeloped  tending  to  make  the  yertical  ring  reyolye  about 
its  axis,  which  must  be  balanced  by  the  force  of  the  constraint,  P^, 

proportional  to  On  the  other  hand  let  us  hold  the  inner  gimb&l 

ring  horizontal.  Then  # = #'•=  0. 
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dtp 

dt’ 


and  the  same  force  is  required  for  the  rotation  about  the  vertical  as 
if  tliere  were  no  spinning,  whereas  a force  is  developed  tending  to 
turn  about  the  horizontal  axis,  which  must  be  balanced  by  the 

constraint,  p*,  proportional  to  Thus  the  effect  of  the  concealed 

motion  would  be  made  evident,  even  if  the  disposition  of  the  concealed 
rotating  parts  were  unknown.  The  eflfect  of  the  gyroscopic  term  may 
be  deecribed  by  saying  that  if  the  apex  of  the  top  be  moved  in  any 
direction,  the  spinning  tends  to  move  it  at  right  angles  to  that 
direction,  as  shown  in  § 50. 

In  our  present  problem,  we  have  Py,  = 0, 

Asin*#  • tß*  + C(q>!  -f  cos#  - iß1) cos#  =*  const.  = HJ} 
or  by  83), 

89)  A sin*  fr  • iß1  + Hz  cos  fr  = HJ, 

which  is  the  integral  of  70). 

The  differential  equation  for  fr  is 

Al  A 

90)  A — Aif;'*  sin  fr  cos  fr  + H9  sin  fr  • ißf  = Mgl  sin  fr, 


which,  on  replacing  iß'  by  the  value  from  89),  and  using  the  constants 
of  73),  75)  becomes 


91) 


d*fr  (ß  — & cos#)*  cos#  b (ß  — bcoBfr) a . 

~dt*  ritffr  h 2-sintf. 


If 


we  now  multiply  this  by  2 sin*  fr  • 


dfr 

dt’ 


it  becomes  an  exact  derivative, 


and  integrates  into  77).  Thus  our  three  integrale  are  immediate 
integrals  of  Lagrange’s  equations. 


92.  Nature  of  the  Motion.  Equation  78)  which  states  that 
the  time- derivative  of  z , the  cosine  of  the  inclination  of  the  axis  to 
the  vertical,  is  a polynomial  of  the  third  degree  in  z , shows  that  * 
is  an  elliptic  function  of  the  time.  As  we  do  not  here  presuppose 
a knowledge  of  the  elliptic  functions,  we  will  discuss  the  motion 
without  explicitly  finding  the  solution  in  terms  of  elliptic  functions. 

We  see  at  once  that  the  solution  depends  on  the  four  arbitrary 
constants  a , a,  of  the  dimensions  [T7- 2],  which  enter  equation  78) 
linearly,  and  ß,  b,  of  dimensions  [Tt1],  which  enter  homogeneously 
in  the  second  degree,  so  that  if  we  divide  b , ß by  the  same  number 
and  a , a by  its  square,  while  we  multiply  t by  the  same  number, 
the  two  equations  78),  79)  are  unchanged,  that  is  to  any  value  of  z 
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corresponds  the  same  value  of  or  the  path  of  the  point  of  the  top 
is  the  same,  but  described  at  a different  rate.  Thns  the  shape  of 
the  path  depends  on  the  three  ratios  of  the  constants,  or  there  is  a 
triple  infinity  of  paths.  As  for  the  meanings  of  the  constants, 
a depends  simply  on  the  nature  of  the  top,  irrespectiye  of  the  motion, 
and  by  comparison  with  § 80  is  seen  to  be  inversely  proportional  to 
the  sqnare  of  the  time  in  which  the  top  wonld  describe  small  oscilla- 
tions  as  a pendulum,  if  snpported  with  its  apex  downwards,  withont 
spinning.  If  we  change  the  top,  we  may  obtain  the  same  path  by 
suitably  changing  a,  by  ß as  just  described.  These  three  constants 
depend  on  the  circumstances  of  the  motion,  b being  proportional  to 
the  angular  momentum  about  the  axis  of  figure,  or  to  the  velocity 
of  spinning,  ß to  the  angular  momentum  about  the  vertical,  and 
a depending  on  both  the  velocity  of  spinning  and  the  energy  constant. 
Expressed  in  terms  of  the  initial  position  and  velocities  they  are 


92) 


a 

ß 

ct 


2Mgl  . C 
-r~>  b = Ar> 


Bm*#0  (4f)o+  & «08  ö'o» 

6t)o+8in,do(äT)0,+  aco8do 


With  the  convention  that  we  have  adopted,  a is  positive.  As  it  is 
evident  that  any  path  may  be  described  in  either  direction,  we  shaU 
obtain  all  the  paths  if  we  spin  the  top  always  in  the  same  direction. 
We  shall  thus  suppose  b to  be  positive,  while  ß may  be  positive  or 

negative,  according  to  the  sign  and  magnitude  of  and  cos  #0. 

Since  is  real,  f(z)  78)  must  be  positive  throughout  the 

motion,  except  when  it  vanishes.  Since  f(l)  = — (ß  — b)*  and 
f(—  l)  = — (ß  + by  are  both  negative,  — <x>  and  f(—  oo)  = — cx>, 

the  course  of  the  fonction 
f(ss)  is  as  shown  in  Fig.  93. 
Thus  it  is  evident  that  f(z) 
has  three  real  roots,  two 
z19  z2,  lying  between  1 and 
— 1,  while  the  third, 
lies  outside  of  that  interval 
on  the  positive  side.  Thus  the  motion  is  confined  to  that  part  of 
the  £-axis  between  z2,  and  the  apex  of  the  top  rises  and  falls 
between  the  two  values  of  & whose  cosines  are  and  z2 . The 
triple  infinity  of  paths  may  her  characterized  by  giving  the  three 
roots  all  possible  real  values,  instead  of  giving  the  constants  6,  ß,  cl 
In  practice  it  will  be  convenient  to  give  the  two  roots  indicating 
the  highest  and  lowest  points  reached  by  the  apex,  and  the  value 
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of  the  horizontal  angular  velocity  at  one  of  them,  which  three 

data  completely  characterize  the  motion. 

Since  z is  an  elliptic  function  of  the  time,  the  rise  and  fall  is 
periodic,  and  after  a certain  time,  z will  have  attained  the  same 

value,  and  so  will  and  accordingly  during  successive  periods 

the  angles  tj;  and  <p  will  increase  by  the  same  amounts.  The 

horizontal  projection  of  the  axis  of  the  top  advances  at  the  rate 

Thiß  vanishes  and  changes  sign  if  z = --  and  then  we  have 

93>  (£)-(«— ©(i-JD- 

Ä* 

The  second  factor  is  positive  if  v,t  < 1,  which  will  be  the  case  if 


94) 


{i8in,fr»(S)0+cos^}  <i, 


that  is  if  the  top  is  spun  fast  enough  or  is  small  enough.  We 

must  then  have 


that  is, 
95) 


a — a ^ > 0, 


This  will  certainly  be  the  case  if  is  negative  at  the  highest 

point  of  the  path,  and  if  it  be  positive  and  greater  than  y-  If  the 
top  be  spinning  so  slowly  that  ~ is  greater  than  unity,  z cannot 
attain  this  value,  and  will  never  vanish.  It  is  evident  that  when 

dt  = 0 the  projection  of  the  path  on  the  horizontal  plane  has  a 

radial  tangent  (unless  z = 0). 

The  axis  of  the  top  describes  a 
cone  limited  by  the  two  circular  cones 
o£  angles  #2,  where  zx  — cos 
z2  = cos  #2 . It  is  in  general  tangent 
to  the  two  cones,  as  may  be  shown  as 
follows.  The  projection  of  the  apex 
on  the  horizontal  plane  XfY ’ has  the 
polar  Coordinates  (Fig.  94), 

q = sin  # = yi—z*,  % = — 


Fig.  94. 
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If  b denote  the  angle  made  by  the  tangent  with  the  radius  vector, 


tan  s = 


dty djfj  I 1 dg 

dg  dt  j g dt 


ß — bz  j —z  dz bz  — ß 

1-z*  I 1-z*  di  z ‘ 


Accordingly  for  zu  z2,  roots  of  f{z),  tan  b = oo,  and  the  axis  cone  is 
tangent  to  the  limiting  cones,  nnless  at  the  same  time  the  numerator 
yanishes.  This  can  be  the  case  for  only  one  of  the  limiting  yalnes. 
In  case  the  numerator  yanishes,  say  for  z = zt,  we  haye  ß = bzl9 


tan  b = 


b yz  — zx 
z^a{z  — j p,)  (z 


which  va/nishes  for  z = zl9  so  that  the  cone  has  cuspidal  edges.  If 

the  top  is  merely  set  spinning,  and  let  go,  so  that  ^ ^ = 0 it 

evidently  begins  to  fall  vertically,  so  that  the  cusps  are  on  the  upper 
limiting  circle , while  the  path  is  tangent  to  the  lower.  The  reason 


that  the  top  starts  to  fall  vertically  is,  of  course,  that  the  gyroscopic 

dfr 

action  does  not  begin  until  the  yelocity  of  falling  begins,  as  shown 

in  87).  It  is  to  be  noticed  that  when  z is  positiye,  as  in  the  ordinary 
top,  the  horizontal  projection  has  the  cusps  turaed  inward,  while 


when  z is  negatiye,  as  in  the  gyroscopic  pendulum,*  the  cusps  are 
turned  outward.  The  three  types  of  motion  are  shown  for  the  first 


THREE  TYPES  OP  PATH. 
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case  in  Figs.  95,  96,  97,  with  the  horizontal  projections  marked  a, 
while  the  cusped  type  for  the  second  case  is  shown  in  Fig.  98. 


93.  Preeeuion  and  Nutation.  It  will  be  convenient  to  express 
the  motion  in  terms  of  one  root  zx  and  the  constants  5,  ß.  In  Order 
to  eliminate  a we  have 


m 

i— gi 


= a 


az  — 


(ß-b»y 

‘l-a* 


Now  since  zx  is  a root,  f(z)  = 0 and 

99)  0 = «-«*,- 

Subtracting  from  98), 


f(Z)  „/  „N  , 

fZl»  = <*  fa  — *)  4- 
= a (*!  — *) -f 


(ft- & *1) ~ (P-ft*)*(i  -Q 
(i  — 

2ft/?(l  + r,  e) (» - #,)  - (&»  + ß*)  (s* - ») 

(1  -zx*){\-z*) 


We  thus  find  that  z — zx  is  a factor  of  the  expression  on  the  right, 
so  that,  multiplying  by  1 — z*,  we  have  f (e)  exhibited  in  the  form 

101)  /,(*)  = (s-*i)/i(*)> 

where  fx{z)  is  the  polynomial  of  order  two, 


102)  fx  (z)- a(l  — zi)  + + ’J, 

so  that  the  other  two  roots  are  fonnd  by  solving  the  quadratic 
fx  (2)  = 0.  As  the  roots  z19z%  approach  each  other,  the  rise  and  fall 
decreases,  and  vanishes  when  f(z)  has  two  eqttal  roots.  The  condition 
for  this  is  that  f(z)  and  f (z)  = fx  (z)  + (z  — zx)  fx  (z)  have  a common 
root  zl9  that  is  that 

/;(*,) = 0, 

from  which 


103)  a(l-  z*)*  = 2bß(l  + z*)-2zx  (b*  + 188)  2 {ß  - bzx)  (b  - ßzx). 

If  zx  and  one  of  the  constants  b,  ß are  given,  this  is  a quadratic  to 
determine  the  other.  We  find 
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dty ß — bzt 

dt  1 — Zi*9 

which  is  constant,  so  that  the  motion  is  a regulär  precession,  without 
rise  and  fall.  There  are  thus,  for  a given  velocity  of  spinning,  and 
a given  angle  of  inclination  with  the  vertical,  t/wo  values  of  the 
velocity  of  precession.  We  may  also  find  these  by  considering  the 
eqnation  90),  putting  ft  constant  in  which  gives,  if  sin  ft  is  not  zero. 


105)  — ty,2C0Bft  + b 

a quadratic  for  rßf  with  the  roots 


a 

Y 


106) 


2 cozft 


- , /i  2a  cos  {K  2 

1±\1 — j*-) 


These  values  are  real  if  b*  > 2 a cos  ft.  If  the  top  be  spun  so  fast 
that  - is  a small  quantity  whose  square  may  be  neglected,  we 
find  for  one  value  of 

i«”)  -*•“•*) 

which  is  a large  quantity  of  the  Order  of  6,  while  the  other  root  is 


108) 


i ' a 

♦«  = Oi 


2 b 


1 

T 


Of  these  it  is  the 


which  is  a small  quantity  of  the  Order  of 

slow  precession  which  is  usually  observed. 

It  is  to  be  observed  that  if  we  put  iß1  = v,  <p*  = p,  the  first  of 
equations  82)  gives  for  P#  the  same  result  as  obtained  for  K in  63). 
When  we  make  a vanish,  so  that  the  body  is  ünder  the  action  of 
no  impressed  moment,  the  root  tß’2  becomes  zero,  so  that  the  axis  of 

figure  Stands  still,  while  the  root  becomes  that  is,  the  body 

performs  a Poinsot-  motion  around  the  vertical  as  the  invariable  axis. 
Thus  the  effect  of  the  impressed  forces  may  be  looked  upon  as  a 
small  perturbation  of  the  Poinsot -motion. 

We  will  now  consider  the  motion  when  the  condition  103)  is 
not  fulfilled.  From  equation  78),  we  have  t given  by  the  elliptic 
integral, 

loe)  t=r 

J - *,)  (* - *,)  (*  - *,) 


We  may  easily  find  two  limits  within  which  this  value  lies,  by 
substituting  for  the  factor  — g3  in  the  integrand  its  greateBt  and 
least  values,  as  we  did  in  the  case  of  the  spherical  pendulum. 
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Siuce  throughout  the  motion 


*!  > * > h ~ Z1  < *3  - * < 8*  “ *2 
we  have  the  inequalities, 

no)  f -ll  > t > -=L=  f — — -- — — • 

By  means  of  a linear  snbstitntion  we  may  simplify  the  integral. 
Let  us  put 

= c(l  — x),  c = 

— «(1  + *),  * — " - ^7^’ 

when  the  integral  becomes 

dz 


ni) 


112) 


f —=rJt^  - --  = f dx-  ~ = cos-1*  + 

J yc*, -*)(*-%)  J yi-** 


■«)(*—* 

so  that  we  have  for 


const., 


113) 


cos-1*  > < + const > 


y«(*>-*i) 


y«(*»-«.) 


cos-1*. 


If  now  the  difference  ^ = * is  sufficiently  small  in  comparison 

with  gt  — zx  and  zs  — z%,  we  may  obtain  an  approzimate  resnlt  by 
putting  ander  the  radical  the  mean  of  the  qnantities  which  are  too 
great  and  too  small  respectively,  so  that  if  zx  + z%  — 2z0  we  haye 
the  approximate  result 


114) 


t + const  = 


from  which  we  obtain 


V^3 


^zCOS~1XJ 

-*o) 


x = 7 ~ C = cosy«(*,-*0)  • t, 

115)  ir  = ät0  + c • cos y* (j?8  — *<>)  •*  = *(>+£• 

The  arbitrary  constant  has  been  taken  so  that  t = 0 when  the  top 
is  at  its  highest,  and  z = z0  4*  c = zv 

We  thus  see  that  when  the  roots  zu  z%  are  nearly  enough  equal, 
the  apex  of  the  top  rises  and  falls  with  a harmonic  oscillation  £ of 

the  small  amplitude  c = K -1-—  — • In  Order  to  determine  when  the 

m 

approximation  is  justified,  we  have  to  consider  what  will  cause  the 
third  root  zs  to  be  large.  Since  zt  and  zt  are  the  roots  of  the 
quadratic  fonction  fx(z)  102),  their  sum  is  the  negative  of  the  coeffi- 
cient  of  z divided  by  that  of  z3,  that  is 


*»  + *»  = 


&»+/?»- 2bßz, 
«(1—0 


a ' a(l  — zt*) 
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Thus  we  see  that  by  making  b large  enough  we  may  make  as 
large  as  we  please,  when  gsi  and  are  given,  so  that  the  approxi- 
mation  is  better  the  faster  the  top  spins. 

Let  us  now  consider  the  horizontal  motion,  or  precession.  We  have 


117) 


dty 

dt 


ß-bz  _ ß-b(*t  + & 
l-z*~ 


We  have  already  supposed  £ to  be  a small  quantity,  so  that  if  we 
neglect  the  square  of  rr-5 — we  have,  after  developing  the  second 
factor  of  the  denominator, 


118) 


djp 

dt 


1- V 


bi  , 2 gt(ß-bz0)  9 

* I“  /l  * J\I  9- 


1 — ' (i-O* 


Now  inserting  the  value  of  £ from  115)  and  integrating, 
ii9)  = 


c I b izn(ß-bz0)\  T\  I 

V*{zt-z0)  ll-V  (1-0’  l ^ o)' 


Thus  we  see  that  ^ yaries  with  a harmonic  oscillation  about  the  value 
that  it  would  have  in  the  regulär  precession  at  the  mean  height  £0, 
of  the  same  period  as  the  vertical  oscillation.  If  we  project  the 
motion  of  the  apex  on  the  tangent  plane  to  the  sphere  on  which  it 
moves,  calling  £ the  horizontal  coordinate,  and  rj  the  distance  moved 
from  the  horizontal  mean  axis,  we  have,  Fig.  99, 

120)  £ = ^sin#  = i/l  — 0O*  • 7]  = — -f— 


Thus  we  see  that  the  second  terms  of  115) 
and  119)  represent  an  elliptic  harmonic  motion 
of  the  apex  of  the  top.  This  is  termed  nutotion. 
We  thus  have  a complete  description  of  the 
motion  of  a top  when  differing  by  a small 
amount  from  a regulär  precession,  as  a regulär 
precession  combined  with  a nutation  in  an 
ellipse  about  the  point  which  adyances  with 
the  regulär  precession. 

We  shall  now  make  an  additional  supposi- 
tion  with  regard  to  the  constants  of  the  motion. 
We  have  seen  from  108)  that  in  the  case  of  regulär  precession  with 
rapid  spinnin g,  the  precession  was  slow.  Let  us  then  suppose  that 


121) 


ß-bz0 
- — u 


is  a small  quantity  of  the  same  Order  as  c,  so  that  their  squares  and 
product  may  be  neglected.  Since  z0  is  the  cosine  of  the  angle  between 
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the  vectors  whose  magnitudes  are  b and  ß,  this  supposition  is  äqui- 
valent to  saying  that  the  angular  momentum  makes  a small  angle 
with  the  axis  of  figure,  as  we  see  from 


116)  is  negligible,  also  that  in  119).  Thus 
we  obtain  from  116), 


— a &0  f 


ft* 

and  since  — is  supposed  to  be  large  we  maj 

Q> 

neglect  — (z9  + z0),  so  that  wq  have  finally, 

122)  a (>,  - e0)  = b\ 

123)  t = coo%bt,  tp  = fit  — jSinfcJ, 

y 1 ~ 


124)  5 = 4J^<- 

) Vi-V  . 


c c 

sin  bt,  t]  = - - — cos  b t . 

Vi-v 


It  is  evident  from  Fig.  100  that  ß — bz9  is  positive,  accordingly 

[cf.  119)]  the  apex  is  always  moving  so  that  ~ is  positive  at  the 

bottom  of  its  path,  and  thus  the  average  motion  is  in  that  sense. 
The  motion  at  the  top  may  be  in  either  direction,  according  to  the 
magnitude  of  c.  We  see  that  the  motion  of  nutation  is  opposite  to 
the  motion  of  the  clock-hands.  Thus  the  motion  of  the  apex,  as 

given  by  124),  is  that  of  a point  at  a distance  y^—  ^rom 
center  of  a circle  which  roUs  on  a line  above  it  with  its  center 


(ß ö z ) 

advancing  at  a velocity  The  radius  of  the  rolling  circle 


1/1- 


1S 


bVl-z0 * 

Such  a locus  is  called  a cycloid.  In  the  ordinary  cycloid,  the 
tracing  point  is  on  the  circumference  of  the  rolling  circle,  or 
ß — bzQ  = bc.  If  the  tracing  point  is  an  internal  one,  the  cycloid 

is  called  prolate.  It  has  no  loops,  nor  vertical  tangents,  and  is 

never  zero,  but  it  has  points  of  inflexion.  If  the  point  is  exteraal 
the  cycloid  is  called  cwrtaJte , and  has  loops,  but  no  inflexions.  It  is 
evident  that  this  curve  will  be  described  when  the  apex  is  given  a 
push  to  the  left  at  the  top  of  its  motion,  while  if  it  be  given  a 
push  to  the  right  it  describes  the  prolate  cycloid,  and  if  it  be  simply 
iet  go,  it  describes  the  ordinary  cycloid  with  cusps.  (The  prolate 
and  curtate  cycloids  are  also  called  trochoids .)  Since  the  height  of 
a cycloid  is  to  the  length  of  its  base  as  1 : it,  the  base  being  the 
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distance  traversed  in  one  revolution,  we  see  that  when  the  top  i s 
span  rapidly,  so  that  the  precession  is  slow,  the  rise  and  fall  is  very 

rapid  ^for  6 = and  very  small.  For  this  reason  it  is  seldom 

noticed,  and  this  accounts  for  the  populär  opinion,  expressed  in  many 
text  books,  that  the  motion  of  a top  is  such  that  its  axis  describes 
a circular  cone  with  a constant  angular  velocity,  or  a regulär 
precession.  Thus  the  reason  of  the  vertical  force  of  gravity  producing 
a horizontal  motion  remains  a paradox.  We  have  seen  that  such  a 
motion  is  the  very  particular  exception,  and  not  the  rule,  being  only 
exhibited  when  the  necessary  horizontal  velocity  is  imparted  at  the 
outset,  so  that  the  action  of  gravity  is  always  balanced  by  the 
centrifugal  couple  generated  by  the  precession.  If  the  necessaiy 
velocity  is  not  imparted,  the  top  immediately  begins  to  fall  in 


Pig.  101».  ‘Fig.  101b. 


obedience  to  gravity.  The  motion  which  we  have  just  described  is 
called  by  Klein  and  Sommerfeld  a pseudo-regulär  precession,  and  may 

be  called  a small  oscillation  about 
a regulär  precession.  In  Fig.  101 
are  shown  curves  of  the  actual 
path  obtained  by  photographing 
a small  incandescent  lamp  attached 
to  the  axis  of  a gyroscope,  with 
fr  nearly  a right  angle. 

94.  Small  Oaoillatioiia  abont  the  Vertical.  In  the  discussion 
which  has  just  been  given,  it  has  been  supposed  that  1 — s?  was 
not  a small  quantity.  If  however  in  the  course  of  the  motion  the 
axis  of  the  top  becomes  nearly  vertical  this  will  no  longer  be  true. 
so  that  for  this  case  a special  investigation  is  necessary.  Let 
us  suppose  that  fr  and  fr'  are  so  small  that  in  the  kinetic  potential 
all  their  powers  above  the  second  may  be  neglected.  Let  us  use  for 
Coordinates  the  rectangular  Coordinates  of  the  projection  of  the  apex 
on  the  horizontal  plane, 

x — r cos  y — r sin  ty,  r — sin  fr. 

Using  then  the  expression  of  85)  for  the  kinetic  potential,  with 
W = Mgl  cos  fr, 
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125)  0=  * sin2#  • + 13,  cos#  • — Mglcoafr, 

we  will  convert  it  into  terms  of  x,  y,  x’,  y',  neglecting  all  terms  of 
order  higher  than  the  second. 

In  the  first  term,  since,  to  the  order  of  approximation, 

r'  = cos  fr  • fr'  = fr', 

we  have  r'2  + r1^'2,  the  sqnare  of  the  velocity  in  polar  Coordinates, 
which  iS  in  rectangular  Coordinates  x'2  + yf *.  Also  we  haye 


tan^  = —9  secV  ^ = 

x x 


, _ xy'  — yx' 

*'W 


& _L  .<> 


126) 
and  since 

127)  cos#  = {l-(a:*+y*)}>  - 1 _ ^±^*, 

we  haye  finally 

128)  0 = \A(x"+y’*)  + H,(  1 - - Mgl  (l 


«*+y*\ 


We  have  then  in  the  term  in  H,  an  example  of  the  gyroscopic 
terms  of  § 50,  in  which  x = ql}  y — qt, 


129) 


A-afeV  + f) 
^ - a t- ; v - Sf) 

Forming  the  eqnations  of  motion,  since 


dLt  8Lt  _ , 
dx  ~ l> 


we  haye  finally 
130) 


dy 


Ax"  + H,y'  + Mglx  = 0, 
Ay"  - H,x' + Mgly  = 0, 


or  in  terms  of  our  constants, 

x'f  + by'  + ® x 

y"  - bx 1 +l-y 


131) 


= 0, 


= 0. 


These  eqnations  are  a particular  case  of  a problem  that  is  interesting 
enongh  to  he  considered  in  fall.  If  b were  zero,  they  would  be  the 
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equations  for  the  small  vibrations  of  a System  of  two  degrees  of 
freedom,  the  stiffness  and  inertia  coefficients  of  which  are  the  same 
for  both  freedoms.  Let  us  consider  the  general  System,  for  which 

132)  T = l {Ax"  + By'*),  TT  = | (Cx*  + Dy'), 

into  which  a gyrostat,  or  rapidly  rotating  symmetrical  solid,  is  intro- 
duced,  the  direction  of  whose  axis  is  determined  as  in  the  present 
case  by  the  Coordinates  x and  y.  (It  is  to  be  noticed  that  x and  y 
are  principcd  Coordinates.)  The  equations  for  the  small  oscillations 
of  the  System  are  then 

Ax"  + E»y*  -f  Cx  = 0, 

1S8>  By"  -H.l'+D,-  0. 


These  may  be  treated  by  the  general  method  of  § 45  for  small 
oscillations.  In  Order  to  simplify  the  notation,  it  will  be  convenient 
to  put 


y 


Yb  Yab 


=b, 


when  our  equations  become 


S"  + brjf  + c|  = 0, 

y"  — 6|f  + drj  — 0. 


Having  solved  these,  we  may  pass  to  the  case  of  our  vertical  top 
by  putting  c = d. 

In  accordance  with  the  method  of  § 45,  let  us  put 

% = Axeu,  rj  = A^e1*, 

from  which  we  obtain 


At(l*+c)  + A*bX  = 0, 

— Ax  bk  + A%  (X*  + d)  = 0. 


The  determinantal  equation  is 

137)  X4  + (c  + d + b*)  X2  + cd  = 0, 

whose  roots  are 


138)  A*  = y |-(c  + d + &*)±/(c  + d + &*)»-4cd}- 

If  the  solution  is  to  represent  oscillations,  all  the  yalues  of  X must 
be  pure  imaginary,  thus  both  yalues  of  X2  must  be  real  and  negative. 
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If  we  call  them  — /i8,  — v*,  we  have  for  their  sum  and  prodnct  the 
coefficients  in  137), 

139)  ja8  + v%  = c + d + b%,  p2v*  = cd. 

ln  Order  that  [i,  v shall  be  real  it  is  accordingly  necessary  that  c,  d 
shall  be  of  the  same  sign,  that  is  our  System  must  be  either  stable 
for  hoth  freedoms,  or  unstable  for  both.  Extracting  the  square  root 
of  the  second  equation  139),  doubling,  and  adding  to  and  subtracting 
from  the  first, 

Qi  + vy  = c + d + &*  ± 2-f/cd  = ba  + (/c  ±Vd)\ 

140  (fi-v)i  = c + d + biT2  Ycd  = &*  + (l /eTV?)’. 
Extracting  the  roots,  adding  and  subtracting, 


I*  + V = ± {6*  + (-j/c  ± Vd)2}  *, 

p — v = + {&*  + (VcTVä)*)  *, 

{&*  + (yi+ydY)K  {6*  + (1/c^y^)s} 


#*  = 


±T 


141) 


n 

"2 


V = + — 
/ — 2 


21  2 


{ &8  + (Vc  + Yd)' } 2 - { &2  + (Yc  - Yd)* } 


The  inner  double  sign  is  evidently  unnecessary.  Since  [iv  = ±}/cd 
we  haye  also, 

{&*+ (V«  + V«02}2  - {&’+ (Vc  - Vd)2}2 


142) 


— + 


= + 


2 ycd 

{fe. + (]/ö + yao,)T +{6»+(Vc-  y4)8p 

2 Ycd 


From  the  yalues  of  p and  v it  is  eyident  that  both  are  real  if  c 
and  d are  positiye.  If  tehy  are  negatiye  it  is  necessary  in  Order  to 
haye  real  yalues  that 

b >Y~~  c + f^d. 

Thus  we  find  that  eyen  if  the  System  is  unstable,  sufficiently  rapid 
spinning  of  the  gyrostat  makes  it  stable.  This  is  the  case  of  the 
top  with  its  center  of  mass  over  the  point  of  support.  In  order  to 
complete  the  discussion  we  haye  to  determine  the  coefficients  Ax, 
for  the  yarious  roots.  If  we  call  the  roots 

= ip,  1*  = — t>,  h = iv,  X4  = — iv, 

19* 
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,—  ivt 


we  haye  for  the  general  solution, 

g = 41J  e"“  + 48)  e""“  + 48)  eiyi  + 44)  « 

r)  = 4l)  e"“  + 4°  e"""  + 4'1  eir‘+  44)  a-"*, 

where  we  have  by  the  first  of  equations  136), 


143) 


/')  c a,  Äm 

144'!  '‘‘»-  — yizü L,  £l_  = _ i - • , * 

,d)  * .(*)  * by  .(»)  * 


c_„»  /»> 

Zc  P . A2 


. iW  * 

. c — v*  A®  .c  — v* 

6*”’  “/i) 


Introducing  the  values  of  the  AJ s in  terms  of  the  A^b,  and  writing 

i45)  41)+4,)=«,  41>-4*> — »a  4a)+44w,  4l)-44) — %ß\ 

we  have,  replacing  exponentials  by  trigonometric  terms, 

5 = a cos  (it  + ß sin  [it  + a*  cos  vt  + ß*  sin  vt, 

^===C5jT  (Z®008^^  — «sinfi-^)  + (ßr  cosi/tf  — ■ ar  sin  vt), 

with  the  four  arbitrary  constants  a,  ß,  a\  ß\  or  putting 

147)  a = J.1cos£1,  ß = A1Bin£1J  ar  = ^c os«j,  0'  = -4,  sin  s*, 

| cos  (i it  — fij)  + cos  (vt  — 68), 

148)  (i*—c 


V = 


Ax  sin  (fit  — £x)  + — i C-  A^  sin  (vt  — «2). 


bfi  1 — ^ 1 

Accordingly  the  motion  may  be  described  as  the  resoltant  of  two 

elliptic  harmonic  motions  of  frequencies  ^ > the  directions  of  the 

axes  of  the  ellipses  being  coincident,  and  giyen  by  the  directions  in 
which  the  System  can  make  a principal  oscillation  when  the  gyrostat 
is  not  spinning.  The  absolute  sizes  of  the  two  ellipses  are  arbitrary,- 
but  the  ratios  of  the  axes,  and  the  phases,  are  determined  by  the 
nature  of  the  System  and  the  rapidity  of  the  spinning. 

Calculating  the  coefficients  in  148)  from  the  yalues  of  (i,  ~r  v,  K 

U-VDiv+ivc+Yd)'  i’ 


5l~f=  . 1 

bfi  ~r  2b 


+ (1  + Vd)lb*+(Yc-Vd)t } 


in 

8 


V*  — c 
bv 


-b+Vi)\»+w-vir) 


n 
2 


149) 
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If  now  c=  d,  08  in  the  case  of  the  top,  both  these  expressions 

become  equal  to  plus  or  minus  unity,  so  that  both  ellipses  become 

circlee.  The  motion  of  the  top 

making  small  OBcillations  about 

tbe  vertical  is  accordingly  to  be 

described  by  saying  that  its  apex 

describes  epicycloids  (epitrochoids) 

or  hypocycloids  (hypotrochoids) 

upon  the  horizontal  plane.  It  is 

to  be  noticed  that  according  as 

we  take  the  signs  in  149)  the 

relative  sense  of  the  rotations  in 

tbe  two  circular  motions  will  be 

alike  or  different.  By  considering 

wbieh  way  the  top  tends  to  fall 

we  may  decide  whether  the  cusps 

are  tumed  inwards  or  outwards, 

and  it  will  be  found  that  if  the 

center  of  mass  is  above  the  point 

of  support  the  cusps  or  loopB 

are  tumed  inwards,  and  the  curves 

are  epicycloids,  while  if  it  is 

below  the  cusps  or  loops  are 

tumed  outwards  and  the  curves  ' Mg  10l 

are  hypocycloids. 

An  instrument  to  show  these  properties  of  the  motion  has  been 
constructed  by  the  author,  and  is  shown  in  Fig.  102.  A heavy 


symmetrical  disc  hangs  by  a universal  joint  (Hooke’s  or  Cardan’s 
Buspension)  from  a shaft  which  is  rotated  by  an  electric  motor. 
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A pointed  steel  wire  slides  eaeily  in 
dnlum,  and  draws  a curre  npon  a 


PIg.  108  c. 

brought  against  it  by  a lifting  table, 


the  end  of  the  axis  of  the  pen- 
plate  of  smoked  glass  which  is 


Kg.  108  d. 

By  meanfi  of  a lantern  and  a 


Kg.  108g.  Kg.  108h. 

of  being  traced.  Examples  of  the  curves  obtained  are  ehown  in 
Fig.  103.  (Figs.  g,  h,  i are  hypocycloids  drawn  geometrically,  for 


COMPARISON  OF  THEOBY  AND  EXPERIMENT. 


comparison.)  In  Order  to  compare  theory  with  experiment,  let  ub 

calculate  how  many  revolutions  in  one  circle  

go  to  one  of  the  other.  Let  ns  call  this  [ J 

ratio  m.  We  have  then  from  141)  \ / 

150) 

' v yv+ih-b 

It  is  noticeable  that  thie  ratio  depends  only  1 

on  the  constants  of  the  System  and  the  / \ 

velocity  of  spinning,  but  not  on  the  circum-  [ j 

atances  of  projection.  This  is  shown  in  the  ^ — - ' ~~ 

figures.  In  each  group  m is  made  an  integer, 

by  properly  adjnsting  the  height  of  the  disc,  and  the  rate  of  spinning, 
which  is  main- 
tained  constant  by 
stroboscopic  Ob- 
servation. If  the 
apex  is  merely 
drawn  aside,  and 
let  go,  the  cnrves 
have  cnsps.  If 
pushed  to  one 
8i de,  the  cnrves 
have  loops,  and 
if  to  the  other, 
there  are  no  loops, 
but  the  curve  is 
a sort  of  cnrvi- 
linear  polygon, 
and  if  the  spinning 
is  rapid  enongh, 
there  are  in- 
flexions.  The  ratio 
»i  is  the  same  for 
the  three  typeB  of 
curve.  The  slight 
perturbations  no- 
ticeable in  the 
figures  arise  from 
the  slight  loose- 
ness in  the  tracing 

poinl,  and  permit  m 

of  counting  the 

nnmber  of  revolution  of  the  top  about  its  axis  (thus  determining  r), 
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which  is  found  to  be  the  same  for  the  same  value  of  m,  as  may  be 
verified  on  the  figures. 

In  Order  to  illustrate  the  more  general  case  above  treated,  the 
spinning  top  is  included  in  a System  of  two  pendoloms  (Fig.  104), 
whose  frequencies  may  be  made  to  have  any  ratio  to  each  other,  so 
that  when  the  top  is  not  spinning  the  point  describes  a Lissajous’s 
curve.  The  influence  of  the  spinning  on  the  curves  is  shown  in  Fig.  105. 


An  interesting  application  of  the  heavy  symmetrical  top  is  the 
gyroscopic  horizon  invented  by  Admiral  Flenriais  of  the  French  navy. 
A small  top  is  spun  upon  a pivot  in  vacuo,  in  a box  which  is 
attached  to  a sextant.  The  top  execntes  a slow  movement  of  precession 


about  the  vertical,  and  by  means  of  lines  mied  on  two  lenses  which 
it  carries,  the  vertical  is  observed,  so  that  observations  may  be  made 
when  the  horizon  is  obscured  by  fog.1) 

1)  Schwerer.  L’horieon  gyroscopique  dam  le  vide  de  M.  le  Contre-Amiral 
Fleuriats.  Annales  Hydrographiques.  1896. 
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9fi.  Top  Equations  dednood  by  Jacobi’s  Mothod.  We  will 
conclude  the  treatment  of  the  top  by  deducing  the  equations  of 
motion  by  the  method  of  Jacobi,  § 41.  Since  we  have  for  the  kinetic 
energy, 

77)  T = y {A{&n  + sin*#  • *'•)  + C(q>'  + cos  fr  • *')»} 

and  for  the  momenta 


p»  = .4fr',  py,  = A sin*  ■fr  • il>'  + C cos  fr  (qp'  + cos  fr  • ^'), 
pv  — C(<p'  + cos  fr  • $'), 


we  obtain  at  once 


151) 


fr'  == 


P»  ,,  P*-P,,C OB» 

-j’  * = i^<T 


cosfr(Pv,--l?ycogfr) 


C 


-4.  sin*# 


Forming  the  aum  of  producta  of  corresponding  velocities  and  momenta, 
we  obtain  the  energy,  and  also  the  Hamiltonian  fonction, 


152)  H=*T  + W=  l { 


I ~ T I 

i tCt 


>* 

9 


(Ptp  P(p  008  ^)2 

A sin*# 


« 

+ Mglfsoaft. 


From  thia  we  form  the  Hamiltonian  equation  § 41,  99), 


153) 


98  , _l_  | l /35\*  , l (BSy l (BS 

dt  ' 2 | A \0#/  ' C \dg>)  ' -4. sin*# 

+ Mgl  cos  fr  = 0. 


98 

dg> 


COB 


»)*} 


We  find,  as  in  the  problema  of  § 41,  that  this  ia  aatiafied  by  a linear 
function  of  t,  qp,  plua  a fonction  <9  of  fr}  which  we  will  determine. 
We  aliall  obtain  the  re8ult  in  the  notation  of  § 90  if  we  put 


154)  8 = — ht  + A (i b<p  + ßi/>  + ö). 
naerting  in  the  differential  equation  153),  we  obtain 

155)  -h+  J |^©'*+^-,  + n^(/3-bcosfr)»j  + Jlf^cosfr=0, 


from  which 

156)  ®'*  = 2]  ^cosfr  - = m 

9 

Accordingly  we  have  the  8olution, 

157)  S = - ht  + A (b<p  + ßi>  + J /F(fr)  4fr). 

The  integralB  are  obtained  by  differentiating  by  the  arbitrary  eonatants, 
h,  l,  ß, 
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38 

3h 


_<+/i 


d» 


— C 


158)  £- 


YFm 

38  a(  , r(ß—bco8&)d&\ 


38 

3b 


=‘A{'f>+f{-Jö  + 


Ab  . cos fr(ß  — b cos^)  | dfr 


sin*# 


I VF{9) 


.7  °S 


Bearing  in  mind  that  F (-9’)  = and  that  ^ = r,  we  see  that 

the  first  equation  is  the  integral  of  equation  78),  the  second  of  79\ 
and  the  third  of  80). 


96.  Rotation  of  the  Earth.  Prooesaion  and  Nntation. 

Since  the  earth  is  not  an  exact  sphere,  it  is  not  centrobaric,  that  is 
the  direction  of  the  resoltant  of  the  attraction  of  its  varions  parts 
on  a distant  point  does  not  pass  throngh  its  center  of  mass.  Or,  in 
other  words,  the  attraction  of  a distant  mass-point,  not  passing 
throngh  the  center  of  mass  of  the  earth,  possesses  a moment  about 
it,  which  tends  to  tilt  the  earth’s  axis.  The  snn  and  moon  are  so 

nearly  spherical  that  they  may 
be  considered  as  concentrated 
< — hX  at  their  respective  Centers  of 
) mass.  One  of  them,  placed 
at  M (Fig.  106),  attracting  the 
nearer  portions  of  the  earth 
more  strongly  than  the  more  distant  ones,  tends  to  tip  the  earth’s 
axis  more  nearly  vertical  in  the  figure,  and  it  is  seen  that  this  is 
the  same  in  whichever  side  of  the  earth  the  body  lies.  Thus  the 
sun  always  tends  to  make  the  earth’s  axis  more  nearly  perpendicular 
to  the  ediptic,  exept  when  the  snn  lies  on  the  earth’s  eqnator,  that 
is  at  the  eqninoxes.  The  deflecting  moment  thus  always  tends  to 
cause  a motion  of  precession  in  the  same  direction,  the  tendency 
being  greatest  at  the  solstices,  and  disappearing  at  the  equinoxes. 
The  moon,  which  moyes  nearly  in  the  plane  of  the  ecliptic,  produces 
a similar  effect. 

It  will  be  shown,  in  § 148,  that  the  potential  of  a body  at  a 
distant  point,  x,  y,  z is  given  very  approximately  by 

M , 1 (J?  + C-2A)Ä*+(0f+A-2B)y*+  (A  + J5-2C)ä* 
r ' 2 r6 


M 


Fig.  106. 


where  r%  = x2  + y*  + z *,  and  A , B,  C9  are  the  principal  moments  of 
inertia  of  the  body.  If  the  distant  point  is  the  center  of  the  sun, 
whose  mass  is  m,  the  force  exerted  by  the  earth  on  the  sun  is 


v 3V 

X = rm,dx, 


V dv 

Y = YmDy’ 


Z = ym 


3V 
3z  ' 
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But  this  is  equal  and  opposite  to  the  action  of  the  sun  upon  the 
earth,  the  moment  of  which  about  the  earth’s  center  of  mass  is 
aceordingly 


161) 


L = — (pZ  — z Y), 

M (zX-xZ), 

N=-(xY-yX). 


Differentiating  the  expression  159),  since  x appears  both  explicitly, 
and  implicitiy  in  r,  and  ^ 


162) 


2F_  2F  ^ , {B  -\-C  — VA)  x 

dx  d r r r®  ’ 

dV  = ET X 4.  (C+A-VB)y 
dy  dr  r r®  ’ 

dV _dV  z {A  + B-VG)g 
Wz  ir  r ' r®  ’ 


and  inserting  in  161), 

T &ym(C—  B)yz 

r6  9 

168)  M=*  r»(A-0)t*t 

JY  = srm(B-Ä)xy 

rö 


We  may  now  insert  these  in  Euler’s  equations,  so  that,  if  x,  y,  z, 
the  Coordinates  of  the  sun,  are  given  as  fanctions  of  the  time,  the 
‘ earth’s  motion  may  be  found.  Considering  the  earth  to  be  symme- 
trica! about  its  axis  of  figure,  we  put  A — B,  so  that  N = 0,  and 
the  third  equation  giyes  r = const.,  as  in  the  case  of  the  top.  It  is 
however  more  convenient  for  our  purpose  to  use,  instead  of  Euler’s 
equations  a set  of  equations  proposed  by  Puiseux,  Resal,  and  Slesser, 
in  which  we  take  for  axes,  as  suggested  in  § 84,  the  a^is  of  symmetry, 
and  two  axes  perpendicular  to  it,  that  is,  lying  in  the  equator,  and 
moving  in  the  earth.  We  have,  since  we  are  dealing  with  principal  axes 

164)  Hx  = Ap,  Hy  = Aq,  H,  = Cr, 

which  are  to  be  inserted  in  equations  29),  § 84,  where  we  are  to 
put  the  velocities  with  which  the  moying  axes  tum  about  themselyes, 
which  we  will  call  p09  q0,  r09  so  that  our  equations  are 


dH± 

dt 

dH 

dt 

dH 


dt 


4"  Jo  roHy  “* 

+ raHx  —p0Hz  = M, 

4"  Po  Hy  “ ~ X ■ 


165) 
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If  we  choose  as  X-axis  the  line  of  nodes,  or  intersection  of  the 
equator  with  the  ecliptic,  or  plane  of  the  sun’s  orbit  about  the  earth, 
we  have,  in  65),  qp  = 0,  so  that  Euler’s  geometric  equations  become 
simply, 

166)  Po  = dt  ’ <?o=  dismd,  r0  = -/tcoB». 


We  have  also  p = p0J  q = q0>  while  r is  not  equal  to  r0.  Inserting 

dr 

in  the  third  equation  165),  we  have  = 0,  r = const.  = ü,  where 

Ä is  the  angular  velocity  of  the  earth’s  daily  rotation. 

We  shall  content  ourselves  with  an  approximate  solution  of  the 

equations,  which  may  be  obtained  by  neglecting  the  squares  and 

d ib  d9* 

products  of  small  quantities.  Observations  show  that  -t?  and  , are 

(j  . v dt  dt 

= 50", 37  per  yearj,  so  that  we  may  neglect  r0q0,  rQpQ. 
Thus  our  equations  165)  become 


167) 


A % + CSt,  - L, 
Ap-CStp-H. 


If  the  sun,  or  other  disturbing  body,  did  not  move  with  respect  to 
the  axes  of  X , T}  Z , then  L,  M would  be  constant,  and  the  equations 
would  be  satisfied  by  constant  values  of  p,  q, 


168) 


P n n9 


M 

Cfl' 


L 

ca 


In  Order  to  ascertain  whether  these  approximations  are  sufficient 
when  L and  M vary,  let  us  differentiate  equations  167),  substituting 
in  either  the  value  of  the  first  derivative  of  p or  q from  the  other, 
obtaming 

* A%  + ??(CaP  + M) 

169) 


dL 


dt * 
d*q 


ca 


dt 

dM 
dt  ' 


We  have  now  to  find  the  values  of  L>  M 
in  terms  of  the  motion  of  the  sun. 

If  l be  the  longitude  of  the  sun,  that 
is  the  angle  its  radius  vector  OS  makes 
with  the  X-axis,  we  have,  passing  a plane 
through  the  sun  perpendicular  to  the  X-axis 
(Fig.  107), 

x = r cos  l , y = r sin  l cos  #, 

2 = r sin  l sin  #, 


Fig.  107. 
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so  that,  inserting  in  163), 

L = --8 sm*  l sm  fr  cos  fr, 

tut  3 ym(A—C)  . 7 7 • Ä 

M = - - S sin  i cos  i sm  fr. 

r 

If  we  suppose  the  sun’s  path  relative  to  the  earth  to  be  a circle, 
described  with  angular  velocity  n,  we  have 

i =5  Z0  + nt, 


so  that 


171) 


dL 

dt 


= ^ |»  • sin  2 1 sin  fr  cos  fr  + sin2 1 cos  2fr  ^ j> 

__  — |n  . cog  2i  sin  fr  + sin2  cos  l cos  fr  ~ J • 


Now  if  A = C,  there  would  be  no  motion  of  the  earth’s  axis,  so 

that  C — A is  a small  quantity  of  the  Order  of  The  angular 

velocity  n,  though  mach  larger,  is  still  365^  times  smaller  than  Sl, 

so  that  if  we  neglect  its  product  and  that  of  with  C — A,  we 

may  neglect  the  right  hand  sides  of  169).  Thus  the  approximation  168) 

is  justified,  for  differentiating,  it  will  make  negligible,  so 

that  eqnations  167)  are  satisfiecL  Inserting  the  values  of  p , q,  L , M, 
in  168),  we  have 

dif)  3 ym  (C  — Ä)  ^ OTN 
dt  = 2 «r*  i~C-  008 * C1  ~ 608 **)» 

172) 


d»  __  3 ym  (C-Ä)  07 

dt  =2Slr»—C—Bm*Bm2L 


These  are  the  equations  for  the  precession  agd  nutation.  In  Order 
to  integrate  them  approximately,  we  may  neglect  the  small  difference, 
on  the  right,  between  fr  and  its  mean  value,  so  that  inserting  the 
value  of  21  = 2 nt  + 2 i0,  considering  fr  constant,  and  integrating, 


173) 


fr  = 


3 ym  C — A 
2 Är9  C 

3 ym  C — A 
2 Ärs  ~C~ 


cos#^  — -12~)  + const., 

sin  fr  C08  — + const. 

2 n 


We  thus  find  the  motion  to  be  a regulär  precession,  of  amount 
174) 


t 3 ym  C—A  Ä 

* “ä aF’-c-C0B*’ 


together  with  a nutation  in  an  ellipse  (compare  § 93),  whose  period 
is  one-half  that  of  the  revolution  of  the  disturbing  body. 
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By  means  of  observations  of  the  value  of  the  precession,  we 
may  thus  obtain  the  ratio  of  - — -•  We  see  that  the  forces  causing 

precession  are  proportional  to  p-  On  account  of  the  neamess  of  the 

moon,  therefore,  and  in  spite  of  its  small  mass,  the  precession 
prodnced  by  the  moon  is  somewhat  greater  than  that  due  to  the 
sun.  Since  the  moon’s  orbit  departs  bnt  little  from  the  plane  of  the 
ecliptic  the  precession  due  to  the  moon  may  be  calculated  approxi- 
mately  by  the  above  formulae,  and  compounded  with  that  due  to 
the  sun. 

97.  Top  on  smooth  Table.  Having  treated  in  detail  the 
motion  of  a body  with  one  point  fixed,  and  three  degrees  of  freedom, 
it  remains  to  consider  the  motion  of  bodies  which,  like  the  ordinary 
top,  spin  upon  a table  or  other  surface.  We  must  now  consider 
the  reaction  between  the  body  and  the  surface,  and  we  have  to 
distinguish  between  the  ideal  case  of  perfectly  smooth,  or  frictionless 
bodies,  where  the  reaction  is  normal,  and  bodies  between  which  there 
is  friction,  so  that  the  reaction  is  not  normal.  We  will  consider  the 
first  case.  Let  us  examine  the  motion  of  a symmetrica!  top,  spinning 
on  a sharp  point  resting  on  a smooth  horizontal  plane.  The  top  has 
five  degrees  of  freedom,  its  position  being  defined  as  before  by  the 
three  angles  #,  <p,  and  in  addition,  by  the  Coordinates  x,  y,  of  the 

center  of  mass,  the  £-coordinate  being  given  by 

z = l cos  4K 

Since  the  only  force  which  we  have  not  already  considered  is 
the  reaction,  which  has  no  horizontal  component,  the  horizontal 
component  of  the  acceleration  of  the  center  of  mass  vanishes,  so  that 
its  motion  is  in  a straight  line  with  constant  velocity.  It  therefore 
remains  only  to  detegmine  the  motion  of  rotation.  This  being  in- 
dependent of  the  horizontal  motion  just  found,  we  may  consider  the 
latter  to  vanish,  so  that  the  center  of  mass  will  be  supposed  to  move 
in  a vertical  line.  The  motion  thus  becomes  one  of  three  freedoms, 
and  we  shall  treat  it  by  Lagrange’s  method  as  before.  By  the 
principle  of  § 32,  50),  the  kinetic  energy  is  equal  to  that  which  the 
body  would  have  if  concentrated  at  its  center  of  mass, 

l MPna9*'*”, 

m & 

plus  that  which  it  would  have  if  it  performed  its  motion  of  rotation 
about  the  center  of  mass  supposed  at  rest.  If  then  A and  C denote 
the  moments  of  inertia  about  the  center  of  mass  (in  § 90  they  were 
the  moments  about  the  fixed  point),  we  have 

175)  T— + + C<y+^  cos#)*]. 
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The  potential  energy  is  as  before  Mgl  cos  #.  Consequently  the  only 
difference  in  the  problem  £rom  that  treated  in  § 90  is  in  the  extra 
term  in  #',  Ml2 sin2#  * #'2  in  the  kinetic  energy.  Carry ing  out  the 
various  steps  of  §§  90,  91,  we  find  instead  of  the  first  equation  76) 
the  equation 

176)  #'2(l  + ^-sin2#^  + sin2#  • ty'2  = a — acos# 


and  pntting  z = cos  #, 


177) 


O ( (*-*«)(*-- *3 ) 

MP  (*  - *4)  (*  “ h) 

A 


where  we  denote  the  roots  of  the  denominator  by  z4,zs.  It  is  to  be 
noticed  that  they  lie  outside  the  interyal  1,  — 1,  for  evidently  the 
coefficient  of  #'2  in  176)  cannot  vanish  for  real  values  of  #. 

The  square  of  being  now  the  quotient  of  two  polynomials 

in  z,  z is  a hypereUiptic  function  of  t.  We  may  however,  without  a 
knowledge  of  these  functions,  treat  the  problem  just  as  we  did  the 
former  one,  and  we  shall  find  that  the  top  in  general  rises  and  falls 
between  two  of  the  roots  of  the  numerator,  and  that  the  motion 
resembles  the  motion  already  discussecL  The  path  of  the  peg  has 
loops,  cusps,  or  inflexions,  according  to  the  initial  conditions,  as 
before,  while  the  regulär  precession  and  the  small  oscillations  may 
be  inveetigated  as  before.  Whereas  accordingly  the  functional  relations 
inYolved  are  considerably  different,  physically  this  - motion,  which  is 
that  of  the  common  top,  closely  resembles  that  already  studied. 


98.  Effect  of  Friction.  Rising  of  Top.  We  have  now  to 
take  account  of  the  effect  of  friction.  Here  we  have  in  addition  to 
the  normal  component  of  the  reaction  a tangential  component  called 
the  force  of  friction,  and  the  ordinary  law  assumed  is  that  the 
tangential  component  is  equal  to  the  normal  component  multiplied 
by  a constant  depending  on  the  nature  of  the  two  surfaces  in  contact, 
called  the  coefficient  of  fnction.  If  the  friction  is  less  than  a certain 
amount,  the  two  surfaces  will  slide  one  upon  the  other,  and  the 
direction  of  the  friction  will  be  such  as  to  oppose  the  sliding,  being 
in  the  direction  of  the  relative  motion  of  the  points  instantaneously 
in  contact.  The  bodies  are  then  said  to  be  “imperfectly  rough”.  If 
the  friction  is  greater  than  a definite  amount,  it  will  prevent  the 
sliding,  and  there  is  then  no  relative  motion  of  the  points  of  contact, 
so  that  there  is  a constraint  due  to  the  friction,  which  is  expressed 
by  an  equation  stating  that  the  velocities  of  the  points  of  the  two 
surfaces  in  contact  are  equal.  If  one  of  the  surfaces  is  at  rest,  as 
is  usually  the  case,  the  instantaneous  axis  then  always  passes  through 
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the  point  of  contact.  If  it  is  in  the  tangent  plane,  the  motion  is 
said  to  be  pure  rolling,  and  the  bodies  act  as  if  “perfectly  rough”. 
If  the  instantaneous  angular  velocity  has  a normal  component,  thiß 
is  known  as  pivoting,  and  is  also  registed  by  a frictional  moment. 
The  pivoting  friction  is  however  usually  neglected  where  the  surfaces 
are  supposed  to  touch  at  a single  point/  The  conception  of  perfect 
roughness,  involving  the  absolute  p/evention  of  slipping  ander  all 
circumstances  is  as  far  from  the  truth  as  that  of  perfect  smoothness, 
nevertheless  slipping  may  offcen  cease  in  actual  motions,  so  that 
motions  of  perfect  rolling,  whether  or  not  .accompanied  by  pivoting, 
are  important  in  practice.  For  instance,  a bifeycle  JwKeel  ander 
normal  circumstances  rolls  and  pivots,  if  it  slips  the  consequences 
may  be  serious.  w ^ ? 

In  the  following  sections  we  shall  consider  the  methods  of  treating 
various  cases  of  friction.  We  may  however,  without  calculation, 

consider  the  effect  of  imperfect  friction  on  the  motion 
of  the  top  spinning  on  the  table.  Let  P (Fig.  108) 
represent  the  peg,  no  longer  considered  as  a sharp 
point.  Let  OH  represent  the  angular  momentum  at 
the  center  of  mass  0.  The  friction  is  in  the  direc- 
tion  F,  opposite  to  the  motion  of  the  point  of 
contact  of  the  peg  with  the  table.  The  moment  of 
this  force  with  respect  to  the  center  of  mass  is 
perpendicular  to  the  plane  0Ff  or  K.  Thus  the  end 
of  OH  moves  in  the  direction  of  K,  that  is  rises. 
Thus  the  effect  of  friction  is  to  make  the  top  rise 
toward  a vertical  position.  When  it  has  reached 
that,  it  “sleeps”  and  the  friction  has  become  merely 
pivoting  friction,  tending  to  stop  the  motion.  We 
have  before  seen  that  under  conservative  forces,  the  top  would  never 
become  vertical  except  instantaneously  by  oscillation. 

The  effect  of  friction  on  the  Maxwell  top  may  be  most  easily 
seen  from  the  fact  that  the  friction  tends  to  stop  the  spinning, 
accordingly  it  causes  a moment  which  is  represented  by  a vector 
opposite  in  direction  to  <o9  Figs.  83  a,  b.  Compounding  this  vector 
with  H we  see  that  the  moment  of  momentum  vector  H tends  to 
move  away  from  the  axis  of  the  two  cones  in  Fig.  83  b while  it  tends 
towards  it  in  Fig.  83  a,  thus  the  trace  of  the  invarible  axis  (as  it 
would  be  but  for  friction),  instead  of  being  an  ellipse,  is  a spiral 
winding  outwards  in  the  former  case,  and  inwards  in  the  latter,  as 
is  shown  by  the  arrows  in  Fig.  83. 


99.  Motion  of  a Billiard  Ball.  We  will  now  treat  the 
problem  of  the  motion  of  a sphere  on  a horizontal  plane,  taking 
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accoxmt  of  friction.  The  friction  of  sliding  is  supposed  to  be  a force 
of  magnitude  F = fiB  where  B is  the  reaction  between^  the  ball  and 
the  table,  and  /i  the  coefficient  of . friction.  F has  the  direction 
opposite  to  that  of  the  motion  of  the  point  of  contact  of  the  ball 
and  table. 

If  the  axes  of  X,  Y are  taken  horizontal,  Z vertical,  we  have 
for  the  motion  of  the  center  of  mass  the  equations 


d*x 


178) 


= X = Fcos  (Fx)  = pB  cos  (Fz), 

■ pB  cos  ( ly ), 


dt* 

d*y 

dt* 

d*e 


Mdt'  = 


Y = F cos  (Fy) 
Z = B — Mg, 


and  since  z is  constant,  B — Mg. 

Euler’s  dynamical  equations  are,  since  A = JB=  C, 

A^  = aY 
dt  ax> 

179)  Ä§ aX, 

Ad~-0 
^ dt 


a being  the  radius  of  the  sphere.  To  determine  the  direction  of  F 
we  have 

180)  ? = f’ 

V 

where  vX9  vy  are  the  velocities  of  the  lowest  point  of  the  sphere, 

181)  v*=  dt  ~ a*>  = dt  + ap- 

Differentiating  these  equations,  and  making  use  of  179), 


182) 


_ d'x  _ dq_  X a*x 
dt  dt * ° dt  ~ M + A 

dvt,_d'y  dp  _ T,  «_*  r 

dt  dt*  ^ dt  M ' A 


Dividing  one  of  these  by  the  other,  and  using  180), 


183) 

from  which 


dvJ 

dv. 


X 

Y 


v . 


V. 


dv . 


v. 


dv 


y 


v . 
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Integrating  we  have 

184)  — = const.  = y * 

Thus  we  find  that  F makes  a constant  angle  with  the  axes  of 
Coordinates,  and  since  it  has  the  constant  magnitnde  \iMg  the  center 
of  the  sphere  experiences  a constant  acceleration,  and  describes  a 
parabola. 

If  the  center  of  the  sphere  starts  to  move  with  the  yelocities 
Vx,  Vy  and  with  a "twist”,  whose  components  are  p0,  g0,  rQf  we  haye, 
integrating  179),  since  X , Y are  constant, 

P=Po+-j:^ 
aX  . 


r = 


Integrating  the  eqnations  for  the  center  of  mass 

186)  Z-r.+  l*,  %-K  + it- 


Inserting  in  181)  we  find  for  vX}  v. 


y 


vx  = Vx  + - og0  + ^ Xt, 


M 


187) 


v9=V„  + M t + ap0  + - Yt, 


V . 


K,-«9o  + 


M 


(*+S) 


V 


y 


Accordingly, 

188) 


^ + «Po  + ^(i  + ^L’)< 


V-aq6 


Y K'+  op0 


, yx*+!*-pMg, 


189) 


X = — pMg 


Y tiMg 


vx  ~ «9« 


Y{  Yx  “9o)S  + (Vy  + °Po)8 


vr  + <m> 


Y{  Yx  - ° 9o)r+  (v,  + «!>.)* 


Since  vx,  vp  are  linearly  decreasing  fonctions  of  the  time,  whose 
ratio  is  constant,  they  vanish  at  the  same  time 


t = 


V(  vx  - a'io)*  + ( + “Po)! 


M 


(-+ 


Ma*\ 
~A  ) 


186) 
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The  sliding  the  ceases.  Obviously  it  cannot  change  sign,  so  that  the 
above  solution  ceases  to  hold.  The  ball  now  rolls  without  sliding, 
and  we  have  always,  at  subsequent  instants,  the  equations  of  constraint 


190) 


dx 

di  “ aq> 

X = d'x 
M “d*8 

Y __  d*y 
M ~~  dt * 


VX  = Vy  = 0, 
dy 


= -Tr*  = a 


dq 
dt 


— - — X 

A 


= -TTv  = — a 


dp 

dt 


= - - F 

A 


From  this  we  obtain 

* (»  + £)-«.  rü  + i)-°. 


so  that  X = Y = 0,  and  the  ball  moves  uniformly  in  a straight  line. 

In  reality  there  is  always  a certain  friction  of  pivoting , causing 
a moment  about  the  normal,  but  this  would  only  affect  the  rotation 
component  r,  which  would  not  affect  the  motion  of  the  center  of 
the  ball. 


lOO.  Pore  Bölling.  The  preceding  problem  has  illustrated 
both  sliding  friction  and  pure  rolling.  The  treatment  of  the  latter 
is  interesting  on  account  of  a peculiarity  in  the  nature  of  rolling 
constraint  which  makes  the  ordinary  treatment  of  Lagrange  s equations 
require  modification.  We  shall  accordingly  first  present  the  application 
of  Euler ’s  equations  to  this  subject,  but  before  doing  so,  we  will 
treat  by  means  of  results  already  obtained  one  of  the  most  important 
practical  problems,  which  illustrates  the  steering  of  the  bicycle,  namely 
the  rolling  of  a hoop  or  of  a coin  upon  a rough  horizontal  plane. 

As  the  hoop  rolls,  if  its  plane  is  not  vertical,  it  tends  to  fall, 
and  thus  to  change  the  direction  of  its  axis  of  symmetry.  The  falling 
motion  developes  a gyroscopic  action,  which  causes  the  hoop  to  pivot 
about  the  point  of  contact,  so  that  the  path  described  on  the  table 
is  not  straight  but  curved.  The  pivoting  motion,  like  the  precession 
of  the  top,  tends  to  prevent  the  falling,  and  to  this  is  added  the 
effect  of  the  centrifugal  force  due  to  the  curvilinear  motion  of  the 
center  of  mass.  Thus  the  hoop  automatically  steers  itself  so  as  to 
prevent  falling,  and  a bicycle  left  to  itself  does  the  same  thing. 

Let  the  position  of  the  hoop  be  defined  by  the  Coordinates  of 
its  center  of  mass,  and  by  the  angles  #,  of  § 90,  # being  the 
inclination  to  the  vertical  of  the  axis  of  symmetry,  or  normal  to  the 
plane  of  the  hoop  at  its  center.  We  will  examine  the  conditions  for 
a regulär  precession,  in  which  <p',  being  constant,  the  center  of 
mass  and  the  point  of  contact  of  the  hoop  with  the  table  evidently 
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describe  circles.  In  this  case  we  have  for  the  moment  about  the 
center  of  mass  of  tbe  forces  tending  to  increase  #,  by  82), 

191)  P#  = — sin#  cos#  + C ( q>f  + cos#)  tp1  sin#. 


The  forces  which  act  to  change  # are,  the  weight  of  the  hoop, 
which  has  zero  moment  about  the  center  of  mass,  and  the  reaction 

of  the  table.  Let  R,  Fig.  109,  (an  edge  view  of 
the  hoop)  represent  the  vertical  reaction,  F the 
horizontal  component  due  to  friction , which  is 
normal  to  the  path  of  the  point  of  contact,  the 
tangential  component  disappearing  on  acconnt  of 
the  assumed  constancy  of  the  yelocity  of  rolling, 
as  in  the  case  of  the  rolling  sphere.  We  accord- 
ingly  have,  taking  moments, 

192)  P*  = Fa  sin#  — Ra  cos  #, 

>P  a being  the  radius  of  the  hoop.  But  considering 
ng.  io9.  the  motion  of  the  center  of  mass,  which  is  uniform 

circular  motion,  and  supposing  all  the  forces  there 
applied,  since  there  is  no  vertical  motion,  the  resultant  vertical 
component  vanishes,  or  R = Mg  and  the  horizontal  component  balances 
the  centrifugal  force,  so  that 


193) 


F=Mhii>'\ 


where  b is  the  radius  of  the  circle  described  by  the  center  of  mass. 

Beside  the  dynamical  equation  we  have  the  equation  of  constraint 
describing  the  rolling.  Since  there  is  no  slipping,  the  rate  at  which 
the  center  of  mass  advances  in  its  path  is 


194)  ar  = a (jp1  + ty*  cos  #). 

But  this  is  also,  from  the  circular  motion,  equal  to  — bty\  From 
the  equation  of  constraint, 

195)  a(<pf  + cos#)  =*=  — bty1, 

we  may  express  q>r  in  terms  of  Döing  this,  and  inserting  in 
191),  192),  we  obtain, 


— .4^' 2 sin#  cos#  — ^ C^,2sin#  = a(Jlffe^,2sin#  — Mg  cos#) 
or 

196)  ^'2{4.asin#cos#  + b(C  + Jfa2)sin#}  = Mga%  cos# 

as  the  equation  for  the  steady  motion,  connecting  the  inclination  of 
the  hoop,  the  radius  of  the  path,  and  the  velocity  of  its  description. 
In  Order  to  make  the  hoop  roll  in  this  manner,  the  proper  velocity 
of  pivoting  as  well  as  that  of  rolling  (pf,  must  be  initially  imparted 
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to  it.  It  is  to  be  observed,  either  by  considering  this  example,  or 
from  the  results  of  § 90,  that  in  Order  to  prevent  the  boop  from 
faLLing,  it  must  be  steered,  or  given  a pivoting  movement,  towards 
the  side  to  which  it  tends  to  fall,  and  this  is  the  practical  manu  er 
of  steering  a bicycle.  It  is  to  be  remarked  that  in  steering  the 
bicycle  by  the  rider,  the  centrifugal  force  plays  a greater  part  than 
the  gyroscopic  action  of  the  wheel.  For  a treatment  of  this  subject, 
the  reader  is  referred  to  Appell,  Tratte  de  MJcanique  Rationelle , and 
Les  Mouvements  de  Rmlement  en  Dynamique,  and  to  papers  by  Bourlet, 
Carvallo,  and  Boussinesq. 

We  will  now  consider  the  general  treatment  of  the  motion  of  a 
body  bounded  by  a surface  of  revolution,  anc 
trical  about  the  axis  of  revolution,  rolling 
without  sliding  on  a rough  horizontal  plane. 

We  shall  follow  the  method  and  notation  of 
Appell.  Let  us  take  as  axes,  with  origin  at 
the  center  of  mass  of  the  body,  as  in  § 90,  a 
set  of  moving  axes  tuming  about  themselves 
with  angular  velocities  pQ,  q0,  r0,  of  which  the 
X-axis  is  the  axis  of  revolution,  the  F-axis 
the  horizontal  axis  in  the  equator  of  the  body 
(the  line  of  nodes  of  § 90)  and  the  X-axis 
directed  toward  the  ground  in  the  vertical 
plane  containing  the  Z-  axis  (Fig.  110).  We 
have  accordingly  to  put  in  Euler’s  geometrical 

equations,  65),  q>  = — - > so  that 

m 

197)  i>0  = — sin  #,  q0  = r0  = cos  0-. 

These  are  connected  with  the  rotation  of  the  body  by  the  relation 

Po=P>  2o  = 2>  r0  = r-<p' 

(9  not  being  constant  for  the  body). 

For  the  motion  of  the  center  of  mass,  we  have  the  components 
of  the  weight  of  the  body 

198)  X = Mg  sin  fr,  Y = 0,  Z=  = Mg  cos  0-, 

together  with  the  unknown  components  of  the  reaction,  which  we 
will  call  Rx,  jRy,  R£.  The  resultant  is  to  be  equated  to  the  product 
of  the  mass  by  the  acceleration  of  the  center  of  mass,  using  the 
method  of  § 77  for  moving  axes.  If  vXf  vy,  vt  are  the  components  of 
the  velocity  of  the  center  of  mass  along  the  instantaneous  positions 
of  the  moving  axes,  we  have  accordingly,  substituting  vXJ  vy}  v2  for 
z,  y , e,  in  128)  § 77, 


dynamically  symme- 
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+ qQ v,  — r0»y)  = 11,  + Mg  sin  », 


199) 


dv 

dt 

dv 


(av  \ 

dt  + rov*-Pov*J  = 


(dvz  \ 

M \-jjr  -f  p0vy-q0vx J — Bt  — Mg  cos  &. 


For  the  rotation  we  have,  as  in  § 96,  166),  since  p=p0,  q — q<, 


200) 


A + (Cr  - Ar0 ) q = - zB„ 

Aiä~  (Cr  ~ -4ro  )p  = *R*  — xR» 

c 


We  have  finally,  as  the  conditions  for  rolling  and  pivoting,  the 
eqnations  stating  that  the  velocity  of  the  point  of  contact  with  the 
plane  (whose  Coordinates  are  x,y,  z)  is  at  rest. 

vx  + qz  = 0, 

201)  vy  + rx  — pz  = 0, 

vs  — qx  = 0. 

The  Coordinates  x , z of  the  point  of  contact  are  obtained  as  known 
functions  of  ff  from  the  eqnation  of  the  meridian  of  the  body.  We 
have  accordingly  the  eighteen  eqnations  197 — 201)  between  the 
eighteen  qnantities 

Pf  ^9  Pq9  r0>  ^ Zf  &f  tyj  *Pf  B»f 

or  just  enough  to  determine  them.  The  differential  eqnations  are  all 
of  the  first  Order. 

The  reactions  may  be  at  once  eliminated  from  the  equations 
199),  200).  By  differentiating  201)  we  may  eliminate  the  derivatives 
of  vxy  Vyy  va  from  199).  In  doing  this,  however,  we  introduce  the 
derivatives  of  x,  z,  which  are  fnnctions  of  ff,  so  that  in  general  ihe 
eqnations  become  complicated.  We  shall  therefore  confine  onrselves 
to  the  case  of  a body  rolling  on  a sharp  edge,  like  a circular 
cylinder  with  a plane  bottom,  or  a hoop  or  disk.  We  then  have 
x,  z constants, 

x = a,  z = c, 

where  a is  the  radins  of  the  circular  edge,  c the  distance  of  the 
center  of  mass  from  its  plane,  which  is  zero  in  the  case  of  the  hoop. 
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The  equations  of  the  motion  of  the  oenter  of  nuu»  thns  become 
M {—  c^|  + aq * + r0  (ar  — cp))  = Rx  + Mgain», 

202)  c|f  “ « d?  ” cro2  - «J P«)  = -B», 

Jf  ( a + p (cp  — ar)  + cq^\  = Rt  — Mg  cosd. 


We  may  verify  that  these  equations  are  satisfied  by  the  steady  motion 
in  which  q = 0,  p and  r are  constants.  For  the  case  of  the  hoop, 
in  which  c = 0,  they  thus  become 

Mar0r  = .B*  + Mg  sin  ft, 

203)  0 = Ryf 

— Mapr  = Rz  — Mg  cos  ft, 

while  the  second  of  200)  becomes 

204)  (Cr  — ^ir0)  p = aR,. 

Eliminating  Rt  we  have  the  eqnation  for  the  steady  motion 

205)  (Cr  — Ar^)p  + aM  (apr  — g cos  0)  = 0 

which,  on  inserting  the  values  of  p,  r,  and  r0  from  197)  is  the  same 
as  eqnation  196).  From  the  first  eqnation  203)  we  may  calculate  Rx 
from  which  the  tendency  to  slip,  Rx  cosfi*  is  fonnd.  If  this  is  greater 
than  Mgp  the  hoop  will  slip.  The  slipping  of  the  bicycle  may  be 
similarly  dealt  with. 

In  order  to  treat  the  general  motion,  let  ns  eliminate  Ry  from 
the  first  and  third  of  equations  200)  and  then  from  the  third  of  200) 
and  the  second  of  202),  obtaining 

+ Cc^  + a(Cr  — Ar^q  = 0, 

206)  . . . , . 

Ma[c  Tt  “ a S - (cr«  + *P) «)  “ C dt  = °- 

lf  in  these  equations  we  substitute  from  197), 


2 


dft 

dt7 


r0~  —p  ctn  ft, 


we  find  that  each  term  contains  dt  in  the  denominator,  so  that.  we 

dt 

may  change  the  variable  from  t to  ft  by  mnltiplying  by  giving 
A a + Cc  ~ + Car  + Aap  ctn  ft  = 0, 

Mac^~  — (C + -Mo?)  ^ — Ma*p  + Ma  cp  ctn  ft  = 0, 
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as  two  equatione  to  determine  p and  r as  functions  of  4h  When 
they  are  thus  determined,  the  equation  of  energy 

208)  M(vl  + vl  + vl)  + A (j>*  + g2)  + Cr 2 = 2 { h — Mg  ( a sin#  — ccos#) }, 
or  by  201), 

209)  (A  + Mc*)p 2 + (A  + Ma 2 + Mc*)  q*  + (C  + Ma% ) r2  — 2Macpr 

= 2{ä  — Mg(asmd‘  — ccos#)}, 

suffices  to  determine  q as  a fdnction  of  4h  Thus  we  see  that  when- 
ever  # retums  to  a former  value,  the  circumstances  of  the  rolling 
are  repeated,  so  that  the  motion  is  periodic. 

Eliminating  ^ from  207),  we  obtain 

210)  MAa*p  = — [AC  + M(Aa * + C7c*)}  - MCacr, 


differentiating  which,  we  may  eliminate  p9  obtaining  for  r, 

2U)  ff  + ctn^;  + Zclrj^rjrc^  (cctn»  - a)  r - 0 

a linear  differential  equation  for  r,  with  variable  coefficients.  In  the 
case  of  the  disk,  where  c = 0,  by  introducing  the  new  variable 

x = cos2#, 

we  reduce  the  equation  to  the  form 

oio\  \&%r  i Z1  3 \ dr  MCa% 

212)  x(l  z)  dx,  + (2  2 j dx  *A(C+~Mä*) 

which  is  the  differential  equation  of  Gauss 


r — 0 


213)  x(l  - *)£;  + [y  - (!t  + ß+l)x\!lrm-«ß  r - 0, 


if  we  put 


a + ß = l>  aß  = 


dx 

MCa * 


2'  ” ' r 2'  4A(C+Afa*; 

This  differential  eqnation  is  satisfied  by  the  hypergeometric  series 

214)  F(a,  ß,  y,  x)  - l + f7ß-x  + “ [at1)ßiß+1) a* 


+ 


7 l-2y(y  + l) 

a (a  + 1)  (a  + 2)  ß (ß  + 1)  (ß  + 2)  « 


1 • 2 • 8 ■ y (y  -f-  1)  (y  + 2) 


X*  + 


and  by  the  theory  of  linear  differential  equations  we  find  that  the 
general  integral  is 

r*=c1F(a,ß,y,x)  + ctxl-rF(tt  — y+1,  ß — y+1,  2 — y,  x), 


215^  r = ^F^ccjß,1^’  cos2#)  + cs coB'0-J’(a+  ß + ~i  cob* , 
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where  ct  and  Cg  are  arbitrary  constants.  From  this  we  obtain 

C + Ma * dr 


i>  = - 


Ma * dO 


dO  dt 

and  from  equation  209)  we  obtain  q = or  ^ as  a fonction  of  <9-, 

so  that  the  time  is  given  in  terms  of  9*  by  a quadratnre.  The 
explicit  completion  of  the  solntion  is  too  complicated  to  be  of  nse 
in  investigating  the  motion.  The  equations  207)  have  been  investigated 
by  Carvallo  by  a development  in  series,  from  which  the  properties 
of  the  motion  are  investigated. 

lOl.  Lagrange’s  Equations  applied  to  Bölling.  Non- 
integrable  Oonstraints.  In  the  attempt  to  apply  the  method  of 
Lagrange  to  the  problem  of  rolling  we  are  met  with  a pecnliar 
difficulty,  which  has  been  the  snbject  of  researches  by  Vierkant  and 
Hadamard.1)  We  shall  follow  the  treatment  of  the  former  of  the 
rolling  of  a disk.  Let  ns  characterize  the  position  of  the  disk  by 
the  angles  9,  tp}  <p,  as  before,  and  in  addition  by  the  Coordinates  x,  y 
with  respect  to  a set  of  fixed 
axes  in  the  horizontal  plane,  of 
the  point  of  contact  of  the  disk 
and  plane.  These  five  Coordinates 
completely  characterize  the  Posi- 
tion of  the  disk,  bnt  are  not 
all  independent,  on  acconnt  of 
the  constraint  of  rolling.  If  we 
measure  as  the  angle  made 
by  the  vertical  plane  through 
the  normal  to  the  disk  with  the 
X-axis,  as  indicated  in  Fig.  111, 
we  see  that  changes  of  and  9* 
do  not  affect  the  Coordinates  of  the  point  of  contact,  bnt  that  a 
change  Sap  of  cp  canses  a shifting  whose  components  öx,  Sy  are  given 
by  the  eqnations  of  rolling, 


Fig.  111. 


216) 


8x  + a 8q>  sin  ^ = 0, 
8y  — a 8cp  cos  ^ = 0, 


which  constitnte  the  eqnations  of  constraint.  These  eqnations  differ 
from  any  that  we  have  heretofore  met,  in  that  they  are  not  integrable, 
that  is,  they  are  not,  like  the  eqnations  8)  Chapter  III,  derived  from 
eqnations  obtained  by  pntting  certain  fnnctions  of  our  five  variables 


1)  Vierkant.  Über  gleitende  und  rollende  Bewegung.  Monatshefte  für  Math, 
u.  Physik,  1892,  p.  31. 
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equal  to  constants.  We  can  not  then,  as  was  aasnmed  in  § 36  in 
deducing  Lagrange’s  equations,  use  the  eqnations  of  constraint  to 
express  the  position  of  the  System  in  terms  of  a less  number  of 
Coordinates  equal  to  the  number  of  degrees  of  freedom,  three  in 
this  case. 

Moreover,  we  can  not  even  use  the  equations  connecting  the 
velocities, 

xf  = — am1  sin 

217)  , , * 

' y = atp  cos^, 

to  express  the  kinetic  energy  in  terms  of  d',  q>f,  ty'  alone,  as  was 
explicitly  pointed  out  by  Vierkant.  On  the  other  hand,  we  must 
keep  all  the  Coordinates  and  their  velocities  in  the  expression  of  the 
kinetic  energy,  as  if  there  were  no  constraints,  and  form  the  equa- 
tion  of  d’Alembert’s  Principle  as  in  § 37,  56),  and  afterwards  introduce 
the  fact  that  the  changes  of  the  Coordinates  are  not  all  independent, 
by  means  of  undetermined  multipliers,  as  in  § 2ö. 

If  I,  are  the  Coordinates  of  the  center  of  mass  of  the  disk, 
we  have  for  the  kinetic  energy, 

218)  T=  J-Jf(t'*  + V,+  0 + J-^(fr'2+  sin*#«'*) 

+ \ c (<p'  + $' cos  &y, 

where 

| = x + a cos  d cos  tf>, 

219)  rj  = y + a cos  d sin 

£ = a sin  -0-, 

and  differentiating, 

= xf  — a (sind cos  ^ • df  + cos d sin ^ 

220)  = ■ a(sindsin  • d'  — cosdcos^  • ^'), 

£'  = a cos  d • d'. 

Squaring  and  addingy  we  obtain  for  the  kinetic  energy, 

221)  T=  l M{xn+  y'*  + a*('0,'*+  cob*#  • f'a) 

+ 2a  [—  sin  d • d'  ( x ' cos  i[>  + yr  sin  j/i) 

+ cosd  • ty*  (—  xf  sin^  + yr  cos^)]} 

4-  * -4(d'*  + sinsd  ■ f'*)  + cosd)2. 

Forming  now  the  equation  of  d’Alembert,  adding  equations  216) 
multiplied  by  X and  /*  respectively,  and  equating  to  zero  the  coeffi- 
cients  of  äxf  dy,  dd,  d^,  dtp,  we  obtain  the  equations  of  motion 
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222a)  M-jAx'  + a (—  sin  & cos  tf»  • &'  — cos  •fr  sin  i>  ■ $')}  + A = 0, 

j 

b)  M { y ' + » (—  sin  fr  sin  f • fr'  + cos  fr  cos  f • f*)}  + y,  = 0, 

c)  + — Ma  sin fr  ( x!  cos ^ -f  y'  sin $)} 

4*  (Jfa2  — Ä)  2 sin  fr  cos  fr 

+ Csinfr  *^'(9/  + ^'  cos*®’)  + .Macosfr -frr(a:'co8^  + yf8in^) 
+ Ma  sin  fr  -1>'  (—  xf  sin  ^ + y'  cos  ^)  = — Jtfya  cos  fr, 

d)  ^{(Jfa*cos2fr  + .4  sin2  fr)  + Crcoefr(g>'  + cos  fr) 

+ jSfa  cos  fr  (--  #'  sin  # + y'  cos  ^)} 

+ Jfa  sin  fr  • fr ' (—  xf  sin  ^ + y'  cos  qpr) 

— Ma  cos  fr  • i>'  (—  cos  — y*  sin  ^)  = 0, 
d 

e)  C^(gp'  + y>'  cos  fr)  + Aasin^  — pacos^  = 0. 

We  mnst  observe  that  if  we  had  taken  acconnt  of  the  equations  217) 
in  the  expression  221)  for  the  kinetic  energy,  before  differentiating, 
we  should  have  obtained  quite  different  equations.  Having  performed 
the  differentiations , however,  and  introduced  in  the  equations  all  the 
reactions  belonging  to  the  different  Coordinates,  we  may  now  take 
acconnt  of  the  equations  of  constraint,  thus  introducing,  in  effect, 
the  Statement  of  the  equilibration  of  some  of  the  reactions,  and 
causing  some  of  the  terms  to  drop  out. 

Now  introducing  the  values  of  x',  y',  from  217)  in  222),  and 
eliminating  A,  y from  222 a,  b,  e),  we  obtain 

d 
dt 

+ cos  if>  (cos  i/j  • <pr  — sin  fr  sin  ^ • fr'  + cos  fr  cos  # • ^f)  | 

+ C *t  ( <pf  + cos  fr  • ^')  = 0, 

which,  on  performing  the  differentiations,  and  cancelling  some  of  the 
terms,  becomes 

224)  (. Ma 2 + C)  ^ (qp'  + cos  fr  • $')  — Ma 2 sin  fr  • fr ' = 0. 

Making  corresponding  simplifications  in  222 d)  it  becomes 

225)  ~ |(Jfa2  + C)  cos  fr  (qpr  + cos  fr  • ^')  + A sin2  fr  • | 

+ Ma*  sin  fr  • fr'qp'  = 0. 


223)  M a* 1 sin  ^ ~ (sin  ^ • qp'  + sin  fr  cos  • frf  + cos  fr  sin  • fr) 
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Since  the  last  terms  of  both  these  equations  contains  #',  it  is  suggested 
that  we  change  the  independent  variable  from  t to  #,  which  is  done 
by  dividing  tbrongb  by  #',  giving 

226a)  ( Ma?+  fyjföW  + cos#  • ^>')  — Ma? smfr  • ty*  = 0, 

b)  ^{(-flfa*+  (7)cos#(<pr  + cos#  • ^')  + -4 sin2#  • ^'} 

+ Ma* sin#  • q>'  = 0, 

as  two  simnltaneons  equations  to  determine  and  <p'  as  functions 
of  #.  Now  observing  that  <p'  + cos#  • ^ = r,  let  ns  multiply  the 
first  eqnation  by  cos#  and  snbtract  it  from  the  second,  obtaining, 
on  performing  the  differentiations  and  simplifying, 

227)  - Csinfr  r + ^^Csin*#  ^')  = 0. 

Introdncing  the  value  of  ^ from  226  a),  performing  the  differentia- 
tions, we  have  finally, 

d*r  i j_  <v  dr  MCa*  A 

d>*  + ctn'®'d>  Ä {M a*  + C)  T ~ 

which  is  the  same  as  the  eqnation  210)  obtained  by  Appell  and 
Korteweg,  by  a totally  different  process. 

Having  obtained  r,  we  obtain  from  227),  we  may  then  obtain 
#r  from  the  eqnation  of  energy,  and  obtain  the  time  as  before. 


102.  Moving  Axes.  It  is  often  convenient  to  refer  the  motion 
of  a body  to  a set  of  axes  which  are  themselves  moving  in  space. 
Let  ns  first  suppose  that  they  move  parallel  to  themselves  and  that 
the  moving  origin  has  the  Coordinates  £,  £ with  respect  to  a System 

of  parallel  axes  fixed  in  space.  Let  the  Coordinates  of  a point  with 
respect  to  the  fixed  axes  be  x\  y\  z1  and  to  the  moving  axes  x9  y,  z, 
then 


x'  = % + x,  y'  = i j + y,  z'  = t + e 

daf , dx  d*x' d*t  , d*x 

dt  dt  dt*  dt * dt * dt*  9 

dy'  di\  , dy  d*y ' d*i\  , d*y 

~dt~Tt  + dt’  It*  ~ 3t*  + di*  ’ 

dz ' di  dz  d*z' d*i  , d*z 

dt  dt  dt 9 dt 2 dt*  ' dt*’ 


f 


showing  that  the  velocity  and  acceleration  of  a point  with  respect 
to  the  fixed  axes  are  the  resnltants  of  the  velocity  and  acceleration 
of  the  point  with  respect  to  the  moving  axes,  and  of  those  of  a 
point  rigidly  connected  to  the  moving  axes.  We  may  accordingly 
consider  the  moving  axes  at  rest,  provided  that,  in  addition  to  the 
forces  impressed  npon  the  System,  we  impress  forces  capable  of 


MOVING  AXES. 


101,  102,  103] 
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producing  accelerations  equal  and  opposite  to  the  actual  accelerations 
of  the  origin  of  the  moving  axes. 

As  an  example,  let  us  consider  the  problem  of  two  bodies  (§  16), 
which  is  important  in  the  practical  case  of  the  sun  and  a planet, 
neglecting  the  action  of  the  other  planets.  We  have  seen  in  § 32 
that  the  center  of  mass  of  the  two  bodies  remains  at  rest,  while  the 
stm  moves  about  it,  in  practice  however  we  are  interested  in  the 
motion  of  the  planets  with  respect  to  the  sun.  We  will  therefore, 
in  Order  to  consider  the  sun  as  at  rest,  apply  to  the  whole  System 
an  acceleration  equal  and  opposite  to  that  possessed  by  the  sun.  Let 
us  call  the  mass  of  the  sun  M,  its  Coordinates  with  respect  to  fixed 
axes  rj,  £,  the  mass  of  the  planet  m,  its  Coordinates  with  respect 
to  the  fixed  axes  xr,  y\  z\  with  respect  to  parallel  axes  through  the 
sun  x}  y,  z.  fWe  then  have  by  the  equations  of  § 16, 

t ..  x ^ d%ocf 

230 ) m%, 


while  by  combining  these  with  229)  we  obtain  for  the  relative  motion, 


d*x 

/d'x' 

d'i 

m 

di 1 “ 

m i 

\dt* 

dt* 

231) 

m 

II 

m 

(**y 

\ dt* 

d*T/ 
~ dt* 

d*z 

(d*z' 

d*t 

m 

dl1 

m | 

[dt* 

dt* 

) = — ym{M+  m)p> 
) = — ym(M+  m)^> 
) — — ym(M+  m)  ■ 


We  accordingly  find  that  the  differential  equations  for  the  relative 
motion  are  the  same  as  those  for  the  absolute  motion,  except  for 
the  factor  M + m on  the  right  instead  of  M.  Thus  if  the  sun  be 
considered  to  be  at  rest,  the  first  two  of  Kepler’s  laws  are  still  valid, 
while  the  third  needs  the  slight  correction  that  the  ratio  of  the 
cubes  of  the  semi  - axes  to  the  squares  of  the  times  of  revolution  are 
not  absolutely  constant  for  all  the  planets,  but  proportional  to  the 
sums  of  masses  of  sun  and  planet.  As  even  in  the  case  of  Jupiter, 
the  largest,  m is  less  than  one-thousandth  of  31,  the  correction 
is  slight. 


103.  Rotatlng  Axes.  Theorem  of  Ooriolis.  Suppose  now 
that  the  origin  is  fixed,  but  that  the  moving  axes  revolve  with  an 
angular  velocity  whose  projections  upon  their  own  instantaneous 
directions  are  p , q7  r.  Then  we  have  found  in  § 77,  128)  for  the 
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actaal  yelocities  of  a point  projected  on  the  mstantaneons  directions 
of  the  axes  x,  y,  z, 


232) 


dx 

vx  = zq-yr+jt, 

dy 

vv  = xr-zp  + -d*> 

dz 

vz  = yp-xq+  d-- 


The  first  two  terms,  representing  the  vector -product  of  the  angular 
velocity  of  the  moving  axes  by  the  position -vector  of  the  point, 
represent  the  components  of  the  velocity  of  a point  fixed  to  the 
moving  axes,  the  last  terms  represent  the  velocity  relative  to  the 
moving  axes. 

We  might  now,  in  Order  to  find  the  components  of  the  actnal 
acceleration  along  the  instantaneous  positions  of  the  moving  axes, 
make  ose  of  equations  128),  § 77,  to  obtain  the  velocity  of  the  end 
of  the  velocity -vector,  that  is  put  for  x,y7z  the  quantities  vxy  vyy  r-, 
when  on  the  left  we  should  obtain  axy  ayy  aty  as  has  been  suggested 
for  JET  in  § 84  (affcer  29)  but  we  shall  rather  choose  for  the  s&ke  of 
variety,  to  proceed  by  means  of  Lagrange’s  method  to  find  the  forces 
tending  to  increase  the  relative  Coordinates  xy  y,  z.  Suppose  a particle 
of  mass  m to  have  Coordinates  x,  y , z in  the  moving  System.  Its 
kinetic  energy  is  then 

T—\m  (vj  + v,/  + v,*), 

that  is 

283) 

+ 2\ddt  (**-*r)  + d/t(xr-*p)  + dt  — *«)  1 

+ (*q — yrY  + (xr — gp)%  + (yp — *?)*]• 


Then  the  force  tending  to  increase  the  coordinate  x is  by  Lagr&nges 
equations, 

d (dT\  _ dT 
dx 

dz 
dt 


234) 


Y / VX  \ 

A — d t \d  x 7 

= w [dt  {diJ  + ~ r af  + 2 

— r (xr  — zp)  + q(yp  — «?)]• 
Accordingly,  the  acceleration  due  to  X is 

<jne\  -X  d^X  . ^ dz 

235)  ax  — m — df , + -q  dt 

— x(q*  + r*)  + rpz  + pqy. 


dy  , da  dr 

Tt  + 'ai-*?* 
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This  is  the  expression  for  the  component  of  the  aetnal  acceleration 
of  ihe  point  reeolved  along  the  instantaneous  direction  of  the  axis 


of  X.  We  see  that  besides  the  relative  acceleration 


d%x 

dl* 


it  contains 


• • • • • dx  (2 dz 

terms  inyolying  the  relative  velocities  ^ the  angular  velocities 

of  the  moving  axes  p,  q,  r and  their  derivatives, 

A point  fixed  to  the  moving  System  at  x,  y,  z would  have  the 


accelerations 


0*0  — **!  - y ir  - * (g*  + r»)  + p ( qy  + re ), 


236) 


dt 
dr 

a»a~xdt 


dt 

dp 


■ z /t  -y  0*  +i>2)  4-  q (re  +px), 

0,0  ■“  ~ xlh  ~ *<>*  + «*)  + r(Jx  + «*)• 


These  may  be  called  the  components  of  acceleration  of  transportation 
(entrainement)  or  the  acceleration  of  the  moving  space.  They  represent 
the  centripetal  acceleration  of  the  transported  point.  (If  p)  q,  r are 
constant,  we  have  in  the  last  two  terms  the  ordinary  expressions  for 
centripetal  acceleration,  whose  resnltant  is  v*  divided  by  the  distance 
from  the  axis  of  rotation.)  Beside  these  and  the  relative  accelerations 
there  are  terms 


237) 


These  are  termed  the  components  of  the  compound • centripetal  accel- 
erationWe  accordingly  have  for  the  total  acceleration 


238) 


d^x 

°*==  ai*  + °*#  + 


+ av  o + 


dte 

dl* 


+ <*»o  + J») 


that  is  the  aetnal  acceleration  of  the  point  is  the  resultant  of  the 
rdative  acceleration,  the  acceleration  of  transportation,  and  of  the 
compound  centripetal  acceleration.  Accordingly  we  may  consider  the 
axes  at  rest  if  we  add  to  the  aetnal  forces  applied  forces  capable  of 
producing  an  acceleration  equal  and  opposite  to  the  acceleration  of 
transportation  and  the  compound  centripetal  acceleration.  This  is 
known  as  Coriolis’s  theorem. 
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Integrating  we  have 
184) 


. X 
— = const.  = ^ 

% Y 


Thus  we  find  that  F makes  a constant  angle  with  the  axes  of 
Coordinates,  and  since  it  bas  the  constant  magnitnde  [iMg  the  center 
of  the  sphere  experiences  a constant  acceleration,  and  describes  a 
parabola. 

If  the  center  of  the  sphere  starte  to  move  with  the  velocities 
K,Vy  and  with  a "twist”,  whose  components  are  p0,  q0,  rQ,  we  have, 
integrating  179),  since  X , T are  constant. 


185) 


i a^t 

P—Pt+^Ä*, 

aX. 

2 = ?o“  -A~t> 


r = r,. 


Integrating  the  eqnations  for  the  center  of  mass 
186) 


dx  —>v  4-  * t = V 4-  —t 
r*^  M1’  dt  Ml- 


dt 


dt 


Inserting  in  181)  we  find  for  vX}  vl 


V,  = Fx  + t - aq0  + Xt, 


187) 


M 

V1  = V*  + jg  t + «Po  + ~Ä 


Accordingly, 

188) 


_ x _ V*  aq°  + Ali1  + j)* 

*'  Y F,+ai»o  + jj(1  + i)* 


X 

Y 


Vx  - a% 
Vy  -f  ap0 


> YX*+  Y*  — pMg, 


189) 


Vm  — aq0 

X = - pMg  — ^ __ 

Ylv*-ai«y + (v*+ap°y 


— > 


Y — — pMg 


Vu  + <iP» 


Y(r*-“%y  + (ry+*p«y 


Since  vx,  vy  are  linearly  decreasing  fdnctions  of  the  time,  whose 
ratio  is  constant,  they  yanish  at  the  same  time 


. _ V(  V*  -«'y»)s  + (^+ apBy 

«(*  + A ) 


186) 
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The  sliding  the  ceases.  Obyiously  it  cannot  change  sign,  so  that  the 
above  solution  ceases  to  hold.  The  ball  now  rolls  without  sliding, 
and  we  haye  always,  at  subseqnent  instants,  the  eqnations  of  constrainfc 


190) 


Vx  = 
dx 

di  ~~  aq> 

M ~ dt* 

Y = d*y 
M ~ dt* 


V , 


o, 


dy 

dt 


= - ap  . 


= = a 


= -r.:  = — a 


dq 

di 

dp 

di 


a2  Y 

A 


= - “ Y. 


From  this  we  obtain 

^(b  + j)-0-  r(i+2)-°> 


so  that  X = Y «*  0,  and  the  ball  moyes  uniformly  in  a straight  line. 

ln  reality  there  is  always  a certain  friction  of  pivoting , cansing 
a moment  about  the  normal,  bnt  this  woxdd  only  affect  the  rotation 
component  r,  which  wonld  not  affect  the  motion  of  the  center  of 
the  ball. 


lOO.  Pure  Bölling.  The  preceding  problem  has  illustrated 
both  sliding  friction  and  pure  rolling.  The  treatment  of  the  latter 
is  interesting  on  account  of  a peculiarity  in  the  nature  of  rolling 
constraint  which  makes  the  ordinary  treatment  of  Lagrange  s eqnations 
require  modification.  We  shall  accordingly  first  present  the  application 
of  Eulers  eqnations  to  this  subject,  but  before  doing  so,  we  will 
treat  by  means  of  results  already  obtained  one  of  the  most  important 
practical  problems,  which  illustrates  the  steering  of  the  bicycle,  namely 
the  rolling  of  a hoop  or  of  a coin  upon  a rough  horizontal  plane. 

As  the  hoop  rolls,  if  its  plane  is  not  yertical,  it  tends  to  fall, 
and  thus  to  change  the  direction  of  its  axis  of  symmetry.  The  falling 
motion  deyelopes  a gyroscopic  action,  which  causes  the  hoop  to  piyot 
about  the  point  of  contact,  so  that  the  path  described  on  the  table 
is  not  straight  but  curyed.  The  piyoting  motion,  like  the  precession 
of  the  top,  tends  to  preyent  the  falling,  and  to  this  is  added  the 
effect  of  the  centrifugal  force  due  to  the  curyilinear  motion  of  the 
center  of  mass.  Thus  the  hoop  automatically  steers  itself  so  as  to 
preyent  falling,  and  a bicycle  lefb  to  itself  does  the  same  thing. 

Let  the  position  of  the  hoop  be  defined  by  the  Coordinates  of 
its  center  of  mass,  and  by  the  angles  fi-,  <p  of  § 90,  being  the 
inclination  to  the  yertical  of  the  axis  of  symmetry,  or  normal  to  the 
plane  of  the  hoop  at  its  center.  We  will  examine  the  conditions  for 
a regulär  precession,  in  which  #,  <pf,  ^ being  constant,  the  center  of 
mass  and  the  point  of  contact  of  the  hoop  with  the  table  eyidenlly 
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describe  circles.  In  this  case  we  have  for  the  moment  about  the 
center  of  mass  of  the  forces  tending  to  increase  fr,  by  82), 

191)  P*  = — Aif;1* sin#  cos#  + C(ipf  + cos#)  #'sin#. 

The  forces  which  act  to  change  fr  are,  the  weight  of  the  hoop, 
which  has  zero  moment  about  the  center  of  mass,  and  the  reaction 

of  the  table.  Let  R,  Pig.  109,  (an  edge  yiew  of 
the  hoop)  represent  the  vertical  reaction,  F the 
horizontal  component  due  to  friction , which  is 
normal  to  the  path  of  the  point  of  contact,  the 
tangential  component  disappearing  on  account  of 
the  assumed  constancy  of  the  velocity  of  rolling, 
as  in  the  case  of  the  rolling  sphere.  We  accord- 
ingly  have,  taking  moments, 

192)  P*  = Fa  sin  fr  — Ra  cos  fr, 

F a bemg  the  radius  of  the  hoop.  But  considering 
Fig.  109.  the  motion  of  the  center  of  mass,  which  is  uniform 

circular  motion,  and  supposing  all  the  forces  there 
applied,  since  there  is  no  vertical  motion,  the  resultant  vertical 
component  vanishes,  or  12  = Mg  and  the  horizontal  component  balances 
the  centrifugal  force,  so  that 

193)  F=Mbil>'\ 

where  b is  the  radius  of  the  circle  described  by  the  center  of  mass. 

Beeide  the  dynamical  equation  we  have  the  equation  of  constraint 
describing  the  rolling.  Since  there  is  no  slipping,  the  rate  at  which 
the  center  of  mass  advances  in  its  path  is 

194)  ar  = a ( <p'  + cos  '9). 

But  this  is  also,  from  the  circular  motion,  equal  to  — bty'.  From 
the  equation  of  constraint, 

195)  a(q>f  + ty'  cos#)  *=  — bi>\ 

we  may  express  <p'  in  terms  of  Doing  this,  and  inserting  in 
191),  192),  we  obtain, 

— Aff?'* sin#cos#  — ~ Cl>f*smfr  = a(Mbifftiamfr  — Mg cos#) 

Ct 

or 

196)  ^'*{-4asin#cos#  + b (C  + Ma*)  sin#}  = Mga*  cos  fr 

as  the  equation  for  the  steady  motion,  connecting  the  inclination  of 
the  hoop,  the  radius  of  the  path,  and  the  velocity  of  its  description. 
In  Order  to  make  the  hoop  roll  in  this  manner,  the  proper  velocity 
of  pivoting  as  well  as  that  of  rolling  <jpf,  must  be  initially  imparted 
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to  it.  It  is  to  be  observed,  either  by  considering  this  example,  or 
from  the  results  of  § 90,  that  in  Order  to  prevent  the  hoop  from 
falliiig,  it  must  be  steered,  or  given  a pivoting  movement,  towards 
the  aide  to  which  it  tends  to  fall,  and  this  is  the  practical  mann  er 
of  steering  a bicycle.  It  is  to  be  remarked  that  in  steering  the 
bicycle  by  the  rider,  the  centrifngal  force  plays  a greater  part  than 
the  gyroscopic  action  of  the  wheel.  For  a treatment  of  this  subject, 
the  reader  is  referred  to  Appell,  Tratte  de  MScanique  Rationelle,  and 
Les  d&ouvements  de  Roulement  en  Dynamique , and  to  papers  by  Bonriet, 
Carvallo,  and  Bonssinesq. 

We  will  now  consider  the  general  treatment  of  the  motion  of  a 
body  bounded  by  a surface  of  revolution,  and  dynamically  symme- 
trical  abont  the  axis  of  revolution,  rolling 
without  sliding  on  a rongh  horizontal  plane. 

We  shall  follow  the  method  and  notation  of 
Appell.  Let  ns  take  as  axes,  with  origin  at 
the  center  of  mass  of  the  body,  as  in  § 90,  a 
set  of  moving  axes  tuming  about  themselves 
with  angular  velocities  pQ,  qQ,  r0,  of  which  the 
X-axis  is  the  axis  of  revolution,  the  Y-  axis 
the  horizontal  axis  in  the  equator  of  the  body 
(the  line  of  nodes  of  § 90)  and  the  X-axis 
directed  toward  the  ground  in  the  vertical 
plane  containing  the  X-axis  (Fig.  110).  We 
have  accordingly  to  put  in  Euler’s  geometrical 

equations,  65),  qp  = — * i so  that 

197)  p0  = - sin 9*,  q0  = frf,  r0  = fr  cos  -fh 

These  are  connected  with  the  rotation  of  the  body  by  the  relation 

Po=P,  % = <l,  ro  — r — <p' 

(qp  not  being  constant  for  the  body). 

For  the  motion  of  the  center  of  mass,  we  have  the  components 
of  the  weight  of  the  body 

198)  X = Mg  sin#,  Y =*  0,  Z=  = Mg  cos  #, 

together  with  the  unknown  components  of  the  reaction,  which  we 
will  call  Rx,  jßy,  Rz.  The  resultant  is  to  be  equated  to  the  product 
of  the  mass  by  the  acceleration  of  the  center  of  mass,  using  the 
method  of  § 77  for  moving  axes.  If  vX9  vyy  vM  are  the  components  of 
the  velocity  of  the  center  of  mass  along  the  instantaneous  positions 
of  the  moving  axes,  we  have  accordingly,  substituting  vXJ  vyy  v2  for 
y, in  128)  § 77, 
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+ %v» — rovy ) = Rx  + Mgsm ft, 

(dv  \ 

.'dt  +r°v*~  — 

M + p0v,—q0v^  = R,—  Mg  cob  &. 


For  the  rotation  we  have,  as  in  § 96,  165),  sinoe  p =p0,  q = q0, 


A g + {Cr  - Ar0)  q zR„ 

200)  A — (Cr  — Ar^p  = e Rx  — xR„ 

C%  = xR,. 


We  have  finally,  as  the  conditions  for  rolling  and  pivoting,  the 
eqnations  stating  that  the  velocity  of  the  point  of  contact  with  the 
plane  (whose  Coordinates  are  x,  y,  z)  is  at  rest. 

vx  + qz  = 0, 

201)  vy  + rx  — pz  — 0, 

vz  — qx  = 0. 

The  Coordinates  x,  z of  the  point  of  contact  are  obtained  as  known 
functions  of  ft  from  the  eqnation  of  the  meridian  of  the  body.  We 
have  accordingly  the  eighteen  eqnations  197 — 201)  between  the 
eighteen  qnantities 

»*,  v»>  v»  P,  2»  Po,  So»  ro>  X>  Y>  Z,  9,  9,  R*>  R»,  R; 

or  just  enongh  to  determine  them.  The  differential  eqnations  are  all 
of  the  first  Order. 

The  reactions  may  be  at  once  eliminated  from  the  equations 
199),  200).  By  differentiating  201)  we  may  eliminate  the  derivatives 
of  vx,  vy9  Vz  from  199).  In  doing  this,  however,  we  introdnce  the 
derivatives  of  x,  e,  which  are  fonctions  of  ft,  so  that  in  general  the 
eqnations  become  complicated.  We  shall  therefore  confine  onrselves 
to  the  case  of  a body  rolling  on  a sharp  edge,  like  a circular 
cylinder  with  a plane  bottom,  or  a hoop  or  disk.  We  then  have 
x,  z constants, 

x — a,  z = c, 


where  a is  the  radius  of  the  circular  edge,  c the  distance  of  the 
center  of  mass  from  its  plane,  which  is  zero  in  the  case  of  the  hoop. 
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202) 


The  equations  of  the  motion  of  the  oenter  of  miss  thos  become 
M Cjl  + «4*  + r0  (ar  — cp))  = BX  + Mg  Bin#, 

M{  c^-adri~croq~apq)  = B»> 

M ( a + p (cp  — ar)  + cqA  = R,  — Mg  cos  #. 

We  may  verify  that  these  equations  are  satisfied  by  the  steady  motion 
in  which  q — 0,  p and  r are  constants.  For  the  case  of  the  hoop, 
in  which  c = 0,  they  thas  become 

Mar^r  « iJ*  + Mg  sin  fr, 


203) 


0 = JR 


— Mapr  = Rz  — Mg  cos  fr, 
while  the  second  of  200)  becomes 

204)  (Cr  — 4r0)  p = a JB, . 

Eliminating  Rt  we  have  the  equation  for  the  steady  motion 

205)  (Cr  — Ar^)p  + a M (apr  — g cos  fr)  *=  0 

which,  on  inserting  the  values  of  p,  r,  and  r0  from  197)  is  the  same 
as  equation  196).  From  the  first  equation  203)  we  may  calculate  Rx 
from  which  the  tendency  to  slip,  Rx  cos  fr  is  found.  If  this  is  greater 
than  Mgg,  the  hoop  will  slip.  The  slipping  of  the  bicycle  may  be 
similarly  dealt  with. 

ln  Order  to  treat  the  general  motion,  let  us  eliminate  Ry  from 
the  first  and  third  of  equations  200)  and  then  from  the  third  of  200) 
and  the  second  of  202),  obtaining 


206) 


Aa  -f  Cc^f  + a(Cr—Ar0)q  = 0, 


dt 


Ma  {cft~a  t.  - (cr0  + «J>)«}  - C % = 0. 

If  in  these  equations  we  substitute  from  197), 

r0  = — p ctn  fr, 


dfr 
q~  dt  ‘ 


we  find  that  each  term  contains  dt  in  the  denominator,  so  that.  we 
may  change  the  variable  from  t to  fr  by  multiplying  by  giving 


207) 


A a + Cc  + Car  + Aap  ctn  fr  = 0, 


de* 


Mac^P  — (C+Ma*)^  — Ma*p  -f  Macpctn.fr  = 0, 
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2) 


, d*x  , du 

Qdt  = Qdx  dt  . 

, d%y  , dv 

QdtJti  = 9dr-dt> 

, d%z  , du? 

QdxÄ,i  = Qdt 


dt*  'i'~'df' 

and  these  are  to  be  subtracted  from  the  applied  forces 

qXcIt,  qYüx , qZcIx, 

and  introduced  in  1).  Consequently  we  have  the  equations  of  motion 


3) 


Q 


{*-£)- 

(r-£)- 

1 


z-d”\ 

dt 


dp 

dx 

dp 

dy' 

dp 

dz 


du 


Now  by  the  ordinary  derivative  is  meant  the  rate  of  change 

of  velocity  of  a particülar  particle  as  it  moves  abont.  If  we  have 
any  function  F pertaining  to  a particülar  particle  we  may  write  its 
derivative 

dF  ?F 

4) 


dt 


dt 


LdFdx  dFdy  dJ1dz 
1 dx  dt  ' dy  dt  ' dz  dt 


dF 


where  « wonld  be  the  rate  of  change  of  F if  the  particle  were  at 

• • dx  du  dz 

rest.  The  derivatives  j~t  are  tbe  velocity  components  of  the 

particle,  u,  v,  w.  Accordingly  we  have 


5) 


dF  rF  , ?F  , dF  . dF 

= ,Z~  -f*  U — -f*  V ^ 1“  W • 

dt  dt  dx  cy  dz 


We  shall  call  this  mode  of  differentiation  particle  differentiation.1) 

Introducing  this  terminology,  dividing  by  q and  transposing,  our 
equations  of  motion  3)  become 


6) 


du 

dt 

dv 


du 

dx 


, . ~ . f/  t*  , V 

V + + W .. 


du 

dy 


du 

dz 


, dv  , dv  . dv 

-07  + W3  + v - -f  w — 
dt  dx  dy  z 

dw  . dir  . dir  . dir 

ct  cx  dy  dz 


X 

Y 

Z 


dp 


1 

q dx 

1 dp 
Q dy 

1 dp 
q dz 


DF 


1)  In  mo8t  English  books  the  symbol  used  by  Stokes,  is  nsed  for 

particle  differentiation  because  of  tbe  very  objectionable  practice  of  making  no 
distinction  in  the  symbol  for  ordinary  and  partial  differentiation. 
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If  we  consider  any  closed  surface  fixed  in  space,  expressing  the 
fact  that  the  increase  of  mass  of  the  fluid  contained  therein  is 
represented  by  the  mass  of  fluid  which  flows  into  the  surface,  we 
shall  obtain  an  additional  equation.  The  velocity  being  q}  the  yolume 
of  fluid  entering  through  an  area  dS  in  unit  time  is,  as  in  § 169, 
equation  78),  q cos(#,  n)dS,  and  the  mass,  $q  cos  (q,  n)  dS.  We 
have  therefore  for  the  total  amount  entering  in  unit  time 

7)  J*J* oqoöB(q,n)dS= J^J^Q{ucoB(nx)  + vGOB(ny)  + wcos(ng)}d8 


- ///{ 


d(gu)  d(gv)  d(g  ic) 
dx  ' dy  ' de 


1 


dx . 


But  this  is  equal  to  the  increase  of  mass  per  unit  of  time, 

for  the  volume  of  integration  is  fixed,  that  is,  independent  of  the 
time,  consequently  we  may  differentiate  under  the  integral  sign. 
Writing  this  equal  to  the  volume  integral  in  7)  and  transposing, 


9) 


ISA 


Ct 


dy 


de 


Since  this  holds  true  for  any  volume  whatever  the  integrand  must 
vanish,  so  that  we  have 


10) 


dg  . c(eu)  , d(ev)  . d (e w) 


dt  dx 


+ -r-'-  = o, 


dy  1 dz 

which  is  known  as  the  Equation  of  Gontinuity. 
Performing  the  differentiations  we  have 

dg  dg  dg  . dg  fdtt'  dv 

+ U ^ J ^ 4-  ? ( ^ + g - + 


U) 


dt  1 "dx  ' ” dy  1 ~de 
or  in  the  notation  of  particle  differentiation, 

12) 


dw 

dz 


1-0, 


1 dg  .du  dv  dw ^ 

g dt  ' dx~^~  dy'  cz 


If  now  we  fix  our  attention  upon  a small  portion  of  the  fluid 
of  volume  V as  it  movcs,  its  mass  will  be  constant,  say,  m = qV=  consi. 
By  logarithmic  differentiation, 

iq\  1 dg  . 1 dV ^ 

13)  gdi+r-di-0’ 

so  that  the  expression 

1 dg 1 dV 

V It’ 


14) 


du  , dv  . dir 

>-  - + h V 

cx  cy  dz 


dt 


that  is,  the  divergence  of  the  velocity  is  the  time  rate  of  increase 
of  volume  per  unit  volume.  This  corresponds  with  the  expression 
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for  the  dilatation  found  in  eqnation  75)  § 169,  the  divergence,  which 
we  shall  still  call  6,  being  now  the  time  rate  of  dilatation.  Accord- 
ingly  the  eqnation  of  continuity  is  purely  kinematical  in  character 
and  expresses  the  Conservation  of  mass  of  every  part  of  the  fluid. 

If  the  fluid  is  incompressible,  q is  constant,  and  consequently 


•-«+ 


that  is,  the  velocity  of  an  incompressible  fluid  is  a solenoidal  vector. 
This  is  the  property  that  give  the  name  to  such  vectors,  and  we 
see,  as  in  § 117,  that  the  flux  across  every  cross- section  of  a tube 
of  flow  is  constant. 

Besides  the  three  dynamical  and  one  kinematical  equation  there 
will  be  a physical  equation  involving  the  nature  of  the  fluid,  giving 
the  relation  connecting  the  density  with  the  pressure, 

Q — f(p)> 


making  five  equations  to  determine  the  five  functions  u,v,  w,p,  q 
of  the  four  variables  x , y,  z 7t. 

We  have  here  made  use  of  two  distinct  methods.  In  one  we 
fix  our  attention  on  a definite  point  in  space  and  consider  what 
takes  place  there  as  different  particles  of  fluid  pass  through  it.  This 
is  called  the  Statistical  method,  for  by  the  statistics  of  all  points  we 
get  a complete  statement  of  the  motion.  This  method  is  commonly 
associated  with  the  name  of  Euler  and  the  equations  6)  are  called 
the  Eulerian  equations  of  motion.  The  second  method  consists  in 
fixing  our  attention  upon  a given  particle  and  following  it  in  its 
travels.  In  this  we  use  the  notation  of  ordinary  derivatives.  This 
is  called  the  historical  or  Lagrangian  method.  Obviously  if  we  know 
the  history  of  all  particles  we  also  have  a complete  representation 
of  the  motion.  Both  methods  are  due  to  Euler.  We  shall  not  here 
make  use  of  the  Lagrangian  equations  and  shall  therefore  not  write 
them  down.  The  student  will  find  them  in  the  usual  treatises  on 
Hydrodynamics  of  which  Lamb’s  and  Basset’s  Hydrodynamics,  Kirch- 
hoff’s  Dynamik  and  Wien’s  Hydrodynamik  may  be  especially  com- 
mended. 


187.  Hamilton’s  Principle.  We  shall  now  deduce  the  equa- 
tions by  means  of  Hamilton’s  Principle. 

The  kinetic  energy  of  the  fluid  contained  in  an  element  dt 

being  - pdr  times  the  square  of  its  velocity,  we  have  for  the  kinetic 

energy  of  the  fluid  contained  in  a given  fixed  volume, 

>•)  *■ - ifffi  I ®),+ co*+ ffi)' 'b- 


32  ♦ 
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For  the  potential  energy,  besides  that  due  to  the  extemal  forees, 
for  which 


17) 


SW' m [X8x  + Y8y  + Zdz)dx, 


we  have  the  energy  stored  np  by  the  pressure  doing  work  in  com- 
pressing  the  fluid,  if  it  be  not  incompressible.  This  potential  energy 
is  the  SW  of  equation  122)  § 172.  If  we  put  for  the  displacements 
of  the  particle  8x,  8y,  8z,  we  have 


^ ddx  ^ ddy  x ddz 

Ssx  = j^,  *«,--375*  Ss,  = 


Putting 


dy 


dz 


px=p9=p,=-p, 
Tx  = Ty  = T,  = 0, 


we  have  for  thiB  pari  of  the  energy,  sometimeß  called  intrinsic  energy. 


18) 


- -fff»  IE + E 


, ddz 
+ ~dz 


dt. 


We  accordingly  have  as  the  equations  of  Hamilton’s  Principle, 


Lt- 


SW'  -SW") dt  = 0, 


fo 


19) 


*0 

-f* pj-Xd#  -f-  YSy  ZS z\dt 

///'{E+E+EH-  »• 


+ 


Performing  the  variations, 


20) 


MffM 


dx  ddx  dy  ddy  dz  ddz 
dt  dt  'dt  dt  ' dt  dt 


+ XSx  + YSy  + ZSe\ 

+*(E+E+E)H-* 


Integrating  the  first  three  terms  by  parts  with  respect  to  t 
we  have, 
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21)  + 


Sf  «»  + £")/ 

p,)y  + ^St-[X)x  + YSy  + Z», )) 


«V)}]*- 


The  integrated  terms  vanish  as  usual  at  the  Limits  for  the  time.  We 
may  now  integrate  the  last  three  terms  with  respect  to  the  space 
variables,  obtaining 


22) 


-sss>® 


d8x  . d8y  . d& 

+ dy  + Ti 


?)dx 


coe(nx ) + dy  cos  (ny)  + cos  (nz)}  dS 

dp&„  , ?P 

dy 


+ 


If  we  assume  that  dx,  dy,  dz  vanish  for  the  particles  of  the 
fluid  at  the  bounding  surface,  the  surface  integral  vanishes.  We 
therefore  have,  collecting  the  terms  according  to  dx,  dy,  dz, 


-**+  §;)»*+ (*£? 


+(»■$-**+ SU*»]*-®- 


By  the  usual  reasoning  the  coefficients  of  dx,  dy,  dz  must  vanish, 
giving  us  the  equations  of  motion  6). 


188.  Bqnation  of  Activity.  Subtracting  from  both  sides  of 
the  first  equation  6)  the  quantity 


24)  ÄG«2)“  2 ,4(M,+  t,i+tt;S)  = 


dx 

we  obtain 


du  , dv  , dw 

«5 — h v ^ — h w > 
öx  dx  dx 


du  , (du  dw\  (dv  diA 
2°)  8i  + W[dJ-dx)-v{^-8y} 


1 dp 


~ 9 


•M 

dx 


If  the  applied  forces  are  conservative  and  derived  from  a potential  V, 
the  right-hand  member  is  the  derivative, 


d_ 

dx 


( V+P  + 
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where  P has  the  yalue  of  § 177,  5).  In  the  left-hand  member  occur 
in  this  and  the  companion  equations  the  expressions 


1 /dw  d«\ o 

2 \dy  dz) 

1 /du  dw\  

2 \dz  dx) 

£ f-v  __  ^u\ £ 

2 x dy)  ® * 


which  represent  the  components  of  a vector  a>,  which  by  comparison 
with  the  expressions  for  &x,  my}  o,  in  § 169,  77)  is  seen  to  be  the 
angolar  velocity  of  rotation  of  a particle  or  the  vorticity.  Let  os 
accordingly  write,  putting 


§7  + 2 (wri  - vt)  — 

3/i  + 2(«g-wg)  = 


dU  _l  dp 
dx  f ex’ 

dU  _ 1 dp 

dp  « dy’ 

dU  _1  dp 
dz  e d* 


Multiplying  respectively  by  qu,  qv,  qw  and  adding,  tbe  terms  in 
rj,  g disappear  and  integrating  over  any  volume,  we  have 


28>  fffii 


du  , dv  . dw\  j 
udt+vdi  + w-di\dt 


■SSM- 


du  , du 

a b fl  — 


— / / [w  cos  (na;)  + a cos  (ny)  + «?  cos  (n*)]  (17p  — jp)  tf  S 

-///[-( 


8(p«)  . ?(e») 


5? +‘-^-*62 +£+*)]*■ 


du  dy 

Introducing  the  yalue  of  U and  of  its  multiplier  in  the  last  integrand, 
which  by  equation  10)  is  equal  to  — and  transposing,  we  obtain. 


29) 


///{*»©+(F+V)lf}<* 

= ff l cos  (qn)  j q (r+  -®)  +p  j dS 


+ 


ffßlr.^r.  K 


dV 


If  the  applied  forces  are  independent  of  the  time,  = 0,  and  we 
may  write  the  left-hand  member, 
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«»  +»*)**• 

since  the  volume  of  Integration  is  fixed.  The  first  term  of  the  integral 
represents  the  kinetic  energy  and  the  second  term,  the  potential 
energy  due  to  the  applied  forces.  The  term  on  the  left  in  29)  is 
accordingly  the  rate  of  increase  of  the  energy,  kinetic  and  potential. 

Of  the  terms  on  the  right,  the  amonnt  of  matter  $q  cos  (qn)  dS 
flowing  through  dS  in  unit  time  bringe  with  it  the  energy 

Qq  cos  ( qn ) dS(v  + y g*), 

so  that  the  first  part  of  the  snrface  integral  represents  the  total  in- 
flow  of  energy.  The  remaining  surface  integral  and  volume  integral 
containing  p represent  the  work  done  by  the  pressure,  for  at  the 
surface  the  velocity  q and  the  force  pdS  give  the  activity 

pq  cos  (i qn)dS, 

so  that  the  surface  integral  represents  the  activity  of  the  pressure  at 
the  surface. 

If  we  consider  a small  element  of  volume  F,  the  work  done  in 
compressing  it.by  an  amount  dV  is  as  above  — pdV \ and  the  activity 


Putting  V = dx  and  integrating,  we  find  that 

-///'fö+fc +?:}* 

is  the  activity  of  the  pressure  in  producing  changes  of  density  in 
the  whole  mass.  Transposing  this  term  we  find  that  equation  29) 
expresses  the  following:  The  rate  of  increase  of  energy  of  the  fluid, 
both  kinetic  and  potential,  due  to  the  extemal  forces  plus  the  activity 
of  compression  (production  of  intrinsic  energy)  is  equal  to  the  rate 
of  inflow  of  energy  plus  the  activity  of  pressure  at  the  surface. 
Equation  29)  is  therefore  the  equation  of  activity  or  Conservation  of 
energy. 

189.  Steady  Motion.  Steady  motion  is  defined  as  a motion 
which  is  the  same  at  all  times.  Assuming  that  not  only  X,  Y}  Z,  V 
but  w,  v , tvfpy  q are  independent  of  t , equations  27)  for  steady  motion 
become  ? 

2(wr)-v$) Tx 

/„(r+jP  + Tfl*)’ 

2(t »I-«,)- -0^(F  + P +>■«•)■ 


(F  + P+  J A 


32) 
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If  the  motion  be  non-vortical,  the  left-hand  members  vanish, 
and  we  immediately  obtain  the  integral 

33)  V + P + g q*  = const., 

for  the  expression  on  the  left  has  been  assumed  independent  of  t, 
and  by  the  equations  is  shown  to  be  independent  of  x,  y,  z. 

It  is  to  be  noticed  that  if  we  multiply  equations  32)  respectively 
by  u,  v,  w,  or  by  £,  ij,  £ and  add,  the  left-hand  member  vanishes 
identically.  But  the  operator  + + denotes  differentiation 

in  the  direction  of  the  line  of  the  vector- velocity  q,  or  stream-line 
(see  p.  333),  and  + ij^  + £ gj  differentiation  in  the  direction 
of  the  line  of  the  vector  o,  or  vortex -line.  Consequently  even  thongh 
there  is  vortical  motion,  along  a stream-line  or  a vortex-line  the 
sum  V -f  P + y 3*  is  constant  in  steady  motion,  though  its  value 
changes  as  we  go  from  one  line  to  another. 

If  the  fluid  is  incompressible  if  there  are  no  applied 

forces  V = 0,  and  equation  33)  becomes 

34)  ^ = const.  — g qs, 

so  that  where  the  velocity  is  small  the  pressure 
is  great  and  vice  versa.  By  constricting  a tube 
the  velocity  is  made  large  and  the  pressure 
accordingly  is  smaller  than  at  other  parts  of  the 

< tube.  This  is  the  principle  of  jet  exhaust  pmnps. 

like  that  of  Bunsen  (Fig.  160),  the  air  being 
sucked  in  at  the  narrow  portion  of  the  jet.  The 
same  principle  is  made  use  of  in  the  Yentnri 
water -meter.  The  main  being  reduced  in  diameter 
at  a certain  portion  and  the  difference  of  pressure 
at  that  point  and  in  the  main  being  measured, 
the  velocity  is  computed.  If  the  pressure  at  two 
cross-sections  St  and  S2  are  p,  and  pe  we  have 

Pi  + 2-(>2i2=ä+  5'M** 

Px  “ A“j  (&*-«!*)• 

But  by  the  equation  of  continuity,  the  velocity  being  solenoidal, 

37)  Siqi  = Siqt. 


35) 

36) 
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Combining  this  with  equation  36), 

38)  pt -Pi  = l Mi* [(§)*- X]> 

which  determines  qt  in  terms  of  the  difference  of  pressures.  The 
flux  in  nnit  time  is  then 

Q2  iS. 

The  theorem  expressed  by  equation  33)  is  known  as  Daniel  Bernoulli’s 
theorem. 

For  gases  expanding  isothermally 

P = a log  q = a log  p + const. 

Consequently  equation  33)  becomes 

39)  a log p + * q*  = const. 

This  formula  may  be  used  to  calculate  the  yelocity  of  efflux  through 
an  orifice  from  a vessel  containing  gas  under  pressure.  If  the  pressure 
in  the  vessel  at  a point  so  remote  from  the  orifice  that  the  air  may 
be  considered  at  rest  is  p and  if  the  pressure  of  the  atmosphere  at 
the  orifice  where  the  velocity  is  q is  p0,  we  have 

a logj>  = a log#,  + y 2*, 


If  the  effiux  is  adiabatic,  as  in  practice  it  nearly  is,  by  § 178,  18) 


Accordingly 


which  is  the  usual  formula  for  the  efflux  of  gases. 

If  the  extemal  force  is  gravity  V = gz , so  that  equation  33) 
becomes  for  an  incompressible  fluid, 

42)  p + gz  + y 2*  = const. 

If  we  consider  efflux  from  a reservoir  whose  upper  free  surface  is 
so  large  that  q is  negligible,  the  pressure  being  that  of  the  atmo- 
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sphere,  the  £-coordinate  zu  the  velocity  of  efflux  q at  a point  where 
z = z2  is  given  by 

7 + 0*1  = 7 + 0*»  + 

43)  q * = 2g  (zi  - zt), 

or  the  velocity  of  efflux  is  equal  to  that  acquired  by  a body  falling 
freely  fröm  a height  equal  to  that  of  the  free  surface  to  the  orifice. 
This  is  Torricelli’s  theorem. 


190.  Ciroulatton.  We  define  the  circulation  along  any  path 
as  the  line  integral  of  the  resolved  tangential  velocity, 

B B 

44)  <Pab=  cos  (q,  ds)  ds  = J*(udz  + vdy  + wdz), 


corresponding  to  the  circulation  for  displacement  in  § 169.  By  Stokes  ? 
theorem  this  is  converted  for  a closed  path  into  the  surface  integral 


45) 


du 

dz 


cos  ( nx ) + 
+ 


dS 


over  any  surface  bounded  by  the  path.  But  this  is  by  26), 


46)  2//<l  cos  (nx)  + ri  cos  ( ny ) + 1 cos  (ne)}  dS 

-2//»  cos  (nto)dS} 


that  is,  the  circulation  around  any  closed  contour  is  equal  to  twice 
the  surface  integral,  over  a cap  bounded  by  the  contour,  of  the  resolved 
normal  vorticity.  By  the  definition  of  £,  17,  £,  26) 


dx  ' dy  dz 


identically,  or  the  vorticity  is  a solenoidal  vector.  Accordingly  by 
applying  the  divergence  theorem  to  a vortex -tube,  or  tube  whose 
generators  are  vortex -lines  (lines  whose  tangents  have  the  direction 
of  cd),  we  find  that  the  integral  over  any  section  of  the  vortex -tube  is 


dS  = x, 


a constant  for  the  tube. 

The  fluid  within  any  vortex -tube  constitutes  a vortex . If  the 
vortex  is  contained  in  a tube  of  infinitesimal  cross -section  S,  the 
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constant  x = öS  is  called  the  strength  of  the  filament.  The  strength 
of  any  vortex  is  the  sum  or  integral  of  the  strengths  of  all  its 
filaments.  K o is  finite,  S cannot  be  zero,  so  that  a vortex -filament 
cannot  end  except  at  the  free  surface  of  the  fluid.  We  see  a case 
of  this  in  the  vortices  produced  by  an  oar  or  paddle  in  rowing  and 
*>y  a spoon  drawn  across  the  surface  of  a cup  of  coffee.  We  see  by 
equation  46)  that  the  strength  of  a vortex  is  equal  to  one-half  the 
circulation  around  any  closed  path  drawn  embracing  the  vortex  on 
its  surface,  which  is  independent  of  the  path.  In  particular,  in  any 
non-vortical  region  the  circulation  around  any  closed  path  is  zero, 
or  the  circulation  along  an  open  path  (pAB  is  independent  of  the 
path,  depending  only  on  A and  B,  or  the  velocity  is  a lamellar 
vector.  We  then  have 


48) 


dtp  dtp 


dtp 

W=dz’ 


and  <p  is  called  the  velocity  potential , a term  introduced  by  Lagrange. 
(When  there  is  vorticity  there  is  no  velocity  potential.) 

Before  1858  only  cases  of  motion  had  been  treated  in  which  a 
velocity  potential  existed.  In  that  year  appeared  the  remarkable  paper 
by  Helmholtz1)  on  Yortex  Motion. 

Let  us  now  find  the  change  of  circulation  along  a path  moving 
with  the  fluid,  that  is,  composed 
of  the  same  particles,  the  forces 
being  conservative. 

Our  equations  of  motion  3)  may 
be  written,  putting  £T=  — (F+P) 

du  _ dir 
dt  dx  * 

dv  = cü' 
dt  dy  ’ 

dw  dü' 
dt  dz 


49) 


Fig.  161. 


The  change  of  circulation  along  the  path  AB  is 

B 

50)  - ^TtJ (U(*x  + vdy  + wd*)9 

A 

in  which  dx,  dy,  dz  vary  with  the  time,  being  the  projections  of  an 
arc  ds  composed  of  parts  which  move  about.  If  after  a time  dt  the 
arc  ds  assumes  a length  dsr  whose  components  are  dxf,  dy1,  dzf  we 
have  (Fig.  161) 


1)  Über  Integrale  der  hydrodynamischen  Gleichungen , welche  den  Wirbel - 
bewegtmgen  entsprechen.  Wissenschaftliche  Abhandlungen  I,  p.  101. 
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dxf  = 


x + dx  + dt  jtt  + y^dx  + 
(x  + udt ) 


dxf  — dx  = dt  1 dx  + ^ du  + dz 


cy 


dz 


and  therefore  the  change  per  unit  time  in  the  projections  are 


^dx)  = £dx  + %dy  + d£d*, 
im  = %Ax  + %dy  + %dz, 

l^)=v*dx+tydy+fgd3- 


Thus  we  have 


52) 


*Vab 

dt 


+ dat  dy  + dil dz  + uTt^ 


+ 


vdt(dy)  + wrt^} 


and  substituting  from  equations  49)  and  51) 


B 


-J\Uv'*ki')d^r,{ü'  + ^)i9 

A 

+l(u'+W)d‘}=(u'+W)l’ 

A 

which  vanishes  for  a closed  curve. 

Therefore  if  the  forces  are  conservative,  the  circulation  aronnd 
any  closed  path  moving  with  the  fluid  is  independent  of  the  time. 
Thus  if  the  circulation  around  any  closed  path  is  zero  at  one  time, 
it  is  always  zero,  or  in  other  words  if  a velocity  potential  once 
exists,  it  always  exists.  This  theorem  is  due  to  Lagrange. 
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191.  Vortex  Motion.  We  will  now  consider  the  case  in  which 
no  yelocity  potential  exists,  that  is,  the  case  of  vortex -motion, 
according  to  the  methods  of  Helmholtz. 

From  the  eqnations  27),  whose  right -hand  nflembers  are  the 

deriyatives  of  — + P + this  quantity  may  be  eliminated  by 

differentiation.  Differentiating  the  last  eqnation  by  y,  the  second  by  z7 
and  subtracting,  we  obtain 


1 d fdw 

2 dt  \dy 


or  otherwise 


rl)  + * 


dv  d£ 
dy  V dy 


du 

dy 


— u 


djj 

dy 

di 


c,du  dt  . tdw 

tn~uTi  + tr$  + wdz 


dl 

Wt 


} 


On  the  right  the  coefficient  of  u vanishes  identically  by  47),  and 

1 d 

that  of  | is  by  the  equation  of  continuity  12)  eqnal  to  — — thus 


eqnation  55)  becomes 


56) 

Now  we  have 


df  __  8 dg  * du  du 
dt  g dt'^dx'^dy 


i dg 
q dt 7 


and  accordingly  we  may  write  our  equation  56)  and  its  two  companions 


57) 


d (l\ 

= 6 

du 

+ 

V 

du 

+ 

£ 

d u 

dt  ( J 

9 

dx 

Q 

dy 

9 

dz7 

d /ij\ 

= 1 

dv 

+ 

n 

dv 

+ 

£_ 

dv 

dlXe) 

Q 

dx 

9 

dy 

9 

dz7 

d (t\ 

i 

du? 

+ 

n 

dir 

+ 

£ 

dw 

dt(J 

9 

dx 

Q 

dy 

9 

dz 

• • • i 1 1 £ 

Thus  the  time  derivatives  of  — > — > — for  a sriven  particle  are  homo- 

geneons  linear  fnnctions  of  these  quantities.  By  continued  differentiation 
with  respect  to  t and  Substitution  of  the  derivatives  from  these  equa- 
tions,  we  see  that  all  the  time  derivatives  are  homogeneous  linear 
functions  of  the  three  quantities  themselves.  Consequently  if  at  a 
certain  instant  a particle  does  not  rotate,  it  never  acquires  a rotation. 

This  we  find  by  developing  — t — ; — as  functions  of  t by  Taylor’s 

Q 9 9 

theorem,  for  if  the  derivatives  of  every  Order  vanish  for  a certain 
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instant,  the  function  always  vanishes.  Stokes1)  objects  to  this  method 
of  proof  as  not  rigorous  inasmuch  as  it  is  not  evident  that  the  func- 
tions  g,  r\y  £ can  be  developed  by  Taylor’s  theorem,  and  replaces  it 
by  the  following  demonstration. 

Let  L be  a superior  limit  to  the  numerical  values  of  the  coef- 

t * t 

ficients  of  — > — > — in  the  second  member  of  equations  57).  Then 
9 9 9 . . 

evidently  £,  17,  £ cannot  increase  faster  than  if  their  numerical  or 
absolute  values  satisfied  the  equations 


instead  of  57),  {;,  17,  £ vanishing  in  this  case  also  when  t = 0.  Adding 
these  three  equations  and  writing 


we  obtain 
59) 


v 

9 


+ 


dSl 

li 


= LSI. 


The  integral  of  this  equation  is 

& = ceLty 

and  since  & = 0 when  1*0,  c must  be  zero,  and  & is  always  zero. 
Since  the  sum  of  the  absolute  values  cannot  vanish  unless  the  separate 
values  vanish,  the  theorem  is  proved. 

Let  us  now  consider  two  points  A and  B lying  on  the  same 

vortex  line  at  a distance  apart  ds  = a—y  where  a is  a small  constant 

9 

Since  the  par ticles  lie  on  a vortex -line  we  have 

dx dy dz ds s 

' £ V t ® 9 


We  have  for  the  difference  of  velocity  at  A and  B 

du j , du  j , du  , 

61)  UB-UA  = rxdx  + -dy  + jide 

f £ du  r\  du  t du] 

a | q dx  ' q dy~^~  q dz  } 

or  by  equations  57), 

62)  uB-uA  = s -*  (i)  • 


1)  Stokes,  Math,  and  Phys.  Papers,  Yol.  II , p.  36. 
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Now  at  an  instant  later  by  dt,  when  the  particles  are  at  A!  and  B\ 
we  have 

dxr  = dx  + ( Us  — uA)  dt  = e ^ ^ dtfj; 

63)  rfy'  = dy  + (uB  - uA)  dt  = s [j-  + ^ d<]> 

de’  = dz  + («Ä  — w^)  d#  = « [|  + ^ df]- 

Therefore  the  projections  of  the  arc  dsf  in  the  new  position  are 

proportional  to  the  new  values  of  —>—>—>  as  they  originally  were, 

? P 9 

so  that  the  particles  still  lie  on  a vortex -line.  Accordingly  a vortex- 
line  is  always  composed  of  the  same  particles  of  fluid.  Also  since 
the  components  of  ds  have  increased  or  have  changed  so  as  to  be 

always  proportional  to  the  components  of  if  the  liquid  is  in- 

compressible  the  rotation  is  proportional  to  the  distance  between  the 
particles.  And  whether  p vary  or  not,  if  S be  the  area  of  the  cross- 
section  of  a vortex -filament,  gSds,  the  mass  of  a length  ds  remaining 
constant,  so  does  Sco,  the  strength  of  the  filament. 

It  is  easy  to  see  that  this  is  equivalent  to  a statement  of  the 
Conservation  of  angular  momentum  for  each  portion  of  the  fluid. 
Evidently  in  a perfect  fluid  no  moment  can  be  exerted  on  any  portion, 
since  the  tangential  forces  vanish. 

Accordingly  the  strength  of  a vortex -filament  is  constant,  not 
only  at  all  points  in  the  filament  but  at  all  times,  consequently  a 
vortex  existing  in  a perfect  fluid  is  indestructible,  however  it  may 
move.  It  is  from  this  remarkable  property  of  vortices  discovered 
by  Helmholtz  that  Lord  Kelvin  was  lead  to  imagine  atoms  as  con- 
sisting  of  vortices  in  a perfect  fluid. 

192.  Vector  Potential.  Helmholtz’s  Theorem.  We  have 
seen  that  any  curl  is  a solenoidal  vector.  We  may  naturally  ask 
whether  conversely  any  solenoidal  vector  can  be  replaced  by  the  curl 
of  another  vector.  It  was  shown  by  Helmholtz  that  any  uniform 
continuous  vector  point -function  vanishing  at  infinity  can  be  expressed 
as  the  sum  of  a lamellar  and  a solenoidal  part,  and  the  solenoidal 
part  may  be  expressed  as  the  curl  of  a vector  point-function.  A 
vector  point-function  is  completely  determined  if  its  divergence  and 
curl  are  everywhere  given.  Let  q be  the  given  vector,  which  in  our 
case  is  the  velocity  of  the  fluid.  Let  us  suppose  that  it  is  possible 
to  express  it  as  the  sum  of  the  vector- parameter  of  a scalar  func- 
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tion  qp  and  the  curl  of  a yector  function  Q,  whose  components  are 
JJy  Vy  W.  Accordingly  let  ns  pnt 


u 

dcp 

+ 

oW 

dV 

dx 

dy 

dz  * 

dy 

+ 

dU  _ 

dw 

V 

~ dy 

dz 

dx  * 

dy 

+ 

dv 

dTJ 

w 

~ di 

dx 

dy 

Finding  first  the  divergence  of  q we  have 


the  divergence  of  the  cnrl  part  vanishing.  But  by  § 128,  5)  we 
know  that  if  <p  and  its  first  derivatives  are  everywhere  finite  and 
continuons,  we  have 


Since  q is  continuons  by  hypothesis,  div.  q is  finite.  Consequently  the 
lamellar  part  of  q is  determined  by  its  divergence. 

Secondly  finding  the  curl  of  qy 


ß7N  «fc  _ dw  __  dv  __  d_  (dy  dV_  dU\  d (dy  . dU  dW\ 

' * dy  de  dy\dz  ' dx  dy)  cz\dy'  dz  dx ) 


Since  the  vector  Q is  as  yet  undetermined  except  as  to  its  partial 
derivatives  by  eqnations  64),  let  ns  assnme  that  it  is  solenoidal,  or 


68) 

then  we  have 
69) 


dx'dy'dz  9 

n = -*TJ, 

2 7]  = — /iVy 
2^  = — 4Wy 


the  integrale  of  which  are  as  above, 


70) 
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Where  the  vorticity  vanishes  the  space  contributes  nothing  to  the 
integrale,  so  that  the  latter  may  be  taken  over  all  the  yortices.  Thns 
we  see  that  Q,  which  determines  the  solenoidal  part  of  q,  is  deter- 
mined  by  cnrl  q.  Consequently  both  parts  of  q are  completely 
determined  and  the  theorem  is  proyed.  If  q is  solenoidal  diy.  q 
yanishes,  9 = 0,  and  q = curl  Q.  Accordingly  every  solenoidal  vector 
may  be  represented  as  a cnrl.  If  q is  irrotational  curl  q = 0 and 
Q — 0,  so  that  eyery  irrotational  yector  is  lamellar,  as  we  saw  in  § 31. 

The  vector  Q,  whose  components  are  formed  as  potential  func- 

tions  for  densities  — respectively,  is  called  the  vector  potential 

alt  alt  alt 


of  the  vector  We  may  thns  abbreviate  our  results  in  the  vector 


eqnations, 

71) 

q = vector  parameter  9 + cnrl  Q, 

72) 

*—k  fff 

00 

73) 

«-  Lfff->- 

Let  ns  verify  that  Q as  determined  is  solenoidal. 
distinguish  the  point  of  Integration  by  accents,  so  that 

70>  r~kffß^ 

w-kfffe7^ 

r*  = (x  — x')*  + (y  — y'Y  + (n  — z')*. 
Differentiating  we  have 

74>  ä - kffß  k (7)  “ ~ - kffß'  k (7) 

~ k [ ff  7 008  (•*)  *B  +ffß  H <**'] ' 

ln  like  manner 

ije\  du.dr.dw 

i0>  dx  + dy  + dz 

— ^ [ ff (s  cos  (nx)  + Tj'  cos  (ny)  + £’  cos  (»*)) 

• +fff^  fö  + W + a5)  dt']  • 


We  shall 


dS 

r 


WEBSTER,  Dynamic«. 
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Bat  since  a is  solenoidal  the  volume  integral  yanishes,  and,  since  at 
the  snrface  of  the  vortices,  which  are  composed  of  vortex -lines,  © is 
tangential,  the  surface  integral  yanishes  and  diy.  Q = 0. 


193.  Velocity  dne  to  Vortex.  Let  ns  now  consider  in  an 
incompressible  fluid  the  velocity  at  any  point  due  to  yortical  motion. 
We  have 


dW 

w = -5— 

dy 


£F  1_ 
dz  “ 2* 

2 7t 


[UfffW-lAffß«')} 

}J’'- 


Thus  the  portions  of  the  veloeity  contributed  by  an  element  dz1  of 
the  vortex  are: 


* 

dumm^Al 

- v 

1 

dt', 

77) 

dv~i  *r‘{* 

- £' 

(^j 

dt', 

dw  = 2*r'V 

<frr) 

-r 

dt', 

or  the  yelocity  at  the  point  x,  y , z due  to  the  element  drf  is  - — s 

<Ltit 

multiplied  by  the  vector- product  of  the  vorticity  and  the  vector  r 
drawn  from  the  element  dt1  of  the  yortex  to  the  point  x,  y,  z.  If 
dq  be  the  magnitude  of  the  resultant  of  du,  dv,  dw  we  thus  have 

78)  <*«’• 


Let  us  take  for  the  element  dz'  a length  ds  of  a yortex  filament  of 
cross-section  S.  Then  dt*  = Sds  and  since  Sa  — x,  the  strength  of 
the  filament, 

x ds  sin  (g>,  r ) 

2jrrB 


The  veloeity  is  connected  with  the  vorticity  in  the  same  may  that 
the  magnetic  field  is  connected  with  the  electric  current  density 
producing  it,  and  equation  79)  gives  us  the  magnetic  field  produced 

by  a linear  current  element  of  length  ds  and  strength  — -1) 


1)  See  the  author’s  treatise  on  The  Theory  of  Electrieüy  and  Magnetism, 
§§  222  — 226. 
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194.  Klnetic  Energy  of  ▼orten.  The  kinetic  energy  of  the 
incompressible  liquid  moving  vortically  is 

80)  T = ^ q J'ff  («*  + f*  + w*)  dx 

- W'Jl-  C-  E) + • (E  - X) + <-  $]* 

= * \J*J* [(?W  — wV)  cos  ( nx ) + — wFF)  cos  (ny) 

+ (uV-vU)  cos  (nz)]  dS 

+ ifjy [°  - ^ 

If  the  integral  be  taken  over  all  space,  since  the  motion  is  supposed 
to  vanish  at  infinity  the  snrface  integrale  vanish,  and 

81)  T-9JJJiüi  + Vn  + Wt]dt, 

or  inserting  the  values  of  U,  V,  W from  70) 


82) 


T-iJSfSJSsl±3^M< 


and  the  integration  may  now  be  restricted  to  the  vortices. 
If  again  we  integrate  by  filaments,  we  find 


83) 


where  the  integration  is  expressed  as  over  the  length  of  each  of  the 
double  infinity  of  vortex -filaments  constituting  the  vortices.  This  is 
the  form  obtained  for  the  energy  of  two  electric  currents  by  Franz 
Neumann. 


195.  Straight  parallel  Vortioes.  Let  us  now  consider  the 
case  in  which  the  vorticity  is  everywhere  parallel  to  a single  direc- 
tion,  that  of  the  axis  of  z . Let  the  motion  be  uniplanar,  that  is 
parallel  to  a single  plane,  the  XY- plane,  and  the  same  in  all  planes 
parallel  to  it.  All  quantities  are  therefore  independent  of  z.  The 
vortices  are  columnar  and  either  of  infinite  length  or  end  at  the  free 
snrface  of  the  liquid.  Such  vortices  may  be  produced  standing 
vertically  in  a tank  with  a horizontal  bottom.  Under  the  conditions 
imposed  we  have 


du dv 

dz  dz 


JJ 


and 


u 


dw 

dx  7 


83* 
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86) 

and  by  equations  57) 


so  tbat  £ is  independent  of  the  time  for  any  given  vortex  -filament. 

The  function  W is  not  a velocity  potential,  but  is  said  to  be 
conjugate  tö  a velocity  potential  <p  for  which 


The  function  W has  a simple  physical  meaning.  If  we  find  the 
amount  of  liquid  which  flows  across  a cylindrical  surface  with 
generators  parallel  to  the  £-axis  of  height  unity  in  unit  of  time, 
we  have 

A A 


B 


B 


-/«  cos  (gn)  ds  -flu  cos  (nt r)  + v cos  (ny)]  ds, 


the  line  integral  being  taken  around  any  orthogonal  section  of  the 
cylinder.  Now  we  have 

ds  cos  (nx)  = dy, 
ds  cos  (ny)  = — dx , 

so  that 


B 

89)  i>  = J(udy  - vdx)  = J dx  + WB  — WA. 


A 


A function,  the  difference  of  whose  values  at  two  points  A and  B 
gives  the  quantity  flowing  in  unit  time  across  a cylinder  of  unit 
height  drawn  on  any  curve  with  ends  at  A and  B , is  called  a flux 
or  current  function.  The  quantity  Crossing  is  independent  of  the 
curve  because  the  fluid  is  incompressible.  In  the  present  case  the 
vector  potential  W is  a current  function.  The  stream  lines  being 
lines  across  which  no  current  flows  are  given  by  the  equation  1>=const 
Substituting  the  values  of  u and  v from  85)  in  86),  we  have 

d'W  . d*W 
dx * + dy'~' 

But  this  is  the  equation  for  a logarithmic  potential  with  density  ^ ^ 
§ 138,  61),  so  that  we  have  as  the  integral 


91)  W^-lffflogrdS’, 

as  may  also  be  found  from  equation  70)  by  integrating  over  the 
infinite  cylinder  as  in  § 135,  subject  to  the  difflculty  mentioned  on 
p.  385.  The  value  of  W given  in  equation  91)  satisfies  the  equation 
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92) 


d'W  d'W 
dx * * dy * 


outside  of  the  yortices  and  eqnation  90)  at  points  within  them,  as 
shown  in  § 138.  If  we  have  a single  vortex  filament  of  cross-section 
dS  and  strength  x = £fdS, 


V 


93)  W — — -log  rdS  = — - logr, 

and  the  lineß  of  flow  are  circles,  r = const.  Then 


u = 


94) 


95) 


dW  = x y —y 
dy  itr  r 


dW  x x-oJ 

v = — ö—  = ) 

dx  Ttr  r 


9 9,9  * 

er  — u*  + v = t t > 

x 7t 


the  velocity  is  perpendicnlar  to  the  radins  joining  the  point  x,  y 
with  the  yortex  and  inversely  proportional  to  its  length.  It  is  to  be 
observed  that  although  the  motion  is  whirling,  every  point  describing 
a circle  abont  the  center,  the  motion  is  irrotational  except  at  the 
center,  where  the  yortex -filament  is  sitnated,  each  particle  describing 
its  path  without  tuming  about  itself,  like  a body  of  soldiers  obliquing 
or  changing  direction  while  each  man  faces  in  the  same  unchangin  g 
direction.  The  motion  in  the  yortex  on  the  contrary  is  similar  to 
that  of  a body  of  soldiers  wheeling  or  changing  direction  like  a rigid 
body  rotating. 

If  we  have  a number  of  yortices  of  strengths  xl}  x*, . . . x*,  and 
form  the  linear  functions  of  the  velocities  of  each, 

U=Zx.u.,1) 

96)  r=2x.v„ 

where  u9 , v9}  is  the  velocity  at  the  vortex  s both  vanish.  For  any 
pair  of  yortices  r and  s we  have 


ur  — Xj 


7tra  ; 


where  ur  is  the  part  of  the  velocity  at  xr,  yr  due  to  the  vortex  of 
strength  x9  situated  at  x9y9.  Thus 


XrUr  = X,Xr  • 


xs-xr 


while  similarly 


itr' 


xr-x9 

X|ü|  X|X^  m f 

Ttr 2 


so  that  the  terms  of  the  sum  destroy  each  other  in  pairs. 


1)  U and  V have  nothing  here  to  do  with  the  componentB  of  the  vector- 
potential. 
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Similarly  for  vortices  continuously  distributed,  the  strength  of 
any  elementary  filament  being  £dS, 

97)  Z7=  ff u£dS  = ffff  tt'  • • dSdS’, 

which  again  vanishes,  since  every  point  is  covered  by  both  dS  and  dS\ 
If  we  define  the  center  of  the  vortex  as  xQyQ  where 


98) 


-ff*  ZdS, 
y» ff tdS  =ff yWS, 


dx*  _dya  0 
dt  dt  > 


then  since  £ does  not  depend  upon  t,  if  we  follow  the  particle 
differentiating,  ~ ~ ~ 

T,  J J W» -JJ  «WS  - 0, 

the  integrale  being  taken  over  areas  moving  with  the  liquid.  Therefore 

100) 

or  the  center  of  all  columnar  vortices  present  remains  at  rest. 

If  we  have  a single  vortex  filament  of  infinitesimal  cross-  section  S, 
for  which  „ „ 

101)  jjSdS  = x, 

the  velocity  depends  on  the  current  function  W = — — logr.  In  the 

vortex  and  close  to  it,  if  x is  finite,  £,  W,  u,  v are  infinite.  But  at 
the  center  u = v = 0,  the  vortex  Stands  still  and  the  fluid  moves  about 

it  in  circles  with  velocity  - The  angular  velocity  and  the  area  of 

the  cross- section  remain  constant,  although  the  shape  of  the  latter 

may  vary.  If  we  have  two  such  vortex- 
filaments  each  urges  the  other  in  a direc- 
tion  perpendicular  to  the  line  joining 
them,  they  accordingly  revolve  about  their 
center,  maintaining  a constant  distance 
from  each  other.  If  they  are  whirling  in 
the  same  direction  the  center  is  between 
them  (Fig.  162),  but  if  in  opposite  direc- 
tions,  it  is  outside,  and  if  they  are  equal 
it  lies  at  infinity.  Such  a pair  of  vortices 
may  be  called  a vortex-couple  or  doublet, 
and  they  advance  at  a constant  velocity, 
keeping  symmetrica!  with  respect  to  the 
plane  bisecting  perpendicularly  the  line  joining  them.  This  plane  is 
a stream- plane  and  may  accordingly  be  taken  as  a boundary  of  the 
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fluid.  Since  either  vortex  moves  with  a velocity  ~ and  half  way 


'o' 


between  them  the  velocity  being  due  to  both  is ==  - - > we  find 

J D 7CT  7LT 

2 

that  a single  vortex  near  a plane  wall  moves  parallel  to  it  with  a 
velocity  one  fourth  that  of  the  water  at  the  wall.  This  is  an 
illustration  of  the  method  of 
images,  of  frequent  application 
in  hydrodynamics. 

As  another  illustration  con- 
sider  the  motion  of  a single 
vortex-filament  in  a square  corner 
inclosed  by  two  infinite  walls.  . 

The  motion  is  evidently  the  same 
as  if  we  had  a pair  of  vortex- 
couples  formed  by  the  given 
vortex  and  its  images  in  the 
two  walls,  turaing  as  shown  in 
Fig.  163  and  forming  what  may 
be  called  a vortex  kaleidoscope. 

From  the  symmetry  it  is  evident  that  the  planes  of  the  walls  are 
stream- planes,  so  that  we  may  consider  the  motion  in  one  corner 
alone.  If  x and  y be  the  Coordinates  of  the  vortex  considered,  we 
have  as  due  to  the  others, 


A 


Fig.  168. 


U = 


y 


X ’ 


102) 


2 ny  2 tc  x*-\ -y* 


* i 

v — — +- 


X 


2*  y (aj'+y*) 

* y ’ 


2nX  *2  Tt  35*  + y*  2lt  X (35* +2/*) 


. d x d u 

Since  u and  v are  the  velocities  of  the  vortex,  we  have  for 

dt  dt  7 


the  equation  of  its  path 


103) 


dx 

dt 

dy 

dt 


u 

v 


x 9 

y* 


dx 

dy 


y or 


whose  integral  is 
104) 


dx 

35S 


35 


4-  --  = - 

+ y* 


dy 

9 . 9 x*y* 

x + y = J- 1 


and  in  polar  Coordinates, 

r 2 = r,  sin2  fr  cos2  fr, 
o*  7 

105)  r sin  2fr  = -+  2a, 

the  equation  of  a Cotes’s  spiral,  having  one  of  the  axes  as  an  asymptote. 
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The  same  problem  gives  us  the  motion  of  two  equal  vortex- 
couples  approaching  each  other  head  on,  or  a single  vortex -conple 
approaching  a plane  boundary,  showing  how  as  they  are  stopped  they 
spread  out.  The  beharior  of  vortex -couples  will  serve  to  illustrate 
that  of  circular  vortex  rings,  for  the  theory  of  which  the  reader  is 
referred  to  Helmholtz’s  original  paper.  The  two  opposite  parts  of  a 
circular  vortex  appear  to  be  rotating  in  opposite  directions  if  viewed 
on  their  intersection  by  a diametral  plane  normal  to  the  circle,  thus 
resembling  a vortex -couple.  It  is  found  that  the  circular  vortex 
advances  with  a constant  velocity  in  the  direction  of  the  fluid  in  the 
center,  maintaining  its  diameter,  but  that  when  approaching  a wall 
head  on  it  spreads  out  like  the  vortex -couple.  Two  circular  vortices 
approaching  each  other  do  the  same  thing,  but  if  moving  in  the 
same  direction  the  forward  one  spreads  out,  the  following  one 
contracts  and  is  sucked  through  the  foremost  vortex,  when  it  in  tum 
spreads  out  and  the  one  which  is  now  behind  passes  through  it,  and 
so  on  in  turn,  as  may  also  be  shown  for  two  columnar  vortex-couples 
traveling  in  the  same  direction. 

Most  of  these  properties  of  circular  vortices  may  be  realized 
with  smoke  rings  made  by  causing  smoke  to  puff  out  through  a 
circular  hole  in  a box,  or  mouth  of  a smoker,  or  smoke -stack  of  a 
locomotive.  The  friction  at  the  edge  of  the  hole  holds  the  outside 
of  the  smoke  back,  while  the  inside  goes  forward,  establishing  thereby 
the  vortical  rotation.  As  previously  stated  no  vortex  could  be  formed 
if  there  were  no  friction.  It  is  to  be  noticed  that  the  direction  of 
the  fluid  on  the  inside  of  the  vortex  gives  the  direction  of  advance. 


196.  Ixrotatlonal  Kotion.  We  shall  now  consider  the  non- 
vortical  motion  of  an  incompressible  fluid.  We  then  have  a velocity 
potential  <p  and 

ioe)  u = h>  = 


The  equation  of  continuity  becomes 

107)  4<p  = 0, 

and  the  potential  is  harmonic  at  all  points  except  where  liquid  is 
being  created  (sources)  or  withdrawn  (sinks).  The  volume  of  flow 
per  unit  time  outward  from  any  closed  surface  8 is 


108)  -/>  cos  ( nx ) -f  v cos  (ny)  + w cos  (w#)]  dS 


so  that  if  this  is  not  equal  to  zero,  it  is  equal  to  the  quantity  created 
in  the  space  considered  in  unit  time, 


196,  196,  197] 
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109>  vi? 

so  that  if  we  pat  dtp  = 6,  6 is  the  amount  of  liquid  produced  per 
unit  Volume  per  unit  of  time.  The  total  amount 


is  called  the  strength  of  the  source.  If  6 is  given  as  a function  of  the 
point  we  have 


Accordingly  the  velocity  potential  has  the  properties  of  a force 
potential,  the  density  of  attracting  matter  being  represented  by 

4 times  the  strength  of  source  per  unit  volume.  The  negative  sign 

occurs  here  from  the  different  Convention  employed,  it  being  customary 
to  defrne  the  force  as  the  negative  parameter,  the  velocity  as  the 
positive  parameter  of  its  potential.  In  particular  a point  source  of 


strength  m produces  a radial  velocity  of  magnitude 


1 m 
4 n r* 


This 


System  is  called  by  Clifford  a squirt. 


197.  Unlplanar  Kotion.  A simple  and  interesting  case  is  that 
of  nniplanar  flow  as  defined  above.  We  then  have  all  quantities 
independent  of  z,  so  that  Laplace’s  equation  reduces  to 

d'g>  d*<p  __  0 

dx*  dyt  ~ 

A po werful  method  of  treatment  of  such  problems  is  fumished  by 
the  method  of  functions  of  a complex  variable.  The  complex  number 
a + ib,  where  a and  b are  real  numbers  and  i is  a unit  defined  by 
the  equation 

**  — i, 

(the  same  root  being  always  taken)  is  subject  to  all  the  laws  of 
algebra,  and  vanishes  only  when  a and  b both  vanish  separately. 
Any  function  of  the  complex  number  obtained  by  algebraic  operations, 
after  substituting  for  every  factor  i2  its  value  — 1,  becomes  the  sum 
of  a real  number  plus  a pure  imaginary,  that  is  a real  number 
multiplied  by  i.  Any  equation  between  complex  numbers  is  equi valent 
to  two  equations  between  real  numbers,  being  satisfied  only  when 
the  real  parts  in  both  numbers  are  equal  as  well  as  the  real  coeffi- 
cients  of  i in  both  members.  If  z denote  the  complex  variable  x + iy} 
any  fonction  of  z may  be  written 


w = f(z ) = u + iv, 


522 


XI.  HYDRODYNAMICS. 


where  u and  v are  real  fanctions  of  the  two  real  variables  x and  y. 
For  instance 


112) 

z2  = (x  + iy y 

= x2  — y*  + 2 ixy, 

u = x*  — y%, 

v = 2 xy, 

l _ l 

x — iy  x iy 

z x iy 

~~  **+ys  z*+y*’ 

113) 

X 

M 

U = — | ; 

x*+y* 

V = ™ 

Let  us  examine  the  relation  between  an  infinitesimal  change  in  : 
and  the  corresponding  change  in  f{z).  We  have,  x and  y being  real 
variables  capable  of  independent  Variation , 


114)  dz  = dx  + i dy, 

115)  df(e)  = dw  = du  + idv  = ^dx  + d^dy  + *(fj<**  + 

Consequently  by  di  vision, 

, , . , dy  + i(tV-dx-{-*^-dy) 

du-\-%dv dx  1 cy  91  \Öx  ‘ dy  * ) 


116) 


dw 

dz  dx-\-idy 


dx-\-idy 


du  , . dv  , (du  , .dt>\  dy 

- + *^  + fe  + Hy)äi 


n I w f\ 

ox  cx 


l + i 


.dy 


dx 


The  ratio  of  the  differential»  of  iv  and  z accordingly  depends  in 
general  on  the  ratio  of  dy  to  dx,  that  is,  if  x and  y represent  the 
Coordinates  of  a point  in  a plane,  on  the  direction  of  leaving  the 
point.  If  the  ratio  of  dw?  to  dz  is  to  be  independent  of  this  diree- 
tion  and  to  depend  only  on  the  position  of  the  point  x,  y,  the 
numerator  must  be  a multiple  of  the  denominator,  so  that  tbe  expression 

containing  ^ ^ divides  out.  In  Order  that  this  may  be  true  we  must  have 


(du  . dv\  1 (du  . cr\  . 


du 


that  is 

117) 


. (du  . -cc\  du  , .er 
t{dx  + ld^)  = d^  + tdy 


du 


w ’ i/ 

Putting  real  and  imaginary  parts  on  both  sides  equal 

^ r ^ ^ 


118) 

and 

119) 


eu 

dx 


CV 


C V 
cx 


du 
dy 


dw  du  . . dr  dv  .du 

dz  cx  dx  cy  cy 


COMPLEX  VARIABLE. 
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In  this  case  the  function  w is  said  to  have  a definite  derivative  defined  by 


f'{z)  = lim 

dy  = Q 


and  it  is  only  when  the  functions  u and  v satisfy  these  conditions  118) 
that  u iv  is  said  to  be  an  analytic  f undion  of  z.  This  is  Riemann’s 
definition  of  a function  of  a complex  variable.1)  The  real  functions 
u and  v are  said  to  be  conjugate  functions  of  the  real  variables  x,  y. 

It  is  obvious  that  if  w is  given  as  an  analytic  expression 
involving  z,  w = /*(#),  then  w always  satisfies  this  condition.  For 


dw  __  d f(z)  dw  __  df(z)  dz  __  •*,  s 

dx  dz  cx  ' ^ dy  dz  dy  ' ^ ' 


Accordingly 


. /du  . dv\  dw du 

1 \dx  ' % dx)  cy  dy 


du d v dv  du 

cx  dy 9 cx  dy 


If  we  dififerentiate  the  equations  118),  the  first  by  x7  and  the  second 
by  y and  add,  since 

d'v  c'v 
dxcy  dydx * 


we  obtain 


d*u  d*u 

dx§  + dy*  “ 


DiflFerentiating  the  second  by  x and  the  first  by  y and  subtracting, 
we  find  that  v satisfies  the  same  equation 


d*v_ 
dx 8 ^ 


d*v 
dy 8 


Thus  every  function  of  a complex  variable  gives  a pair  of  Solutions 
of  Laplace’s  equation,  either  one  of  which  may  be  taken  for  the 
velocity  potential,  representing  two  different  states  of  flow. 

It  is  to  be  noticed  that  the  question  here  dealt  with  is  simply 
one  of  kinematics,  since  Laplace’s  equation  is  simply  the  equation  of 
continuity  and  there  is  no  reference  to  the  dynamical  equations. 

The  question  arises  whether  any  two  Solutions  of  Laplace’s 
equation  will  conversely  give  us  the  function  of  a complex  variable. 
It  obviously  will  not  answer  to  take  any  two  harmonic  functions, 
for  they  must  be  related  so  as  to  satisfy  the  equations  118)  or  be 
mutually  conjugate.  In  Order  to  avoid  confusion  with  the  velocity 


1)  Riemann,  Mathematische  Werke , p.  5. 
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components  u and  v,  let  us  call  the  two  conjngate  fonctions  <p  and  i>, 
satisfying  the  equations 


122) 


dtp  dty  dg) 

dx  dy}  dy 


dx 


It  is  evident  that  q>  and  # have  the  relation  of  thte  velocity  potential 
and  stream  function  defined  in  § 195.  If  one  function  is  given  we 
can  find  the  conjngate,  for  we  mnst  have 

**-%£**  + %}**> 

which  by  equations  122)  is 

**--£**  + lld* 


Now  if  we  call  this  Xdx  + Tdy  it  satisfies  the  condition  for  a 
perfect  differential 

dX  = dY 
dy  dx 

that  is,  in  this  case, 

d*<p  d*g> 
dy * dx* 

Gonseqnently  the  line  integral 


from  a given  point  xQf  y0  to  a variable  point  x,  y,  is  a function  only 
of  its  npper  limit  and  represents  ty.  Similarly  if  ^ is  given 


123)  9 -/(£<«*  + - Hdy)  ■ 

Furthermore  the  first  of  the  equations  122)  is  the  condition  that 
tydx  + <pdy  is  a perfect  differential  and  the  second  that  g>dx  — 1>dy 
is  such.  Accordingly  the  line  integrale 


# = J [tydx  + <pdy), 
*F  = J {q>dx-i>dy\, 


give  two  new  point  functions  <&,  W which  in  virtue  of  the  equations 


125) 


. d$ 

dW 

+ -dx-~ 

dy’ 

d<P 

dW 

II 

02) 

II 

©» 

dx  ’ 

are  conjugate  to  each  other  and  give  a new  analytic  function  of  *, 
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whose  derivative  is  q>  + ity.  From  these  by  new  integrations  we 
may  obtain  any  number.  The  method  of  the  complex  variable  accord- 
ingly  gives  us  the  solution  of  an  unlimited  nnmber  of  uniplanar 
Probleme. 

The  eqnations  122)  are  geometrically  the  condition  that  the  lines 
<p  = const.,  ip  = const.  intersect  each  other  everywhere  at  right  angles. 
If  if>  is  the  stream  function  the  lines  ^ = const.  are  the  lines  of  flow, 
which  we  know  intersect  the  equipotential  surfaces  at  right  angles. 
As  example8  consider  the  cases  worked  above, 

w = z2y  cp  = x3  — y3,  ^ = 2xy. 

The  equipotential  lines  are  sets  öf  equilateral  hyperbolas,  intersected 
at  right  angles  by  the  System  of  equilateral  hyperbolas  forming  the 
stream  lines  (Fig.  164).  The  stream  line  ^ = 0 consists  of  the  X and 
Y axes,  which  may  accordingly  be  a boundary,  so  that  one  quarter 


Fig.  164. 


of  the  figure  represents  the  flow  in  a square  comer  of  a stream  of 
infinite  extent. 

The  function  w = — gives 

^ ” x*+y*’  x'  + y* 


526 


XI.  HYDRODYNAMICS. 


The  equipotential  lines  give  a set  of  circles  all  tangent  to  the  Y-axis 
at  the  origin,  while  the  lines  of  flow  are  a similar  set  all  tangent 
to  the  X-axis  (Fig.  165).  The  water  flows  in  on  one  side  of  the 


Fig.  165. 


origin  and  out  at  the  other  as  if  there  were  a soorce  on  one  side 
and  an  equal  sink  on  the  other  close  together. 

The  fnnction  zn,  of  which  the  two  examples  just  treated  are 
particular  cases,  gives  an  interesting  case  which  is  most  simply  worked 
out  by  the  introduction  of  polar  Coordinates. 

x = r cos  cd,  y = r sin  cd, 
z = x + iy  = r (cos  cd  + i sin  ©)  = reia, 
z”  = r*eint'i  =rn(cosncD  4-  isinnco), 

from  which  we  obtain  the  two  conjugate  functions 

126)  u = rncoanG),  y = rnsinwcD. 

If  we  multiply  these  two  harmonic  functions  by  constants  and  add, 
the  sum 

127)  rn  [An  cos  (wcd)  + Bn  sin  no] 

is  the  circular  harmonic  function  treated  in  § 140.  We  may  accord- 
ingly  develop  the  velocity  potential  in  a series  of  circular  harmonics. 
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128)  tp  -2r  rn{Anüozn(o  + JB^sin»©}, 

and  if  we  know  the  values  of  (p  on  the  circumference  of  a circle 
with  center  at  the  origin,  we  may  find  the  coefficients  by  the  method 
of  Fourier  as  in  § 140a,  83). 

Let  ns  examine  the  motion  in  a segment  between  two  walls 
making  an  angle  2 a at  the  origin  and  reaching  to  infinity.  If  we 
use  the  value  of  <p  given  by  equation  128),  the  coefficients  and  the 
values  of  n admissible  are  to  be  determined  by  the  condition 


dtp 

dn 


along  each  wall.  But  since  dn  = rd(o , we  have 

129)  ^ =^nwrn“1{BncosncD  — A„8mn(o} 


which  must  vanish  for  cd  = ± a.  If 

2x  -f  1 A 

na  = — - — 7t,  cos  wa  = 0 
2 7 

and  if 


na  = x3t,  sin  (±  na)  = 0, 


x being  any  integer.  Therefore  if  we  put  when  n is  an  odd  multiple 

*JC  ( 

of  — y An  = 0 and  Bn  — C*x+ 1 and  for  even  multiples,  Bn  = 0 and 
An  = C2*>  we  shall  haye  as  a solution  of  the  problem 


i30)  <p=y* 


8x-f-l  * 

Y 


Cix+1r  2 “sin( 


2*  + 1 
2 


n 

cc 


oj  + C: 


X71 


fXr  cos 


0» 


The  tangential  velocity  at  the  wall  is  given  by 


131) 


(l9)  = 

\CrJ  a>=a 


Cx 


n 2a  1 • Ä , 

r smY  + 


The  exponent  of  the  lowest  power  of  r is  — 1.  If  this  is  negative, 
that  is  if  a > * > the  velocity  is  infinite  for  r = 0,  that  is  at  the 

corner,  unless  Cx  = 0. 

The  pressure  is  given  by  the  equation 

p = const.  — q *, 

m 

so  that  at  a sharp  projecting  edge  around  which  the  water  flows 
there  would  be  an  infinite  negative  pressure.  This  being  impossible, 
around  such  an  edge  the  motion  is  discontinuous,  so  that  instead  of 
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flowing  as  in  a)  Fig.  166,  the  water  flows  as  in  b),  the  flow  being 
discontinuous  at  the  dotted  line.  In  actnal  fluids  such  surfaces  of 
discontinuity  give  rise  to  vortex  motion,  so  that  we  see  eddies  formed 
at  projecting  corners. 


V 

Fig.  16«.- 

log#  = logr  + io 
<p  =»  log  r,  il>  = o, 

gives  us  radial  stream  lines  forming  a uniplanar  squirt,  while 

gp  = cd,  ^ = log  r 


with 


gives  us  flow 
in  circles  with 
a velocity 


182)  S-|| 


1 £? 

r d 


m 


1 

r 


Fig.  167. 

and  for  a free  surface,  p = 0, 
133)  C — gQZ 


The  velocity  at  the  center  is 
infinite.  This  flow  is  exactly 
what  we  found  in  § 195  to  be 
produced  by  a vortex  filament 
at  the  center. 

If  the  fluid  is  under  the 
influence  of  gravity,  we  have 

42)  p = consi.  — — 4- 

m 


1 * 

2 r* 


= 0. 
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If  z is  zero  when  r = <x>,  C = 0,  and  the  equation  of  the  sur 
face  is 


The  form  of  the  snrface  is  shown  in  Fig.  167.  This  is  approximately 
the  form  taken  by  the  water  ronning  ont  of  a circular  orifice  in  the 
bottom  of  a tank,  although  the  above  inyestigation  takes  no  account 
of  the  vertical  motion. 


198.  Wave  Kotion.  The  case  of  uniplanar  water  wayes  may 
be  dealt  with  by  the  method  of  the  preceding  section.1)  Let  us  take 
the  XY- plane  vertical,  the  Y-axis  pointing  vertically  upward  and 
the  motion  as  before  independent  of  the  z coordinate,  so  that  we 
may  use  z to  denote  the  complex  variable.  We  shall  find  that  the 
waves  travel  with  a constant  velocity  and  it  will  therefore  simplify 
the  problem  if  we  impress  upon  the  whole  mass  of  liquid  an  equal 
and  opposite  velocity  so  tbat  the  waves  stand  still  and  the  motion 
is  steady.  Such  still  waves  are  actually  seen  on  the  surface  of  a 
running  stream. 

Let  us  first  consider  waves  in  very  deep  water.  At  a great  depth 
the  vertical  motion  will  disappear  and  we  shall  have  only  the  constant 
horizontal  velocity  that  we  have  impressed,  so  that 

u = — a,  v = 0, 

from  which 

cp  = — ax. 

The  function 

f(z)  = — az  + Ae~iks  = — a (x  + iy ) + Ae~  **(*+•» 

gives 

<p  + it/>  = — a (x  + iy)  + Aeky  (cos  hx  — i sin  hx), 

134)  <p  = — ax  + Aeky  cos  hx, 

ij>  = — ay  — Aeky  sin  hx. 

When  y = — oo  this  makes  cp  — — ax,  as  required.  The  free  surface 
of  the  water  being  composed  of  stream  lines  is  represented  by  one 
of  the  lines  f = const.  and  if  we  take  the  origin  in  the  surface  its 
equation  is  consequently 

135)  ay  + Aeky  sin  hx  = 0, 

which  shows  that  y is  a periodic  function  of  x with  the  wave-length 
X = -jr  • The  longer  the  wave-length,  that  is  the  smaller  h,  the  more 

1)  Rayleigh,  On  Waves.  Phil.  Mag.  I,  pp.  267 — 279,  1876.  Scientific  Papers, 
Voll,  p.  261. 
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nearly  does  the  exponential  reduce  to  unity  and  the  more  nearly  is 
the  profile  a curve  of  sines.  The  velocity  is  given  by 


136) 

q2  = u2  + v2, 

where 

137) 

u = = >!—  = — a — Akek * sin  kx, 

ex  ey  9 

v = = — t-  = Ake*y<io*kx, 

dy  cx  9 

138) 

q2  = a2  + A2k2e2ky  + 2Aakeky  sinkx. 

So  far  all  our  work  has  been  kinematical.  The  relation  to 
dynamics  is  given  by  introducing  the  equation  33)  for  steady  motion. 

139)  f + 

and  at  the  surface  putting  p = 0;  and  making  use  of  the  equation  135), 

140)  gy  + y {a2  + A2k2e2ky  — 2a2ky } = C. 

Since  the  surface  passes  through  the  origm,  putting  y = 0 we  obtain 

C=  ^{o*  + ^L*fcs}, 

inserting  which  gives 

141)  (g  — a2k)y  + * A2k2  (e2**  — 1)  = 0. 

This  equation  can  be  only  approximately  fulfilled,  but  if  the  height 
of  the  waves  is  small  compared  with  the  wave-length,  so  that  2k p 
is  small;  developing  the  exponential  and  neglecting  terms  of  higher 
Order  than  the  first  in  ky  we  have 

(g  - a2Tc  + A2k9)  y = 0, 

giving  the  equation  connecting  the  velocity  and  wave-length 

142)  g — a2k  + A2k9  = 0. 

If  ky  is  small  the  equation  of  the  surface  135)  is  approximately 

143)  y = — — sin  kx 

so  that  the  maximum  height  of  the  waves  above  the  origin  is  2?  = ^* 

Inserting  the  values  of  the  height  and  wave-length  in  eqnation  142) 
it  becomes 

144)  = 

an  equation  connecting  the  wave-length;  height  and  velocity.  For 
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waves  long  enough  in  comparison  with  their  height  to  neglect 


we  have 

145) 


ßl. 

2tC 


4**J3* 

x* 


If  s is  the  height  from  which  a body  must  fall  to  acquire  a velocity 
equal  to  the  wave-velocity,  since  a*  = 2gs,  the  equation  becomes 

146)  X = 4äs, 

accordingly  the  velocity  of  propagation  of  long  waves  in  deep  water 
is  equal  to  the  velocity  acquired  by  a body  falling  freely  from  a 
height  equal  to  one-half  the  radius  of  a circle  whose  circumference 
is  the  wave-length. 

In  Order  to  study  the  motions  of  individual  particles  of  water 
let  us  now  impress  upon  the  motion  given  by  137)  a uniform  velocity  a 
in  the  X- direction.  Equations  137)  now  give  the  motion  with  respect 
to  moving  axes  travelling  with  the  waves,  so  that  in  Order  to  obtain 
the  motion  with  respect  to  fixed  axes  we  have  to  add  a to  the  u 
of  137)  and  replace  x by  x — at}  obtaining 

u = — Akeky  sin  k(x  — at), 

147^  v ' 

' v=  Akeky  <so&k(x  — at), 

for  the  equations  of  the  unsteady  motion  of  the  actual  wave- propa- 
gation. For  the  velocity  of  a particle  we  have 

148)  q = Yu 2 + v2  = Akeky 

showing  that  the  velocity  decreases  rapidly  as  we  go  below  the 
surface,  so  that  for  every  increase  of  depth  of  one  wave-length  it  is 
reduced  in  the  ratio  e~ 2 * = .001867.  If  the  displacement  of  a particle 
which  when  at  rest  was  at  x,y  is  | , rj  we  have 

d~t  = — Akeky  smk{x  — at), 

U9)  dy 

~d~-  = Akeky  oosk  (x  — at), 


if  we  neglect  the  small  change  of  velocity  from  x}  y to  x + £,  y + % 
so  that  we  obtain  by  integration 


£ = — Beky  cosk(x  — at), 
rj  = — Bekv sink  (x  — at) . 


Thus  each  particle  performs  a uniform  revolution  in  a circle  of 

...  2 it  X 

radius  Beiy  in  the  periodic  time  = -•  We  thus  see  how  the 

motion  is  confined  to  the  surface  layers.  The  direction  of  the  motion 
in  the  orbit  is  such  that  particles  at  the  crest  of  the  wave  move  in 
the  direction  of  the  wave -propagation,  those  at  a trough  in  the 
opposite  direction. 
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Let  us  now  discuss  the  form  of  the  wave -profile  135)  when  the 
restriction  that  the  height  of  the  waves  is  small  in  comparison  with 
the  wave-length  is  removed.  The  equation  of  the  surface  is 

151)  y + Bek*  sin  hx  = 0. 

This  may  be  conveniently  done  by  means  of  a graphical  constmction. 

Fig.  168.  Let  us 
construct  two 
curves,  with  the 
running  Coordi- 
nates X,  Yj  the 
first  the  logarith- 
mic  curve 

X = ekT 

Y 

and  the  second  the  straight  line  X = — . ? which  must  be 

Jts  sin  fcoc 

separately  constructed  for  each  value  of  x.  At  the  intersection  of  the 
line  and  curve,  we  have 

Y + BeiTsmhx  = 0, 


so  that  the  value  of  Y thus  obtained  may  be  taken  for  the  y coordinate 
of  the  wave -profile  with  the  abscissa  x.  As  x varies,  the  line  Swings 
back  and  forth  about  the  X-axis,  and  we  see  that  when  sin  ix  is 
positive  there  is  one  intersection  of  the  line  and  curve,  while  if  sin  Ir 
is  negative  there  are  two,  giving  two  values  of  y,  both  positive. 
Any  positive  y is  greater  in  absolute  value  than  the  corresponding 

negative  for  the 
symmetrical  Posi- 
tion of  the  line. 
Thus  the  ttnsym- 
metrical  nature  of 
trough  and  crest 
is  made  evident. 
Beginning  with 
x = 0,  the  two 
values  of  y are 
Fis  169  one  zero,  the  other 

infinity,  and  as  x increases,  y has  a single  negative  value.  When  x=y  = - 1 

y is  again  zero  and  infinity,  and  as  x increases  the  two  values  of  y,  both 

positive  approach  each  other  until  y = — X,  then  recede  until  y = L 

The  form  of  the  curve  as  constructed  in  this  manner  is  shown  in 
Fig.  169,  the  lower  branch  representing  the  wave-profile.  If  B is 
greater  than  a certain  quantity  the  values  of  y between  certain  limits 
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are  imaginary.  This  limiting  value  of  B is  that  which  makes  the 
highest  position  of  the  straight  line,  for  which  sin  Tex  = — 1,  tangent 
to  the  exponential  curve.  We  then  have 

d X X.  1 

£Y  = kX  for  the  curve,  equal  to  y = j for  the  line, 

from  which 

kY  = 1 = ky,  ~ = ke. 


The  upper  and  lower  branches  of  the  curve  151)  then  come  together, 
and  the  wave -profile  has  an  angle.  Waves  cannot  be  higher  than 
this  without  breaking.  By  differentiation  of  151)  we  find  for  the 

d fj 

summit,  ± 1,  so  that  the  angle  between  the  two  sides  of  the 

wave  is  a right  angle  (Fig.  170).  As  a matter  of  fact,  before 
the  waves  are  as 
high  as  this,  the 
equation  141)  is 
no  longer  satisfied 
with  sufficient 
approximation 
for  the  waves  to 
have  the  form  in 
question.  By  an 
elaborate  System 
of  approximation, 

Michell1 2 *)  has 

shown  that  the  highest  waves  have  a height  .142  while  the  equa- 
tion 151)  gives  .203 X.  It  was  shown  by  Stokes8)  that  at  the  crest 
the  angle  was  not  90°,  but  120°,  as  follows. 

In  the  stationary  wave,  in  order  to  have  an  edge,  the  velocities  u 
and  v for  a particle  at  the  surface  must  both  vanish  together,  for 
if  v alone  vanishes,  there  will  be  a horizontal  tangent.  Gonsequently, 
if  we  place  the  origin  at  the  crest,  equation  139)  becomes 


Pig.  170. 


gy 


+ « 3*  = 0. 


But  if  we  represent  the  surface  by  a development  of  the  form  of 
equation  128),  on  account  of  symmetry  there  will  be  only  sine  terms, 
and  if  in  the  neighborhood  of  the  origin  we  retain  only  the  most 
important  term,  we  may  put 


1)  Michell,  The  highest  Waves  in  Water.  Phil.  Mag.  36,  p.  430,  1893. 

2)  Stokes,  On  the  Theory  of  Oscülatory  Waves.  Trans.  Cambridge  Philo- 

sophical  Society,  Yol.  VIII,  p.  441,  1847.-  Math,  and  Phys.  Papers,  Yol.  I,  p.  227. 
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152)  (p  = Arn  sin  no,  tl>  = Arn  cosnto, 

o being  the  angle  measured  from  tbe  vertical.  We  have  for  the 
radial  velocity 

qr  = = Anrn~l  sin  wo, 

and  if  a is  tbe  inclination  of  the  surface  to  tbe  vertical  at  the  crest 
q = Anr”—1  sin n a.  But  we  have  q2  = — 2gy  = 2grcosa  and  accord- 

ingly  2(n  — 1)  = 1,  n = y-  Also  as  in  129),  cos  na  = 0.  Thas 

i—r  2a  = ^ = 120°. 


The  problem  of  waves  in  water  of  finite  depth  may  be  treated 
in  a similar  manner,  by  pntting  instead  of  134), 

(jp  + ii>  = — as  + Ae~ik*  + Beik*, 

<p  = — ax  + (Ae**  + Be—**)  cos  Tex , 

153)  ip  = — ay  — (Ae1*  — Be—**)  sin  Tex , 

u = — a — Tc(Ae* * + Be~**)  sin  Tex, 
v = Tc  (Ae**  — Be~**)  cos  Tex . 

If  the  depth  is  A,  we  must  have  v = 0 for  y = — A,  giving 

*A  = Be*h . 


Galling  this  value  C,  we  have 

154)  ip  = — ay  — C (e*(A+y)  — £—*(*+*))  sin  ft#  = 0, 

as  the  equation  for  the  wave-profile.  For  the  first  Approximation, 
for  waves  whose  height  is  small  compared  to  their  length,  replacing 
e**7  e~**  by  unity,  we  have 

155)  ay  = — C (e*h  — e—*h)  • sin  Tex , 
and  neglecting  (CTe)2, 

156)  u2  + v2  = a2  + 2CaTc  (e*h  + e—*h)  sin  Tex . 


Thus  the  surface  equation  139)  becomes 

157)  const.  = p-  — - 9 (e*h  — e—*h)  sin  Tex 

Q Qi 


+ + 2 Cak(ekh  + e— **)sin&a:l, 

which  is  satisfied  by 


158)  ak  (ekh  + 
giving  the  velocity 

159) 


g e**_e— *7' 

k eiT+ e~*'‘ ' 
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If  h is  infinite  this  reduces  to  145),  while  if  the  depth  is  very  small 
with  respect  to  the  wave-length,  it  reduces  to  a?  = gh.  Accordingly 
long  waves  in  shallow  water  travel  with  a velocity  independent  of 
their  length,  being  the  velocity  acquired  by  a body  falling  through 
a distance  equal  to  one-half  the  depth  of  the  water.  Consequently 
the  resultant  of  such  waves  of  different  wave-lengths  is  propagated 
without  change,  contrary  to  what  is  the  case  in  deep  water. 

Changing  to  fixed  axes,  we  have  for  the  running  wave 

(p  ==  cos k(x  — at), 

^ = — g— *(Ä+y))sin  Jc(x  — at), 

and  by  comparison  with  147),  150),  we  find  that  the  particles 
describe  ellipses  with  semi-axes  equal  to 


C 

a 


_j_  g — ^(A-l-y))^ 


If  we  consider  the  resultant  of  two  equal  wave-trains  running 
in  opposite  direct ions,  we  have 


(jp  = C(e*(A+y)-f  e~ *(A+y))  [Cosifc(#  — at)  + cos  Tc(x-\-at)] 

= 2(7(e*(A+y) -|-  e~ *(Ä+y)) coalcxcoBkat, 

r/>  = — (7(e*(A+y)  — e~  J(A+y))  [sinA;^  — at)  + sini(a;  + at)'] 
= — 2(7  — 6“*(A+y))sinÄ;fl?cosÄ:a^. 


The  equation  of  the  profile  is  now  of  the  form,  y is  equal  to  a 
function  of  x multiplied  by  a function  of  t,  so  that  the  profile  is 
always  of  the  same  shape,  with  a varying  vertical  scale.  Such  waves 
are  called  standing  waves,  and  we  see  them  in  a chop  sea.  The 
difference  between  them  and  the  stationary  wave  in  a running  stream, 
with  which  we  began,  is  very  marked,  as  here  every  point  on  the 
surface  oscillates  up  and  down,  while  there  the  water -profile  was 
invariable  both  as  to  time  and  place. 

199.  Eqnillbrinin  Theory  of  the  Tides.  We  shall  now 
briefly  consider  some  aspects  of  the  phenomena  of  the  tides,  the 
general  theory  of  which  is  far  too  complicated  to  be  dealt  with  here. 
The  earliest  theory  historically  is  that  proposed  by  Newton,  which 
supposes  that  the  water  covering  the  earth  assumes,  under  the  attraction 
of  a disturbing  body,  the  form  that  it  would  have  if  at  rest  under 
the  action  of  the  forces  in  question.  This  so -called  equilibrium 
theory,  which  neglects  the  inertia  of  the  water,  belongs  logically  to 
the  subject  of  hydrostatics,  but  will  be  now  treated.  If  U denote 
the  potential  of  gravity,  including  the  centrifugal  force,  as  in  § 149, 
we  have,  as  there,  for  the  undisturbed  surface  of  the  ocean, 
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163)  U (r0,  ty,  (p)  = const. 

ro>  <Py  denoting  the  radius,  latitude,  and  longitude.  If  V denote 
the  potential  of  the  disturbing  body,  we  have  according  to  the  equi- 
libriuin  theory,  for  the  disturbed  surface, 


164)  U (r,  tp,  (p)  + V = const . 
and  subtracting  equation  163)  from  this,  we  have 

165)  U (r,  ty,  tp)  — U (r0,  (p)  + V = const . = C. 


But  if  we  put  h = r — r0,  h is  the  height  of  the  tide,  and  being 
small  with  respect  to  the  radius,  we  may  put 


ü ( r , (r0, 1>,  q>)  = 


J 


giving 

167) 

But  g = 
the  tide 

168) 


V-C=-h 


dU 


dü 

* 

er 


y QrJ  as  in  § 149,  so  that  we  obtain  for  the  height  of 


We  may  determine  the  constant  in  168)  by  the  consideration 
that  the  total  volume  of  the  water  is  constant.  If  dS  is  the  area 
of  an  element  of  the  earth’s  surface,  the  total  volume  of  the  tide 
above  the  surface  of  equilibrium  must  vanish,  giving 

VdS  = effis,  r-o, 


where  V is  the  mean  value  of  the  disturbing  potential  over  the  earth's 
surface.  Now  we  have  found  in  § 150,  equation  154),  the  value  of 
the  potential  of  the  tide-generating  forces, 

170)  V = (3  cos*  Z—l), 


where  Z is  the  zenith  -distance  of  the  ljeavenly  body  at  the  point  in 
question.  If  we  refer  other  points  on  the  earth’s  surface  to  polar 
Coordinates  with  respect  to  this  point  and  any  plane  through  it, 
with  Coordinates  Z,  we  have 

dS  = r*  sin  Z d Z d&, 

2 ft  Tt 

d<& J* '3  cos2  Z—l)  sinZdZ==0, 

0 0 


so  that  the  mean  of  V vanishes.  Accordingly  we  have 
171)  Ä = |^(3cos2Z-l). 


EQUILIBRIUM  THEORY  OF  TIDES. 
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This  equation  shows*  that  the  tidal  snrface  is  a prolate  ellipsoid  of 
revolution,  with  its  axis  pointing  at  the  disturbing  body. 

Let  us  now  express  cos  Z in  terms  of  the  latitude  of  the  point 
of  observation  and  of  the  declination  d and  hour- angle  H of  the 
disturbing  body,  which  for  brevity  we  shall  call  the  moon.  If  we 
take  axes  in  the  earth  as  usual,  with  the  Xi?- plane  passing  through 
the  point  of  observation  and  measure  H from  this  plane,  we  have 
for  its  Coordinates  and  those  of  the  moon  respectively 

r cos  D cos  d cos  H, 

0 , D cos  d sin  H , 

r sin  tp,  D sin  ö , 

from  which  we  obtain  the  cosine  of  the  angle  included  by  their  radii 

cos  Z = cos  ^ cos  d cos  H + sin  sin  d. 

Squaring  this,  replacing  cos2  H by  * (1  + cos  2JET),  cos2  ^ cos2  d by 
(1  — sin2  ifi)  ( l — sin2  d),  we  easily  obtain 

3 cos2  i?  — 1=2  [cos*  & cos2  ^ cos  + sin  2d  sin  2^  cos  H 

(1  — S sin*  d)  (1  — 3 sin*^)"] 

+ 3 J- 

Inserting  this  in  171),  replacing  g by  its  approximate  value  and, 

as  we  have  already  done,  neglecting  the  attraction  of  the  disturbed 
water,  we  have  the  equation  for  the  tide, 

172)  ^ = ißips  j^cos2  d cos2  ^ cos  2 H + sin  2 d sin  2$  cos  H 

. (1  — 3 sin*  6)  (1  — 3 8insi^)~| 

+ 3 J* 

The  first  term  in  the  brackets,  containing  the  factor  cos  2 H, 
where  H is  the  moon’s  hour- angle  at  the  point  of  the  earth  in 
question,  is  periodic  in  one-half  a lunar  day,  consequently  this  term 
has  a maximum  when  the  moon  is  on  the  meridian,  both  above  and 
below,  low  water  when  the  moon  is  rising  or  setting.  The  effect  of 
this  term  is  the  semi-diumal  tide,  which  is  the  most  familiär,  with 
two  high  and  two  low  waters  each  day.  This  tide  is  a maximum 
for  points  on  the  equator,  where  cos2  = 1,  and  for  those  times  of 
the  month  when  cos2  d = 1,  that  is  when  the  moon  is  Crossing  the 
equator.  These  are  the  so-called  equinoctial  tides. 

The  second  term,  containing  the  factor  cos  H,  is  periodic  in  a 
lunar  day,  and  gives  the  diurnal  tide.  This  gives  high  water  under 
the  moon,  and  low  water  on  the  opposite  side  of  the  earth.  On  the 
side  toward  the  moon,  these  two  tides  are  therefore  added,  while  on 
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the  opposite  side  we  have  their  difference.  Consequently,  at  any 
point,  the  difference  of  two  consecutive  high  waters  is  twice  the 
diumal  tide.  This  difference  is  generally  small,  showing  that  the 
latter  tide  is  small.  It  vanishes  for  points  on  the  equator,  and  at 
the  times  of  the  eqninoctial  tides. 

The  third  term,  which  vanishes  for  latitude  35°  16',  does  not 
depend  on  the  moon’s  hour-  angle,  but  only  on  its  declination.  This 
declinational  tide,  depending  on  the  square  of  sind,  has  a period  of 
one-half  a lunar  month. 

Beside  the  tides  due  to  the  moon,  we  must  add  those  due  to 
the  sun,  for  which  the  factor  outside  the  brackets  in  172)  is  some- 
what  less  than  one-half  that  due  to  the  moon.  The  highest  tides 
therefore  occur  at  those  times  in  the  month  when  the  sun  and  the 
moon  are  on  the  meridian  together,  namely  at  new  and  full  moon. 
These  are  known  as  spring-tides.  The  lowest  occur  when  the  moon 
is  in  quadrature  with  the  sun,  and  the  lunar  and  solar  tides  are  in 
Opposition.  These  are  known  as  neap-tides,  and  occording  to  this 
theory  would  be  only  one-third  the  height  of  the  spring-tides.  The 
greatest  spring-tides  would  be  those  in  which  the  moon  was  on  the 
equator,  or  the  equinoctial  spring-tides.  Now  it  is  found  that,  instead 
of  this,  the  high  tides  come  about  a day  and  a half  later.  Consequently, 
although  the  equilibrium  theory  indicates  to  us  the  general  nature 
of  the  different  tides  to  be  expected,  it  does  not  give  us  an  accur&te 
expression  for  their  values.  Roughly  speaking  we  may  say  that  the 
tides  act  as  if  they  were  produced  as  described  by  the  action  of  the 
sun  and  moon,  but  that  the  time  of  arrival  of  the  effects  produced 
was  delayed. 

A correction  was  introduced  into  the  equilibrium  theory  by 
Lord  Kelvin,  to  take  account  of  the  effect  of  the  continents.  For  if 
the  height  of  the  tide  were  given  by  the  equation  171),  removing 
the  various  volumes  of  water  in  the  space  actually  occupied  by  land 
would  subtract  an  amount  of  water  now  positive,  now  negative,  so 
that  the  condition  of  constant  volume  would  not  be  fulfilled.  In 
Order  that  it  still  may  do  so,  the  integral  169)  is  to  be  taken  only 
over  those  parts  of  the  earth’s  surface  covered  by  the  sea.  The 
value  of  V is  then  not  zero.  The  effect  of  this  is  to  introduce  at 
each  point  on  the  earth’s  surface  change  of  time  of  the  arrival  of 
each  tide,  varying  from  point  to  point.  The  practical  effect  of  this 
correction  is  not  large. 

200.  Tidal  Waves  ln  Canals.  In  the  dynamical  theory  of 
the  tides,  taking  account  of  the  inertia  of  the  water,  we  have  the 
problem  of  the  forced  osciüations  of  the  sea  under  periodic  forces. 
As  a simple  example  illustrating  this  method  we  shall  consider  waves 
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in  straight  canals.  Let  the  motion  be  in  the  plane  of  XY>  as  in 
§ 198,  and  let  h , the  depth  of  the  canal,  be  small  in  comparison 
with  the  wave-length.  We  shall  suppose  the  displacements  of  all 
the  particles,  with  their  velocities  and  their  ßpace- derivatives,  to  be 
small  quantities  whose  squares  and  products  may  be  neglected.  We 
shall  also  neglect  the  vertical  acceleration,  so  that  the  equation  for  y 
is  that  of  hydrostatics,  giving  the  pressure  proportional  to  the  distance 
helow  the  surface.  If  the  Ordinate  of  the  free  surface  is  h + rj,  this 
gives 

173)  p=*  9Q(h  + rj  — y), 


174) 


dp 

dx 


dr\ 


while  the  equation  of  motion,  the  first  of  equations  6),  is 
175) 


du 1 op 

dt  A “ V Fi' 


Combining  these  two  equations,  we  have 

d ?] 


176) 


CU 

di 


= X-g 


dx 


drj 


and  if  X is  independent  of  y , since  ^ is  also,  this  shows  that  u 

c x 

depends  only  on  x and  t,  or  vertical  planes  perpendicular  to  the 
XY  plane  remain  such  during  the  motion. 

Integrating  the  equation  of  continuity 


du 


vw.  Ci)  /\ 

r ' I Vi 

ex  cy  7 


dx 


with  respect  to  y from  the  bottom  to  the  surface, 

177)  r Jd£dy==-{h  + v)^ 

or  approximately,  at  the  surface, 

178) 


n 


dr\  j du 

v = -jt  = — h ~ 
dt  dx 


Now  putting  u = the  equation  of  continuity  178)  becomes, 
179) 


0*1  _ 7, 

dt~  n dt  dx 


and  on  integration  with  respect  to  the  time, 

180)  1 — >>%■ 

Substituting  in  176)  we  have  for  the  horizontal  displacement 

181)  w = x + ?'*& 
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If  there  is  no  disturbing  force,  X = 0,  and  we  have  the  equation 
182) 


dii~~ghdxi 


for  the  propagation  of  free  waves,  which  we  might  have  used  in 
Order  to  obtain  the  results  of  § 198,  for  instance  it  is  satisfied  b y 
equations  150)  if  we  put  a2  *=gh.  This  is  the  same  equation  as  we 
had  in  § 46,  equation  109),  for  the  motion  of  a stretched  string, 
and  the  standing  waves  of  162),  § 198,  putting  y = 0,  are  the  normal 
vibrations  of  equation  115),  § 46.  The  general  solution  of  equation  182  ) 
is  obtained  in  the  next  section,  for  the  present  it  is  sufficient  to 
consider  the  wave  already  obtained  which  advances  unchanged  in 
form  with  the  velocity  a.  We  have  then,  in  the  case  of  an  endless 
canal  encircling  the  earth,  the  curvature  of  which  we  may  neglect, 
the  case  of  a free  wave,  running  around  and  around,  without  change, 

so  that  at  any  point,  the  motion  is  periodic  in  the  time  ^ > where  / 

is  the  length  of  the  endless  canal.  We  thus  have  a System  with 
free  periods,  and  when  we  consider  the  action  upon  it  of  periodic 
disturbing  forces,  we  may  expect  the  phenomena  of  resonance,  as 
described  in  Chapter  V. 

Let  us  now  suppose  the  canal  coincides  with  a parallel  of 
latitude,  and  that  x is  measured  to  the  west  ward  frorn  a cert&in 
meridian.  We  then  have  for  the  horizontal  component  of  the 
disturbing  force 

-y  dV 

y dx 

where  V is  given  by  170),  and  U , the  hour-angle  of  the  moon  at 
the  point  x,  is 


183) 


H = cot  — 


X . dV  dV  1 

j so  that  — — = f 


rcosij>  ' dx  dH  r coboJ> 

o being  the  angular  velocity  of  the  moon  with  respect  to  the  earth. 
We  accordingly  find  X to  be  composed  of  two  terms  each  of  the  form 

— Aam(mt  — Jcx), 
where  for  the  semi-diurnal  part 


184)  A = ^ cos2 d cos m = 2<o,  k = 


2 


4sr 


r cos 


Introducing  this  into  the  equation  181), 
185) 

we  may  find  a solution 


dH  O dH  A • / ; 7 N 

dt*  = a dx*  ~ A sin  (mt " 
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| = B sin  (mt  — Jcx), 


where  by  insertion  in  185)  we  find 


187) 

Prom  180)  we  obtain 

188) 


A 

m*  — a*k* 


Akh 
a*k*  — m 


,C0S  (mt  — kx). 


The  coefficient  of  the  cosine  is  positive  or  negative  according  as  ah 
is  greater  or  less  than  m,  so  that  we  have,  according  to  circumstances, 
high  or  low  water  under  the  moon.  In  the  former  case,  the  tides 
are  said  to  be  direct,  as  in  the  eqnilibrium  theory,  in  the  latter  they 

are  inverted.  But  — is  the  ratio  of  the  time  period  of  the  force, 

or  half  a lunar  day,  to  the  time  required  for  a free  wave  to  travel 
half  around  the  earth,  and  the  tide  is  direct  or  inverted  according  as 
this  is  greater  or  less  than  unity.  Equation  188)  is  the  analogue  of 
equation  50),  § 44.  Inserting  the  values  of  the  constants  in  188) 
we  find  that  the  canal  theory  gives  the  height  of  the  tide  as  given 
by  the  equilibrium  theory  in  172)  (which  we  also  obtain  by  putting 
m = 0),  multiplied  by  the  factor 


l 


exactly  as  described  for  the  System  with  one  degree  of  freedom  on 
page  155.  If  we  introduced  into  our  equations  a term  giving  the 
effect  of  friction  we  should  obtain  a change  of  phase,  as  in  § 44,  of 
amount  other  than  a half-period,  or  inversion. 

In  order  to  determine  the  directness  or  inversion  of  the  tides, 
let  us  insert  the  values  of  m,  k from  184)  in  188),  by  which  we 
find  that  the  tides  are  direct  or  inverted  according  as  we  have  the 
upper  or  lower  sign  in  the  inequality 

189)  g h ^ r2a*  cos2  tfr. 

Supposing  the  lunar  day  to  be  24  hours,  50  minutes,  the  earth’s 
circumference  forty  million  meters,  we  find  at  the  equator  the  critical 
depth,  determining  the  inversion,  to  be  20.46  kilometers,  or  12.7  miles. 
As  the  depth  is  less  than  this,  the  tides  are  inverted.  For  any  depth 
less  than  the  critical  depth,  there  will  be  a latitude  beyond  which 
the  tides  will  be  direct.  Accordingly  we  see  that  even  if  we  consider 
the  ocean  to  be  composed  of  parallel  canals  separated  by  partitions, 
the  tides  will  be  very  different  in  different  latitudes,  so  that  if  the 
partitions  be  removed,  water  will  flow  north  and  south.  We  thus 
obtain  an  idea  of  the  complication  of  the  actual  motion  of  the  tides. 
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By  introducing  the  complete  expressions  for  the  accelerations  with 
respect  to  revolving  axes,  given  in  § 104,  and  applying  the  principles 
of  forced  oscillations,  we  obtain  the  more  complete  theory  given  by 
Laplace. 


201.  Sound -Waves.  Let  us  now  consider  the  motion  of  a 
compressible  fluid  which  takes  place  in  the  propagation  of  sound 
In  the  production  of  all  ordinary  sounds,  except  those  violent  ones 
produced  by  explosions,  the  motion  of  each  particle  of  air  is  extremely 
minute.  We  shall  therefore  suppose  that  the  velocity  components 
Uj  v,  w and  their  space  derivatives  are  so  small  that  their  squares 
and  products  may  be  neglected.  Let  us  put 

190)  p = p0(l  + s), 

where  p0  is  a constant  and  s is  a small  quantity,  of  the  same  Order 
as  the  velocities,  called  the  compression.  From  the  equation  of 
continuity  we  have 


du  dv  dw l de l ds 

dx  ' dy  de  q dt  1 + 8 dt’ 


or  neglecting  the  product  of  s and  its  derivative, 

192)  rf=  ~ |t' 

In  Order  to  calculate  P,  we  have,  since  the  changes  in  q are  small 

193)  dp  = a2  dg  =*  a*p0  ds, 

where  a 2 is  a constant  representing  the  value  of  the  derivative 

for  q = p0;  density  of  the  air  at  atmospheric  pressure.  We 
therefore  have 

1 94)  P =f~  =J  = o*  log  (1  + s)  = a*s, 


to  the  same  degree  of  approximation. 

Neglecting  small  quantities  the  equations  of  hydrodynamics  6j 
become,  when  there  are  no  applied  forces, 


195) 


with 


du 

Tt 

dv 

Jt 

dir 

~dt 


9 ds 

— a*ö—  r 

ox 

2 08 

— aa—  > 


= -a2 


oy 

ds 

Tz’ 


192)  « % 

Differentiating  the  equations  respectively  by  x , y , z , adding  and 
observing  the  definition  of  6,  we  obtain 
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196)  — a2zfs, 

and  differentiating  192)  by  t and  combining  with  this 

197)  0 = a*4s. 


Since  the  motion  is  assumed  to  be  irrotational,  introducing  the  velocity 
potential  into  equations  195)  they  become  the  derivatives  by  x,  y,  z 
respectively  of  the  equation 

198) 


dtp  9 

-7—;  = ~ CTS. 
Ct 


Differentiating  by  t , making  use  of  equation  192), 

199)  “ a%  Vt  = a*6  “ 

Thus  both  the  velocity  potential  and  the  compression  satisfy  the 
differential  equation 


200) 


Gxtp 

dt 


y = a*z/qp. 


This  is  known  as  the  differential  equation  of  wave- motion  and  is  the 
basis  of  the  theories  of  sound  and  light. 


202.  Plane  Waves.  Let  us  suppose  first  that  the  motion  is 
the  same  at  all  points  in  each  plane  perpendicular  to  a given  direction 
which  we  will  take  for  that  of  the  X-axis.  Thus  all  the  quantities 
concemed  become  independent  of  y and  z and  equation  200)  reduces  to 

a*qp 

dt * a dxv 

which  is  equation  109)  § 46,  the  equation  for  the  motion  of  a con- 
tinuous  string,  or  equation  182)  § 200,  for  the  propagation  of  long 
waves  in  shallow  water. 

The  general  solution  of  this  equation  is  found  by  introducing 
the  two  new  independent  variables  p = x — at,  q = x + at. 

We  have  then 


202) 


dtp  d<p  dp  . dtp  dq 


v r v r | 

dt  dp  IFt  ' 


dtp 

dx 


dq  dt 
dtp  dq 


dtp  dtp 

arr*-  + a 


op 


dtp  dp  dtp  dq  dtp  dtp 

dp  dx'  dq  Wx  dp  ' dq} 


d*tp 

Tt 

d*tp 


?-«>{ 


d*tp  . d*tp 


d*tp  1 


dp * dq*  ^ dp  dq]’ 


_ 2*qp  , ^qp  , 9 £*qp 
dx*  dp*  ' dq * * dpdq 

Inserting  these  values  in  201),  we  have 

203)  -Ä  = 0. 

' dp  dq 


dq 
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Integrating  with  respect  to  q,  we  find  that  is  independent  of  q, 
but  may  be  an  arbitrary  fnnction  of  p,  say 

Integrating  again  we  find 

204)  cp  = F^p)  + Ft(q), 

where  F%  is  an  arbitrary  function  of  q.  Whatever  the  functions  JF, 
and  F2,  this  value  will  satisfy  the  eqnation  203).  Beplacingp  and  q 
by  their  values,  we  have  the  general  solution 

205)  fp  = Ft  (x  — at ) + F%  (z  + «0- 

Let  us  first  assume  F%  = 0 and  consider  the  solution 

206)  tp  = Fl  ( p ) = Fx(x  — at). 

The  value  of  <p  depending  only  on  p is  unchanged  when  x has 
increased  by  the  amount  at,  that  is  to  say,  if  (p  be  represented 
graphically  as  a function  of  x at  the  time  t = 0,  it  will  be  represented 
at  the  time  t by  the  same  curve  moved  to  the  right  a distance  at. 
Such  a motion  is  termed  a wave  moving  with  the  velocity  a in  the 
positive  X-direction. 

Similarly  the  solution 

207)  <p  = Fs(q)  = Ft  (x  + at) 

represents  a wave  moving  in  the  negative  X-direction  with  the  same 
velocity. 

If  the  function  F(p)  is  zero  except  for  a certain  small  ränge 
of  values  p0,plf  the  motion  is  sometimes  called  a pulse.  A pulse  is 
none  the  less  a wave. 

Thus  the  general  solution  of  equation  201)  represents  two  plane 
waves  propagated  in  opposite  directions  with  the  same  velocity  a. 

The  velocity  of  sound  a = j/ depends  upon  the  elasticity  of 

the  air  and  was  calculated  by  Newton,  assuming  that  the  process 
was  isothermal,  using  Boyle’s  law.  As  this  was  found  to  give  results 
not  agreeing  with  experiment  Laplace  suggested  that  the  compression 
was  adiabatic,  the  vibrations  being  so  rapid  that  the  heat  generated 
did  not  have  time  to  flow  from  the  heated  to  the  cooled  parts.  Thus 
the  constant  x,  equation  17)  § 178  representing  the  ratio  of  the  two 
specific  heats  of  the  air  is  introduced.  The  velocity  of  sound  gives 
one  of  the  most  accurate  ways  of  determining  this  ratio  x. 

The  velocity  of  the  particle  of  air  is  obtained  by 


208) 


u = = I\f  (x  — at) 


in  the  wave  going  to  the  right.  The  compression  by 
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so  that 

u = as. 

Thus  the  velocity  of  the  particle  is  in  the  same  direction  as  that  of 
the  wave  where  there  is  condensation,  or  s is  positive,  in  the  opposite 
direction  where  there  is  rarefaction,  or  s is  negative. 

203.  Echo.  Organ-pipes.  Suppose  there  is  a rigid  wall  whose 
eqnation  is  x = 1.  The  velocity  of  a particle  normal  to  the  wall 
must  be  zero,  so  that 

210)  u =*  jF/  (x  — at)  + F2f  (x  + at)  = 0 
when  x — l,  or 

211)  Ft’(l-af)  + Fi'(l  + at)  = Q 

for  all  positive  values  of  t.  Thus  one  of  the  functions  is  determined 
by  the  other.  Put 

1 + at=*y, 

so  that  our  equation  211)  is 

212)  Fl{y)  = -Fl{2l-y)} 

a differential  equation  connecting  Ft  and  F2,  the  integral  of  which  is 

213)  F%(y)  = Fl(2l-y)  + C 

for  y^>l.  Since  the  velocity  depends  only  on  the  derivative  of  <p9 
the  value  of  C is  immaterial;  and  we  will  put  it  equal  to  zero.  . 

The  equation  jFg  (y)  = Fx  (21  — y)  indicates  that  the  curve 
representing  F%  is  the  geometrical  reflection  in  the  wall  of  that 
representing  Ft,  in  other  words  the  function  F%  represents  a wave 
travelling  to  the  leffc,  which  after  x — at  is  greater  than  l represents 
the  motion  on  the  left  of  the  wall,  the  values  of  cp  at  points  a 
certain  distance  to  the  left  of  the  wall  being  the  same  as  they  would 
have  been  at  the  same  distance  to  the  right  of  the  wall  had  the 
direct  wave  gone  on  unchanged.  Since  the  values  of  u depend  on 
the  derivative  of  cp  according  to  x,  the  velocity  changes  sign  in  the 
reflection.  This  must  be  the  case  for  the  condition  producing  reflection 
is  that  u = 0 at  x = l,  so  that  the  wave  coning  to  the  left  must 
have  a velocity  equal  and  opposite  to  that  of  the  wave  going  to  the 
right.  If  there  is  a wall  at  x = 0 as  well  as  at  x = l,  the  wave  is 
reflected  in  that  also,  so  that  the  motion  consists  in  the  continual  to 
and  fro  motion  of  the  original  disturbance.  The  motion  at  any  point 

is  periodic  in  the  time  — • We  may  accordingly  develop  the  motion 

ci 
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in  a series  of  normal  vibrations  as  in  § 46.  If  we  take  the  particular 
Solution  of  equation  109)  given  in  equation  115)  of  that  section, 
and  write 


213) 

where  n = ha,  we  have 


<p  = A cos  hx  cos  nt, 


214) 


u — = — AJc  sin  hx  cos  nt, 


s = — 


a 


^ ||  = A ^ cos  hx  sin  nt. 


a 


Every  particle  oscillates  with  a simple  harmonic  motion  with  an 
amplitnde  — sin  hx,  and  we  have  a pure  tone.  The  compression  also 


Ak 


varies  harmonically  with  an  amplitnde  — cos  hx.  Thus  the  maximnm 

pressure  occnrs  at  points  of  no  motion,  such  points  being  called 
nodes.  These  occur  where  hx  = rit,  where  r is  any  integer,  or 

x — -*-*  ^ y —->  •••.  The  wave-length  being  X- =ss~^f  the  nodes  are 

separated  by  distances  The  condensation  s follows  a similar 

law,  bat  yanishes  half  way  between  the  nodes  where  the  motion  is 

a maximum.  The  regions  between  the  nodes  are  called  loops.  The 

maiimum  changes  of  s are  at  the  nodes. 

As  there  is  no  motion  at  the  nodes,  bnt  only  changes  of  pressure, 

we  may  place  reflecting  walls  there  and  apply  the  theory  to  the  case 

of  a stopped  organ -pipe,  whose  length  is  accordingly  any  nnmber  of 

half  wave  - lengths.  If  the  ends  of  the  pipe  are  at  rr  = 0 and  x = l, 

we  have  , 

l = r~>  hl  = rit , h ~ 

2 

and  the  frequency  is  determined  by 


l 


n 

2 7t 


ak 

2ä 


ar 

2 V 


Cönsequently  the  possible  frequencies  for  a simple  harmonic  Vibration 
of  a stopped  pipe  are  in  the  ratio  of  the  integers  1,  2,  3,  etc. 

For  a pipe  open  at  the  end  the  condition  is  that  the  pressure 

is  that  of  the  external  air,  that  is,  there  is  a loop.  Thus  a pipe 

open  at  both  ends  has  its  length  equal  to  an  integral  number  of 
half  wave -lengths,  and  has  the  same  harmonics  as  a closed  pipe. 
Opening  one  of  the  holes  in  a flute  produces  a loop,  so  that  the 
tones  of  a flute  are  produced  by  the  column  of  air  between  the 
mouth-  piece  and  the  first  open  hole. 

For  a pipe  open  at  one  end  and  stopped  at  the  other,  the  length 

is  equal  to  an  odd  number  of  quarter  wave -lengths,  so  that  the 

frequencies  are  proportional  to  the  odd  integers  1,  3,  5,  etc. 
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204.  Spherioal  Waves.  If  the  velocity  potential  depends  only 
on  the  distance  from  a fixed  point,  using  the  expression  of  § 135, 
equation  44),  the  wave-equation  200)  becomes 


d*q> 8 I d*<p  , 2 d(p\ a*  d*(r<p) 

dt*  a | dr * ' r dr  j r dr* 


Multiplying  by  r,  this  is 
216) 


d*(rq p) 
dr*  9 


so  that  the  prodnct  rep  satisfies  an  equation  like  201),  of  which  the 
solution  is 

rtp  = Fx  (r  — at)  + F%  (r  + af). 

Accordingly  we  have 

217)  (p  = ^{F^r-at)  + Fs(r  + a{)}, 


of  which  the  first  term  represents  a wave  proceeding  outwards,  the 
second  one  proceeding  inwards,  the  magnitude  however  varying 

according  to  the  factor  j- 

For  a periodic  solution  representing  a simple  tone  proceeding 
from  a single  point- source  we  may  take 


218) 


4 itr 


cos  Tz  {at  — 


The  physical  meaning  of  the  constant  A is  obtained  as  follows.  Let 
us  find  the  volume  of  air  flowing  in  unit  of  time  through  the  surface 
of  a sphere  with  center  at  the  source.  We  will  call  this  the  total 
current, 

219)  1= ff q cos  (qn)  dS  = ffd*dS-4*r*d£ 

= A{cosJc  (at  — r)  — lcrBm1z{at  — r)}. 

Accordingly  when  r = 0 we  have  I = AcosJcat  and  A , the  maximum 
rate  of  emission  of  air  per  unit  of  time,  is  called  the  strength  of  the 
source,  agreeing  with  the  definition  of  § 196. 

In  Order  to  obtain  the  activity  of  the  source,  that  is  the  rate 
of  emission  of  energy  per  unit  of  time,  we  may  find  the  rate  of 
working  of  the  pressure  at  the  surface  of  a sphere,  as  explained  in 
§188, 

220)  P = J*J* pqdS  = 4 itr2p 

In  order  to  find  p,  we  have,  if  pQ  is  the  undisturbed  atmospheric 
pressure,  by  integration  of  193),  and  by  198), 


36* 
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221)  p -p0  = a*Q0S  = - p0^r 

from  which  we  obtain 

222)  P= J.|cos&(a£— r)  — Jcrsmk(at— r)J  |p0  — sin k(at  — r)j- 

This  contains  a part  which  is  alternately  positive  and  negative , and 
also  one  which  is  always  positive.  If  we  seek  the  mean  value  of  P 
throughont  the  period,  that  is 

T 

P-ifpit,  T-\l- 

0 

we  easily  find,  since  the  mean  of  cos#,  sin#,  cos#  sin 0*,  is  zero, 
while  the  mean  of  sin*-#  is 

223)  P = ~l~- 

which  is  independent  of  the  radius,  as  it  should  be.  The  mean 
energy-flow  per  unit  of  time  and  per  unit  of  area  of  the  sphere  is 


224) 


P 

~S 


ÄQ0k%a 


32  arr 


which  is  a measure  of  the  intensity  of  the  sound.  Tihs  decreases 
as  the  inverse  square  of  the  distance.  In  Order  to  give  an  idea  of 
the  extremely  small  dynamical  magnitudes  involved  in  musical  sounds, 
it  may  be  stated  that  measorements  made  by  the  author1)  showed 
that  the  energy  emitted  by  a cornet,  playing  with  an  average  loudness, 
was  770  ergs  per  second,  or  about  one  ten-millionth  of  a horse- 
power,  while  a steam-whistle  that  could  under  favorable  circumstances 


be  heard  twenty  miles  away  emitted  but 

« 

of  a horse-power  (see  note,  p.  153). 


1.25  x 10*ergs 


sec. 


or  one  - sixtieth 


205.  Waves  ln  a Solid.  The  equations  of  motion  for  an 
elastic  solid  are  obtained  from  the  equations  of  equilibrium  144),  § 175 
by  the  application  of  d’Alembert’s  principle  in  the  same  manner  as 
the  equations  of  hydrodynamics  were  deduced  from  those  of  hydro* 
statics.  It  will  be  convenient  here  to  revert  to  the  notation  of 
Chapter  IX  where  u,  v}  w and  6 refer  to  displacements  rather  than  to 
velocities.  Applying  d’Alembert’s  principle  we  thus  obtain 


f*  tS 

+ (1  + /i)  ^ + pZtu  = 0,  etc. 


1)  Webster,  On  the  Mechanical  Efficiency  of  the  Production  of  Sound. 
Boltzmann -Festschrift,  p.  866,  1904. 
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If  there  are  no  bodily  forces  we  have  the  equations  of  motion 

d*u  N da  A 

226)  q = (A  + /t)  |^  + nJv, 

— (2  + #0§i  +M«- 

Differentiating  respectively  by  x,  y,  z and  adding  we  obtain 

227)  ^ = (1  + 2046, 

which  is  the  equation  for  the  propagation  of  wave-motion,  the 

dilatation  being  propagated  with  a velocity  b = 1/  Taking 

' Q 

the  carl  of  equations  226)  we  have 

a*l  ^ t 

d*n  A 

=MS- 

Thns  the  components  of  the  cnrl  are  propagated  independently,  each 

with  a velocity  a = The  velocity  of  the  compressional  wave 

which  is  nnaccompanied  by  rotation  depends  upon  the  bulk  modulus 
and  the  modulus  of  shear.  The  velocity  of  the  torsional  wave  which 
is  nnaccompanied  by  change  of  density  depends  only  upon  the  mo- 
dulus of  shear.  The  general  motion  of  an  elastic  body  is  a com- 
bination  of  waves  of  com  pression  and  of  torsion.  The  wave  of 
torsion  is  that  upon  which  the  dynamical  theory  of  light  is  founded. 
Inasmuch  as  fi  vanishes  for  a perfect  fluid  no  wave  of  torsion  is 
propagated,  so  that  the  luminiferous  ether  must  have  the  properties 
of  a solid  and  not  those  of  a fluid. 

206.  Viaeous  Fluids.  We  have  now  to  consider  a class  of 
bodies  intermediate  in  their  properties  between  solids  and  perfect 
fluids,  namely  the  viscous  fluids.  By  definition  a perfect  fluid  is  one 
in  which  no  tangential  stresses  exist.  We  have  then 

229)  Xx  = Yy  = Zz  = — p,  Xy  = Y,  = Zx  = 0. 

ln  a fluid  which  is  not  perfect  no  tangential  stresses  can  exist  in  a 
state  of  rest,  but  during  motion  such  stresses  can  exist.  While  in  a 
solid  the  stresses  depend  on  the  change  of  size  and  shape  of  the 
small  portions  of  the  solid,  in  the  case  of  a viscous  fluid  the  stresses 
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depend  on  the  time-rates  of  change,  that  is  on  the  yelocities  of  the 
shears,  Stretches,  and  dilatations.  The  simplest  assumption  that  we 
can  make  is  that  the  stress- components  are  linear  functions  of  the 
strain- yelocities.  The  fluid  being  isotropic,  considerations  regarding 
invariance  bring  us  to  precisely  similar  conclusions  to  those  we 
reached  in  § 17ö,  so  that  to  the  stresses  of  equations  229)  for  & 
perfect  fluid  are  added  stresses  given  by  equations  142),  § 175,  X and  p 
being  constants  for  the  fluid,  and  u,  v,  w,  6 now  denoting  yelocities, 
instead  of  displacements,  retuming  to  the  notation  of  this  chapter. 
(We  put  P==*  0,  since  these  additional  terms  vanish  with  the  yelocities.) 
We  thus  obtain 


X,  = — p -f  -b  2ju» 


230) 


du 
dx} 

Yv  = — p + la  + 2p 

Zt  = — p + X<J  + 2/t  -g— > 

(dw  . dv' 


fdu  dw\ 
3z  ' dxj 


V 7 GW  Gü\ 

Y,  = Zy  = P | 

TT  TT  l$v  , Öu\ 

y x ^\dx~^dy)9 

which  are  of  the  same  form,  with  a different  meaning,  as  142),  § 175. 
If  the  fluid  is  incompressible  we  find,  putting  6 = 0, 

Xx  + Yy  + Zt  = — 3p, 

and  assuming  that  this  holds  also  for  compressible  fluids  we  must  have 


231) 


2 


3 X + 2 (i  = 0. 


Replacing  X by  its  value  — — /i,  we  find  for  the  forces,  as  in  § 175, 144), 


232) 


*Y-ly  + 

„ dp  . 1 da  A 
QZ  — -f  « P pT  + (idW, 


dz  ' 3 **  dz 

which  are  to  be  introduced  into  the  equations  of  hydrodynamics  6). 
Thus  we  obtain  the  general  equations,  putting  — = v, 

Q 

du  . du  . du  . du  v da  . v 1 dp 

+ + v~.  + „ vAu  = X ö 


233) 


Gt 

dv 

dt 

die 


cx 


dv 

+ ud^  + v 

dw 


cy 

dv 


cz 


3 d. 


q dx 


, dv  v ca  . v 1 3p 

- — b w 5 -0-  ö vAv  = Y — 

Gy  Gz  3 Cy  q dy 


■ 


i 


Gw 


CIO 


v da 


i dp 


206] 


VISCOUS  FLUIDS. 


551 


which  reduce  to  6)  when  p,  = 0.  The  coefficient  p is  called  the 
viscosity  of  the  fluid,  and  its  quotient  by  the  density,  v7  iß  called  by 
Maxwell  the  kinematical  coefficient  of  viscosity. 

. The  equationß  233)  are  too  complicated  to  be  used  in  all  their 
generali ty.  We  shall  here  consider  only  the  oase  of  incompressible 
fluids,  for  which  the  terms  in  6 vanish.  If  we  form  the  equation 
of  activity~as  in  § 188,  we  obtain  beside  the  terms  in  the  first  integral 
of  29)  the  additional  terms 


+ vJ  v + w4w)  dxy 


which  by  Gfreen’s  theorem  may  be  converted  into 


If  the  integration  be  extended  to  a region  where  the  liquid  is  at 
rest,  say  the  surface  of  a containing  solid,  where  the  liquid  does  not 
slip,  the  surface  integrale  vanish,  and  the  volume  integrale  give  a 
positive  addition.  That  is  to  say,  the  applied  forces  have  to  do  an 
amount  of  work  over  and  above  that  going  into  kinetic  and  potential 
energy,  and  this  work  is  dissipated  into  heat.  If  there  are  no  applied 
forces,  the  energy  of  the  fluid  is  dissipated,  and  it  will  eventually 
come  to  rest. 

In  Order  to  find  simple  Solutions  of  our  equations,  we  may  deal 
either  with  steady  motion,  or  with  motions  so  slow  that  we  may 
neglect  the  terms  of  the  second  Order  in  u,  v,  w and  their  derivatives. 
Let  us  first  consider  steady  motion.  The  simplest  case  is  uniplanar 
flow  parallel  to  a single  direction,  or  as  we  may  call  it,  laminar  flow. 
If  we  take 


234)  0 = v = w = 

the  equation  of  continuity  gives 

286)  |S_0. 

If  there  are  no  applied  forces,  equations  233)  reduce  to 

d*u  dp  dp  A 
*dy-'  = d-*’  ^ = °- 

Since  u depends  only  on  y and  p only  on  x,  this  equation  cannot 
hold  unle8S  each  side  is  constant.  Accordingly 

237)  = a = — « + iy  + -j P = d + ax, 
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where  af  b,  c,  d are  constants.  If  we  determine  them  so  that  the 
velocity  vanishes  for  planes  at  a distance  ±h  from  the  X-axis,  we  have 

238)  tt  = A(y»_A»). 

The  amount  of  liquid  that  flows  through  such  a laminar  tube  per 
unit  of  width  parallel  to  the  X-axis  is  accordingly 

239)  Q-judy  = -**bl 

— h 

and  for  a length  of  tnbe  l the  difference  of  pressnres  at  the  ends  is 

240)  Pi-Pi  = ah  Q = | j (Pt  JP,)> 

so  that  the  flow  is  proportional  to  the  difference  of  pressnres  at  the 
ends  and  inversely  to  the  viscosity. 

For  the  practical  determination  of  viscosity,  we  may  täte  the 
almost  eqnally  simple  case  of  cylindrical  flow,  where  the  velocity  has 
everywhere  the  same  direction,  and  depends  upon  the  distance  r from 
the  axis  of  a circular  tube,  at  the  surface  of  which  it  is  at  rest. 

If  we  put  u = v = 0 we  have  the  equations  of  motion  and  of 
continuity 

241)  H-H-0,  %-0, 
and  since  w depends  only  on  r the  first  becomes 

qja\  (d* w , 1 dw\  dp 

242)  p[dP+7T*rdj“a> 

where  a is  a constant  as  before.  This  equation  is  integrated  as  in 

§ 182,  58'), 

243)  u)  = ~ r2  + b log  r + c. 

Since  w is  finite  when  r = 0 we  must  have  6 = 0 and  if  to  vanishes 
for  r = 22  we  obtain 

244)  « 

For  the  flow  we  find 

246)  Q-f  inwrir  - *-“f  _ 

0 

This  method  was  invented  by  Poiseuille1)  for  the  measurement  of 


1)  Poiseuille,  Becher ches  expeiimentdles  sur  Je  mouvement  des  liquides  dans 
les  tubes  de  trte  petits  diamHres.  Comptes  Rendus,  1840 — 41;  M£m.  des  Savante 

fitrangers , t.  9,  1846. 
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the  viscosity  of  fluids.  Hie  yerification  of  the  proportionality  of  the 
flow  to  the  fourth  power  of  the  radius  of  the  tnbe  has  been  taken 
as  a proof  that  the  liquid  does  not  slide  when  in  contact  with  a solid. 

As  another  example  of  steady  flow  let  us  consider  uniplanar 
oylindrical  flow,  in  which  each  particle  moves  in  a circle  with  velocity 
depending  only  on  the  distance  from  the  axis,  as  in  the  case  of  the 
Inbricant  between  a joumal  and  its  bearing.  Each  cylindrical  stratum 
then  revolves  like  a rigid  body,  which  requires 

246)  u = — &y7  v = ox, 


where  o depends  only  on  r = Yz*  + y%.  We  then  find 

du  y%  dm 

. ...  dy  0 

247>  a. 


du xy  dm 

dx  r dr 9 


r dr 


dx  0 r 


x*  da>  dv  xy  dm 


dr  dy  r dr 


and,  most  easily  by  the  application  of  equation  86),  § 141,  and  by 
the  expression  of  in  terms  of  r, 


Thus  the  first  two  of  equations  233)  become 


3 dm\ l x dp 

r dr)  q r dr* 

3 dm\  1 y dp 

r dr)  q r dr 


Multiplying  the  first  by  y}  the  second  by  x and  subtracting, 


d*m  , 3 dm ~ 

di*  + 7 dr  = 


a differential  equation  whose  solution  is 


251)  <o  = ^ + &. 

Detemining  the  constants  so  that  ra  = 0 for  r = B 1 and  a>  — Sl  for 
r — -Bj» 

252) 


09 


_ a-R,'  J.R,* 

1| 


Multiplying  equations  249)  by  x and  y respectiyely,  and  adding,  we 
have  to  determine  p, 

253) 


Pro,r  = dr 


For  the  stresses  we  obtain,  using  equations  230), 

= 008  (**)  + p (^r-  äv) cos  («y)> 
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254)  Y„  = n (5-^  cos  (nx)  + (-  p + 2{i^  Jj)  cos  (ny), 

Zn  = — p cos  (n*r)  = 0. 

This  shows  that  there  is  a normal  pressure  py  together  with  a tangential 
stress  which  we  obtain  by  resolving  along  the  tangent, 


255)  T=Yn  cos  (nx)  — Xn  cos  ( ny ) 

= ii ^ ry  (cos2 nx  — cos*»y)  + cos(na;) cos (ny)  J 


and  since  cos  (nx)  = cos  (ny)  = 

rrj  d(0  

T=rrdT  = 


y 

—y 

r 


256) 


2 1 
\RS-R,*)  r* 


The  moment  of  the  tangential  stress  on  the  cylinder  of  radius  r and 
unit  length,  is  accordingly 


2itrT-r  = 


ixpSlR^Rt* 

RS-RS 


We  may  accordingly  use  this  method  to  determine  the  viscosity,  as 
is  in  fact  done  in  apparatus  for  the  testing  of  lubricants.  We  see 
that  if  the  linear  dimensions  are  multiplied  in  a certain  ratio,  the 
moment  is  increased  in  the  square  of  that  ratio.  We  also  see  that 
the  moment  of  the  force  required  to  twist  the  cylinder  is  independent 
of  the  pressure  p,  which  contains  an  arbitrary  constant,  not  given 
by  the  equation  253)  7 but  depending  on  the  hydrostatic  pressure 
applied  at  the  ends. 

Let  us  now  consider  some  simple  cases  where  the  flow  is  not 
steady,  limiting  ourselves  to  the  case  of  small  velocities,  so  that  the 
terms  in  233)  involving  the  first  space  derivatives,  being  of  the  second 
Order,  are  negligible.  Let  us  once  more  consider  laminar  flow,  defined 
by  equations  234),  235).  Let  us  also  put  p = const.  Instead  of  236) 
we  now  have  for  the  first  of  equations  233), 

du  d*u 
cl  ~v  by' 


This  equation  is  the  same  as  that  which  represents  the  conduction 
of  heat  in  one  direction.  Let  us  first  consider  a solution  periodic  in 
the  time,  such  as  may  be  realized  physically  by  the  harmonic  small 
oscillation  in  its  own  plane  of  a material  lamina  constituting  the 
plane  y = o,  along  which  the  liquid  does  not  slip.  We  may  take  as 
a particular  solution 

emy+nt 

which  inserted  in  258)  gives 

n = vm2. 


SLOW  MOTIONS. 
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If  this  is  to  be  periodic  in  t,  n must  be  pure 
» = ip. 

Then  we  have 


unagmary , say 


m 


and 


-y?-±(i+o^ 


of  wbicb  complex  quantity  both  the  real  and  the  imaginary  parts  must 
separately  satisfy  tbe  equation  258),  when  multiplied  by  arbitrary 
constants.  Let  us  accordingly  take 


259)  w = cos  (j>*  - j/^  • y)  + y)Je 


_T/Z. 

, Y 2 v 


y 


2v 

V 


This  represents  a wave  of  frequency  ~ and  wave-length  2%^/ 

travelling  with  velocity  “|/2i /p,  which  as  we  see  varies  as  the  square 
root  of  the  frequency.  Unlike  our  waves  in  perfect  fluids  however 
it  falls  off  in  amplitude,  being  rapidly  damped  as  we  go  into  the 

fluid,  being  reduced  in  the  ratio  e~tn  = in  each  wave-length. 

Thus  such  motions  are  propagated  but  a short  distance  into  a fluid. 
In  a similar  manner  the  absorption  of  light  by  non-transparent  media 
is  explained,  the  ether  there  having  the  properties  of  a viscous  solid. 

If  we  treat  the  equations  233)  in  the  same  way  as  we  did  27) 
in  obtaining  equation  57),  § 191,  we  obtain  instead  the  following. 


dt 


260) 


i(*\  = 


dt 


d/i 
dt 


© 

(i)= 


i^u  ndu  ^dju  . 

e dx  + e dy  + e de  + vz,*> 
& dv  Ti  dv  £ dv 

q dx  q dy  q 


£ dw  . rj  dw  t 
q dx  * q dy  ' q 


d*  + v'dr>, 

dw  , 

di  + vJZ- 


Under  the  circumstances  of  slow  motions  these  also  reduce  to 


261) 


Ü 

dt 

dr\ 

dt 

dt 

dt 


= %, 
= pdi), 


Thus  we  see  that  the  three  components  of  the  vorticity  are  propagated 
mdependently,  each  according  to  the  equation  for  the  conduction  of 
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heat.  The  example  just  treated  is  an  example  of  this,  for  we  find 
at  once 

262)  { 

and  the  vorticity  is  propagated  like  the  yelocity. 

As  a final  example,  let  us  considei^a  case  of  laminar  motion  in 
which  u,  as  a function  of  y,  has  a discontinuity,  this  having  an 
important  application  to  the  theory  of  thin  plane  jets  and  fl&mes, 
including  sensitive  flames.1 *)  We  will  suppose  that  at  the  time  t = 0 
for  y < 0 u has  a certain  constant  value,  and  that  for  y > 0 it  has 
a different  constant  value.  It  is  easy  to  see  that  this  is  equivalent 
to  supposing  that  there  is  no  vorticity  except  in  an  infinitely  thin 
lamina  at  y = 0.  For  we  have 


1 

2 


where  ux  is  the  velocity  on  one  side,  Mj  that  on  the  other  of  the 
layer  of  thickness  2s.  Now  if  the  thickness  decrease  without  limit, 
while  £ increases  without  limit,  the  integral  may  still  be  finite,  as 
we  shall  suppose. 

We  have  then  to  find  two  Solutions  u and  £ of  equation  258), 
so  related  that  £ = — 2 ^ • ^et  U8  Pu^  s = try  to  find  a 

particular  solution  that  is  a function  of  $ alone.  We  have 

du  du  ds 1 du  y 

dt  ds  dt  2 ds 

du  du  ds du  1 

dy  ds  dy  ds  Y t 

d*u 1 d*u  ds 1 d*u 

dy9  ds * dy  t ds% 


264) 


so  that  our  equation  becomes  the  ordinary  differential  equation, 


265) 
or 

266) 


1 du  d*u 

2 S ds  ^ ds 1 9 

d /■.  du\  8 

dsV°eds)  2^‘ 


1)  Rayleigh,  On  the  Stability , or  Instdbility,  of  certain  Fluid  Motions 

Proc.  London  Math.  Soc.,  xi.,  pp.  67— 70,  1880.  Scientific  Papers,  Yol.  I,  p.  474. 
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The  integral  of  this  equation  is  given  by 
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267) 


, du  8*  , , du 

di  = ~ + <*»**•>  d7  = ce 


4? 

4/* 


u 


e 


The  last  indicated  quadrature  cannot  be  effected  except  by  development 
of  the  integrand  in  series,  but  if  we  take  for  the  lower  limit  the 
value  zero,  we  may  express  u in  terms  of  the  so-called  error -function, 
occurring  in  the  theory  of  probability, 


Tables  of  the  valnes  of  Erf(x ) have  been  calculated,  and  are  found 
in  treatises  on  probability.  (Lord  Kelvin  reprints  one  such  on  p.  434 
of  Vol.  3 of  his  collected  papers.)  Since  the  integrand  is  an  even 
fnnction  of  xy  it  is  evident  that  Erf(x ) is  an  odd  fonction  of  its 
upper  limit  x.  It  may  be  easily  shown  that  the  definite  integral 


between  zero  and  infinity  has  the  value 
and  adding  a constant,  we  have 


so  that  putting  = 


This  determination  of  the  constants  makes,  for  all  positive  values 
of  y and  for  t = 0,  u = ux  (the  upper 
limit  being  + <x>),  and  for  all  negative 
values  u = uSf  thus  giving  the  dis- 
continuity  required  at  y = 0.  For  all 
other  values  of  t however,  no  matter 
how  small,  the  values  from  the  negative 
side  run  smoothly  into  those  on  the 
positive,  showing  how  the  discontinuity 
is  instantly  lost.  This  is  shown  in  Fig.  171,  in  which  successive 

curves  show  values  of  u at  times  equal  to  1,  2,  3,  4,  5,  6 times  — 
Differentiating  by  the  limit,  we  find 


ü 


Pig.  171. 


1 du 

2 dy 


y1 

-TjTt 

4 yicpt  7 
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which  is  infinite  when  t — 0,  0;  as  we  supposed,  but  which 

immediately  drops  to  a finite  value,  and,  no  matter  what  the  vaJne 
of  y,  immediately  acquires  values  different  from  zero.  Tbns  the 


vorticity,  originally  confined  within  the  infinitely  thin  sheet  of  dis- 
continuity,  is  instantaneously  distrihuted  thronghout  the  liquid,  as 

shown  in  Fig.  172,  for  the  times  1,  4 times  — • Thus  we 

0 7 8 4 2 7 ft 

see  how  discontinnities  of  the  sort  shown  in  Fig.  166  are  impossible 

in  nature,  heing  replaced  by  the  formation  of  eddies. 


NOTES. 


NOTE  I. 


DIFFERENTIAL  EQÜATIONS. 


The  differential  equations  of  mechanics  are  of  the  type  known  as 
ordinary , as  opposed  to  partial,  that  is  they  involve  a nnmber  of  ftmctions 
of  a single  variable,  the  time,  and  the  derivatives  of  these  functions  with 
respect  to  that  variable.  Suppose  for  simplicity  that  we  have  three  func- 
tions  #,  y,  0 of  the  variable  t,  and  that  instead  of  being  given  explicitly, 
they  are  defined  by  the  eqnations 

1)  0 = 0,  Ft (x,  y,  z,  t)  = 0,  Fa  ( x , y,  e,  t)  = 0. 


If  we  now  differentiate  these  equations,  bearing  in  mind  that  y,  z are 
dependent  on  f,  we  obtain 


dF, ; dx 
dx  dt  "* 

dFt  dx  . 
dx  dt  ' 

dFs  dx 
~dx  dt  + 


dFx  dy  dF1  de 
dy  dt  ' dz  dt 

dF%  dy  dFt  dz 
dy  dt  ' dz  dt 

dF_ ' dy  dF,  dz 
dy  dt  ' dz  dt 


+ ?S_o 

+ dt 

+ ^ = o 

+ dt  ’ 
+ ?t  v- 


Suppose  now  that  the  functions  F contained,  besides  the  variables  indi- 
cated,  certain  constants,  Cj,  c%  . . . Each  time  that  we  obtain  an  equation 
by  differentiation,  we  may  utilize  it  in  Order  to  eliminate  from  the 
equations  l)  one  of  the  constants  c.  Thus  we  obtain  (since  the  partial 
derivatives  are  given  functions  of  x , y,  £,  £),  instead  of  the  equations  l), 
the  following, 


3)  <?,(*,  0,  Gt(x, 


which,  since  they  contain  the  derivatives 


dx  dy  dz 


dt  dt  dt 

tions,  of  which  equations  l)  are  said  to  be  Integrals. 
If  we  again  differentiate  equations  2),  we  obtain 


are  differential  equa- 


4) 


SF,  d*jt  , d*F1  /dx\*  d*F1  dx  dy 

dx  dt*  ' dx*  \d£/  dxdy  dt  dt 


0,  etc., 
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which  we  may  again  use  to  eliminate  constants  c from  3),  so  th&t 
instead  of  l)  or  3)  we  now  have  the  System 

Tr  / . dx  dy  dz  d*x  d*y  d*z\  ^ 

H 1 (*»  e’t,1i'~dt'  dt ’ 1t* ’ d<*  ’ 1t*)  ~ °* 

5)  M, J)  = °, 

Hs(x,y,z,t, 7t*)  = 0" 


These  differential  equations,  since  the  Order  of  the  derivatives  of  the 
highest  Order  contained  in  them  is  the  second,  are  said  to  be  of  the 
second  Order.  In  like  manner  we  may  continue,  and  successively  eliminate 
all  the  constants  <%  . . .,  obtaining  differential  equations  of  successively 
higher  Orders.  Reversing  the  process,  each  set  of  a given  Order  is  said 
to  be  the  integral  of  the  set  of  Order  next  higher. 

Any  of  the  sets  of  differential  equations  represents  the  fimctions 
y,  £,  but  with  the  following  distinction.  If  the  equations  1)  eontain 
constants,  to  which  different  values  may  be  assigned, 

6)  • • • Cfi)  =s  0,  F^(X)  y»  t)  Cj,  Cg  . . . c«)  — 0, 

-^3(^1  tfo  c 11  ^ • ^n)  ~ 0, 


for  every  set  of  values  that  may  be  assigned  to  the  constants,  a different 
set  of  functions  is  represented,  so  that  we  have  an  infinity  of  different 
fimctions,  the  Order  of  the  infinity  being  the  number  of  constants  contained 
in  the  equations.  Now  the  differential  equations  obtained  by  eliminating 
the  arbitrary  constants  represent  all  the  functions  obtained  by  giving  the 
constants  any  set  of  values  whatever.  Thus  the  Information  contained 
in  the  differential  equations  is  in  a sense  more  general  than  that  contained 
in  the  equations  6),  in  which  we  give  the  constants  any  particular  values. 

If  we  reverse  the  process  which  we  have  here  followed  to  form  the 
differential  equations,  we  see  that  every  time  that  we  succeed,  by  inte* 
gration,  in  making  derivatives  of  a certain  Order  disappear,  we  introduce 
at  the  same  time  a number  of  arbitrary  constants  equal  to  the  number 
of  derivatives  which  disappear.  Thus  the  integral  equations  of  a set  of 
differential  equations  of  any  Order  will  eontain  a number  of  arbitrary 
constants  equal  to  the  Order  of  the  differential  equations  multiplied  by 
the  number  of  dependent  variables.  As  an  example  consider  the  very 
simple  case  of  equations  38),  § 13. 


Integrating  these  we  obtain 

39)  x = e1<  + d1,  y^qt  + dt,  e = cst  + d8, 


containing  the  six  arbitrary  constants  c,,  Cj,  c8,  dg,  d9.  The  meaning 
of  these  integral  equations  is  that  the  point  x,y,z  describes  a straight 
line  with  a constant  velocity.  But  the  differential  equations  38)  represent 
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the  motion  of  a point  describing  any  line  in  space  with  any  yelocity. 
Now  tbere  are  a four-fold  infinity  of  lines  in  space,  and  a single 
inüniiy  of  velocities.  We  therefore  see  the  very  general  nature  of  the 
Information  contained  in  the  differential  equations.  So  in  the  example 
of  § 13  the  statement  that  all  the  planets  experience  an  acceleration 
toward  the  snn  which  is  proportional  to  the  inverse  square  of  the 
distance  expresses  a very  general  and  simple  truth,  in  the  form  of  a set 
of  differential  equations,  while  the  integral  states  that  the  planets  describe 
some  conie  section  in  some  plane  throngh  the  sun,  in  sorae  periodic 
time,  all  the  particulars  of  which  statement  are  arbitrary. 

The  characteristic  property  of  the  differential  equations  of  mechanics, 
for  the  phenomena  fumished  us  by  Nature,  is  apparently  that  they  are 
of  the  second  Order.  This,  although  leaving  possibilities  of  great  generality, 
sufffees  to  limit  natural  phenomena  to  a certain  dass,  in  contrast  to 
what  would  be  conceivable.  For  the  consequences  of  the  removal  of 
this  limitation,  the  Student  is  referred  to  the  very  interesting  work  by 
Königsberger,  Die  Principien  der  Mechanik. 

ln  Order  to  determine  the  particular  values  of  the  arbitrary  constants 
applicable  to  any  particular  problem,  some  data  must  be  given  in  addition 
to  the  differential  equations.  1t  is  customary  to  fumish  these  by  stating 
for  a particular  instant  of  time,  the  values  of  the  Coordinates  of  each 
point  of  the  System,  and  of  their  first  time -derivatives,  which  amounts 
to  specifying  for  each  point  its  position  and  its  vector  velocity  for  the 
particular  instant  in  question.  This  furaishes  six  data  for  each  independent 
point,  which  is  just  sufficient  to  determine  the  constants.  Thus  if  we 
are  dealing  with  a System  of  n points  free  to  move  in  any  manner, 
under  the  action  of  any  forces,  the  statement  of  the  problem  will  consist 
in  the  giving  of  the  differential  equations 


■^1  Vli  •••*»? 

*^2  > 


i dx 

’ di’ 


d*n  d*x 
dt'  dt*' 


d*z 

dt* 

d*zm 

fi 

~dP 


?)• 

). 


dt*/’ 


together  with  the  so-called  initial  conditions,  that  for  £ = f0, 

ä ™ . ...  zn  =»  ZfP 


dxl 

dt 


dt 


= W, 


AJn 

dt 


From  these  it  is  required  to  find  the  integrals 

*i  ~ A(0.  ™ /i (0 » ” m,  ...  zn  * 

Cases  involving  the  motion  of  points  whose  freedom  of  motion  is  limited 
are  dealt  with  in  subsequent  chapters. 
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NOTE  II. 

ALGEBRA  OF  INDETERMINATE  MULTIPLIERS. 

On  page  61  we  have  an  example  of  the  use  of  indeterminate 
multdpliers  in  elimination.  Ifc  may  be  somewhat  more  clear  if  we  ex&mine 
in  just  what  the  process  involved  consists  Equation  12)  is  a linear 
equation  involving  the  3 n quantities  Sxx,  ...  ds„,  each  multiplied  by  a 
coefficient  which  is  independent  of  the  d’s.  Besides  this  equation  the 
quantities  d satisfy  the  equations  14),  which  are  of  the  same  form,  that 
is,  linear  in  all  the  d;s,  with  coefficients  independent  of  them.  Aside 
from  this  the  ö’ s may  have  any  values  whatever.  It  is  for  the  purposes 
of  this  discussion  quite  immaterial  that  the  d's  are  small  quantities,  we 
are  concerned  simply  with  a question  of  elimination.  Let  us  accordingly 
represent  them  by  the  letters  x1,  x% , ...  o?TO,  between  which  we  have  the 
linear  equation 

1)  + Aixi  + (-  Amxm  = 0. 

The  £’s  are  however  not  independent,  but  must  in  addition  satisfy  the 
equations 

■^11^1  H”  ^12^2  • • • + B\ m%m  “ 6, 

^21*1  + ^22^ h 3imxm  = 0, 


+ Bk^x%  • * • + Bkmxm  = 0. 


The  number  of  these  equations,  ft,  is  less  than  w,  the  number  of  the  x’s. 
The  question  is  now,  what  relations  are  involved  among  the  A*  s and  B*  s 
when  the  z’a  have  any  values  whatever  compatible  with  the  equations  2). 

We  may  evidently  proceed  as  follows.  Transposing  m — ft  terms 
in  2),  say  the  last,  we  may  solve  the  equations  for  the  quantities 
x19  x2  ...  as  linear  functions  of  the  remaining  £*+ 1,  . . . xm.  These 
m — ft  quantities  are  now  perfectly  arbitrary.  Inserting  the  values  of 
xx ’ . . . xk  in  equation  1),  this  becomes  linear  in  the  m — k quantities 
Xk+u  • • • xm,  which  being  purely  arbitrary,  in  order  for  equation  1)  to 
hold  for  all  values  of  the  a/s,  the  coefficient  of  each  must  vanish,  giving 
us  the  required  m — ft  relations  between  the  A/s  and  B’s. 

Instead  of  proceeding  in  the  manner  described,  the  method  of 
Lagrange  is  to  multiply  the  equations  2)  respectively  by  multipliers 
lj,  Aj,  . . Ajt,  to  which  any  convenient  value  may  be  given,  and  then 
to  add  them  to  equation  1).  We  thus  obtain 

(Ax  + Ax  BiX  + Ag Bn  • • • + faBki)x1 
+ (A2  + Ax  B12  + A2  * ’ ' + ^kBk%)x2 


+ (Am+  AxRim+  KBim h I* Bk m ) Xfn  — 0. 
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In  this  equation  the  x*s  are  not  all  arbitrary,  but  as  before  k may  be 
determined  as  linear  functions  of  the  remainder,  say  . . xk  in  terms 
of  Xk+ 1,  . . . xmi  which  are  arbitrary.  But  the  multipliers  X are  as  yet 
arbitrary.  Let  ns  determine  them  so  that  they  satisfy  the  equations 

Ax  + Xx  Bn  + lg  J581  • • • 4-  I*2?*i  = 0, 

^ 4g  + Xx  Bx%  + lg  1 32i  • ■ • + XkBk 2 *=  0, 

4*  + Xx  Bi  * + X%  Bik  * * • + XkBkk  “ 0, 
which  are  just  sufficient  to  determine  them  We  thus  have 

(-4*4-1  + *i-#i,*4i  + • * • + Ä*-#*,*4i)tf*4i 

5)  

+ (4m  + X±  B±m  +•••  + !*  Bkrn)Xm  0, 

in  which  the  rts  are  all  arbitrary,  so  that  the  m — k coefficients  must 
vanish,  giving  the  m — k equations. 

■4*41  + X\  -ßj,  *41  + * • • + Xk  Bkl  *41  ==*  0 

6)  

4m  + Xx  B\m  + • • * + XkBkm  0- 

Inserting  in  these  the  values  of  the  A’s  already  found,  we  have  the 
m — k required  relations  between  the  A’s  and  B’s.  Obviously  the  result 
of  the  elimination  may  be  expressed  in  the  form  obtained  by  writing 
eqnal  to  zero  each  of  the  determinants  of  order  k + 1 obtained  from  the 
array  of  4's  and  2?'s  in  equations  4)  and  5)  by  omitting  m — k — 1 
rows,  only  m — k of  the  determinants  thus  obtained  being  independent. 


NOTE  in. 

QUADRATIC  DIFFERENTIAL  FORMS.  GENERALIZED  VECTORS. 

The  method  of  transforming  the  equations  of  motion  used  in  § 37 
and  the  application  of  hyperspace  there  occurring  render  a somewhat 
more  detailed  treatment  of  the  question  desirable.  In  Order  to  elucidate 
matters,  we  will  begin  with  the  very  simple  case  of  a space  which  is 
included  in  ordinary  space,  name]y  the  space  of  two  dimensions  forming 
the  surface  characterized  by  two  Coordinates  <?!,?«>  as  on  Page  HO. 
We  have  seen  that  this  space  is  completely  characterized  by  the  expression 
for  the  arc  as  the  quadratic  differential  form 

1)  ds*  = Edqf  4 %Fdqx  dq2  + Grdg^. 

A point  lying  on  this  surface  may  be  displaced  in  any  mann  er,  in  or 
out  of  the  surface.  If  it  is  displaced  in  the  surface,  its  displacement  is 
a vector  belonging  to  the  two -dimensional  space  considered.  We  will 
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call  the  changes  dqx , dqt  the  Coordinates  of  the  displacement.  We  have 
found  that  when  the  displacement  is  made  so  as  to  change  only  one  of  the 

Coordinates  of  the  point  qx  or  q$f  the  arcs  are  respectively  dst  =y^E  dq^ 
dst  = )/ö  d q% , and  that  the  angle  included  by  them  is  given  by 

F 

cos  ff  = - • 

]/EG 


If  now  we  have  any  displacement  ds,  whose  coordjnates  are  dqt,  dq s, 
and  project  it  orthogonally  upon  the  directions  of  ds11  dsa,  we  easily  see 
(Fig.  26)  that  the  projections  dc^,  da2  are 


dax  — dst  + ds2  cos  ff  = YEdqx  -f 


dcr2  = ds2  -f  dst  cos  ff  = ^Gdq 2 -f 


F^Gdq% Edqx  -\-Fdq% 

Veg  7$  9 

F\/Edqx  Fdq^Gd^ 
VWG  1 fG 


We  shall  now,  following  Hertz,  introduce  the  reduced  component  of  the 
displacement  along  either  coordinate  - line , defined  as  the  orthogoneal  pro* 
jection  divided  by  the  rate  of  change  of  the  coordinate  with  respect  to 
the  distance  traveled  in  its  own  direction.  These  reduced  components 
we  shall  denote  by  a bar,  so  that 

- -Ja = Ea* + FAq" 

3)  ^ 

dqt  = ^ = Fdqi  + Gdqt. 

ds9 

The  fundamental  property  of  these  reduced  components  is  found  in  the 
equation  giving  the  magnitude  of  the  displacement 

4)  ds*  =*  dqx  dqt  + dqt  dqt , 


that  is  the  square  of  an  infinitesimal  displacement  is  the  sum  of  products 
of  each  coordinate  of  the  displacement  multiplied  by  the  respectiye 
reduced  component. 

In  like  manner  the  geometric  product  of  two  different  displ&cements 
ds,  ds\  whose  Coordinates  are  dqv  dqi1  dqt\  dq% r is  found  to  be 


flS ds f cos  (ds,  dsf)  = dxdx*  + dydy 1 + dedz f 


= Edq1dqi'  + F(dq1dqi'  + dqidql')  + Gdqtdqi' 
= dqx  dqf  + dqt  dq s'  =-  dq^dq^  + dqj dq%. 


5) 
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The  geometric  product  of  two  displacements  is  equal  to  the  sum  of 
producta  of  the  Coordinates  of  either  vector  by  the  reduced  componenta 
of  the  other.  Thus  the  geometric  product  is  defined  by  me&ns  of  the 
quadratic  differential  form  1)  defining  the  space  in  question. 

Solving  the  equations  3)  for  dqv  dq n we  obtain 


dq,  = 


from  which  we  obtain 


Gdq ! — Fdq% 
EG-F 1 

F dqx  — Edqt 
EG-F* 


— RiidQi  4" 

= Ritdqt  + Rn  dq9J 


7)  ds*  = Rndq*  + 2Rudq1dq9  + 

The  expression  7)  is  called  the  reciprocal  form  to  1).  Corresponding  to 
it  we  obtain  the  form  of  the  geometric  product 

8)  dsds* + Bu(dq1dqt9  + dq^dq^+B^d^dq^1 . 

We  may  now  dehne  any  vector  belonging  to  the  space  considered, 
as  one  whose  componenta  have  the  same  properties  as  those  possessed 
by  those  of  an  infinitesimal  displacement.  Suppose  that  X,  F,  Z are  the 
rectangular  componenta  of  a vector  i?,  it  does  not  belong  to  the  space  l) 
unless  it  is  tangent  to  the  surface  in  question.  If  so,  we  have  a displace- 
ment such  that 

9n  ^==^  = _F===^  = A = A = i. 

' ds  dx  dy  dz  dqx  dq%  a 

Then  QvQ*  are  the  Coordinates  of  the  vector  in  the  System  qv  q9\  and 
the  magnitude  of  the  vector  is  given  by  the  equations 


10) 


where 

io 


B*  = X*  + r*  + Z*  = + dy*  + dz*) 

- \i(Edq*  + 2Fdq1dqi  + Gdq/) 
-EQ/  + 2FQ&  + GQ/ 

QiQi 

Qi=EQi  + FQ, 

Q%  — fqx  + gq2 


are  its  reduced  componenta  belonging  to  its  Coordinates  Qv  Q$.  The 
geometric  product  of  two  vectors  Ü,  Rr  is 


12) 


QiQi  + Q*Q*r=  Qr 


lf  now  one  of  the  vectors  is  finite,  the  other  an  infinitesimal  displacement, 
we  have  the  geometric  product 


Rds  cos  (Rxds)  = Xdx  + Ydy  + Zdz  = Qxdqx  + Q^dq% 
«*>  _ f t Ü r * ^ r »•)  d,t  + (*g  + + Z_|) 


-(xH  + t%  + zH 
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Thus  the  reduced  components  Qx,  Q%  are  given  b y the  definition  which 
we  have  adopted  on  page  116,  equation  42). 

Having  now  illustrated  tbe  subject  by  a space  of  two  dimensions, 
we  can  easily  extend  our  notions  to  space  of  any  number  of  dimensions 
m,  defined  by  tbe  form 

r=m  s=m 

14)  ds2  = Qrt  d>Qr  dqt.  , 

r=l  *=l 

9 

For  any  one  of  the  coordinate  directions  we  have 

15)  dsr2  = Qrrdqr2, 

and  for  tbe  geometric  product  of  two  displacements, 

16)  dsds1  cos  (ds,  ds1)  = Qr* dqrdqj. 

If  one  is  in  the  direction  dsr,  all  dtf  s being  0 except  dqr, 


17) 


dsdsr  cos  (ds,  dsr ) =«  Qr*dqrdq9 , 


and  dividing  by  dsr  we  obtain  the  orthogonal  projection  of  ds  on  dsr 


18) 


dar  =»  ds  cos  (ds,  dsr ) = — — 1 ^ 

v ; VQr; **  ? 


from  which  we  obtain  by  the  definition  of  the  reduced  component 


19) 


— da 

dQr=  2jQrtdq'- 

ds. 


We  have  as  before 

20)  ds2  = dqrdqr, 

21)  dsdsf  cos  (ds,  ds*)  = dqrdqt, 

and  if  the  solution  of  19)  is 

22)  d qr  = Br,d~q„ 

we  have  the  reciprocal  form 


ds2  = Uri  dqrdg9. 


Again  we  may  define  a vector  belonging  to  the  hyperspace  considered, 
and  now  the  rectangular  components  may  be  of  any  number,  the  limit&tion 
of  the  vector  to  the  space  in  question  reducing  the  number  of  gener&lized 


IV.  AXES  OF  CENTRAL  QÜADRIC. 


571 


We  will  now  transform  the  equation  of  the  quadric  1)  to  a new  set 
of  axes  coinciding  in  direction  with  its  principal  axes.  Let  the  new 
Coordinates  be  x\  t/,  d,  and  let  the  direction  cosines  of  the  angles  made 
by  the  new  with  the  old  axes  be  given  in  the  table  below. 


x 

y 

z 

*' 

• 

*1 

ßx 

7i 



y ' 

«2 

ft 

7% 

e' 

«3 

ft 

7s 

The  equations  of  transformation  of  Coordinates  are  then 


X = 

axx 

+ 

fty 

+ 

18) 

y'  = 

o^X 

+ 

ft» 

+ 

7se> 

*'  = 

a^x 

+ 

ft» 

+ 

7 3*, 

X = 

axxf 

+ 

«*yf 

+ 

<*3*'i 

19) 

y = 

ßxx' 

+ 

ft»' 

+ 

ft«', 

z = 

7i •' 

+ 

+ 

7s*' • 

Now  using  equations  19),  we  obtain 

Ax  + Fy  + Ez  =■  x'(Aax  + I ßx  + Eyx) 

+ »'(Aai  + Fß%  + Eyt) 

+ + Fßs  + lfy8), 

which  in  virtue  of  equations  15)  is  equal  to 

y'  + 

In  like  manner 

Fx  + By  + Dz  =»  kxßxxf  + + l%ß3*\ 

Ex  + Dy  + Cz  = kxyxx'  + k^y^y*  + k3ysz'. 


Multiplying  respectively  by  x,  y,  z and  adding,  we  obtain 

Ax * + Dy * + Cz*  + 2 Dyz  + 2Ezx  + 2 Fxy 
= kxx(axx  + ßxy  + yxz)  + fo*  + ßty  + y2z)  + k9J(cc9x  + ß9y  + y9z) 

= kxx’*  + k9yt*  + k9z’*. 

Consequently  the  equation  of  the  quadric  referred  to  its  principal  axes  is 
20)  X1x,2+l9y,*+k5z,*=  1, 


and  the  three  roots  of  the  cubic  are  equal  to  the  squares  of  the  reciprocals 
of  the  lengths  of  the  semi-axes.  Accordingly  in  Order  to  find  the  equation 
referred  to  the  axes  it  is  not  necessaxy  to  solve  the  linear  equations  5), 
but  only  to  solve  the  cubic  6). 


